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In the current review, we study the model of quantum graphs. We focus mainly on the reso-
nance properties of quantum graphs. We define resolvent and scattering resonances and show
their equivalence. We present various results on the asymptotics of the number of resolvent
resonances in both non-magnetic and magnetic quantum graphs and find bounds on the coef-
ficient by the leading term of the asymptotics. We explain methods how to find the spectral
and resonance condition. Most of the notions and theorems are illustrated in examples. We
show how to find resonances numerically and, in a simple example, we find trajectories of
resonances in the complex plane. We discuss Fermi’s golden rule for quantum graphs and
distribution of the mean intensity for the topological resonances.
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1 Introduction

Quantum mechanics is quite an unintuitive theory, in which experience from our common life
often fails to describe the results of experiments. However, a mathematical theory based on a
few simple axioms gives quite a precise explanation of experimental results. One of the most
famous examples is the sequential Stern-Gerlach experiment, where particles with spin 1/2 are
by a non-homogeneous magnetic field split up into two beams with different spin components
and spin in different directions is measured (see e.g. chapter 1 in [Sak94]).

Also, waveguides provide an example, where our intuition fails. If a small ball rolls in a bent
groove on the table, it continues moving in after the turn. On the other hand, an electron in a bent
waveguide behaves differently than the ball in this mechanical example. For certain energies,
it “gets stuck” in the curve. More precisely, there are bound states in a bent infinite quantum
waveguide, as proven in [ES89].

In the present survey, we are interested in a network build from these waveguides (or quantum
wires) in the limit where their width approaches zero. This quantum graph is quite a simple
model which studies the behaviour of a quantum particle on this network. The simplicity of this
model allows to exactly solve various problems and therefore discover nontrivial phenomena and
better understand them.

First attempts to place a quantum particle to a graph date back to 1930’s (Pauling [Pau36]
studied diamagnetic properties of aromatic molecules) and 1950’s (work of Ruedenberg and
Scherr [RS53] on 7-electron behavior in aromatic molecules). There are three electrons present
for each carbon atom in the molecule of naphthalene. Two of them are o-electrons, which are
responsible for bonds between the carbon atoms and they therefore form two hexagons with one
joint edge. The remaining one 7 electron can move through the whole structure in the effective
potential. In the simplified model, the 7 electrons move only in the edges which connect two
neighbouring carbon atoms, i.e. the corresponding quantum graph. The model of quantum
graphs has been developed mainly in the last thirty years. Relations to various areas of physics
have been established; the quantum graphs can be used e.g. for describing photonic crystals,
carbon nano-structures, thin waveguides or some problems in dynamical systems.

The metric graph is equipped with a second order differential operator (acting as —%),
which is the quantum Hamiltonian in a certain set of units. One can add an electric potential
V(x) on the internal edges of the graph (in this review we will not consider this case) or con-

sider a magnetic Hamiltonian (acting as — (% +iA j(m))z) on the internal edges of the graph.
One can show (see e.g. [EL11]) that the magnetic Hamiltonian is equivalent to a non-magnetic
Hamiltonian with changed coupling conditions. Magnetic Hamiltonians on quantum graphs were
studied e.g. in [Pan06,GG08,BW14,Ber13,EM15,Exn97,Kurl1,EL11]. In this review, attention
is paid to magnetic quantum graphs in Section 11.

From a mathematical point of view, the model of quantum graphs is quite simple — it is a
set of ordinary differential equations. Hence, it can be used as a toy model for various notions.
For instance, it has been used for the study of quantum chaos; see e.g. two pioneering articles
[KS97, KS99a], the paper [GS06] or the study [BBKO1], where spectral statistics of quantum
graphs is compared to the previously known chaotical two-dimensional system of Seba billiard
[Seb90].

Effects of disorder on the stability of the absolutely continuous spectra were studied e.g.
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in [ASWO06a, ASWO06b]. This topic is closely related to so-called Anderson localization, where
random perturbation causes that localized states arise at the edges of absolutely continuous spec-
tra. Again, due to their relative simplicity, quantum graphs can be used to study these effects.

The coupling conditions used in this review were defined in the papers [KS99b,KS00,Har00]
and previously in a more general form in the book [GG91]. For quantum graphs also the number
of nodal domains can be studied (see e.g. papers [GSW04,Ban14,0B12]).

Another interesting problem is the question of isospectrality. Famous Kac’s question “Can
one hear a shape of a drum?” can be rephrased also for quantum graphs as “Can one hear a shape
of a graph?”. This means if there exist two different graphs with the same spectra or not. (It is
easy to show that pairs of such graphs exist if one allows for general coupling; for a more non-
trivial setting we assume standard coupling at the vertices — continuity of the functional value
and sum of the outgoing derivatives being equal to zero.) It was formerly established that there
exist pairs of isospectral combinatorial graphs. For quantum graphs, existence of pairs of graphs
with the same spectrum was proven e.g. in [vBeOl, GSO1, BPB09]. On the other hand, Gutkin
and Smilansky [GSO1] also show that for graphs with rationally independent edges, which are
strongly coupled (i.e., there are no zeros in the vertex-scattering matrices defined in Section 12)
and do not have loops (edges starting and ending at one vertex) and multiple edges between a
given pair of the vertices, the spectrum is unique.

For a more detailed introduction to quantum graphs and more examples of their usage, we
refer the reader to the book by Berkolaiko and Kuchment [BK13], papers [Kuc04, Kuc05,Kuc08]
or Chapter 17 of the book [BEHO08]. There exist generalizations of quantum graphs, we mention
the hedgehog manifolds, where to a Riemannian manifold half-lines are attached. The reader can
find more details in the publications [BEGO03, BGO3,E§97,ETV01, Kis97, EL13]. Hamiltonians
on “fat” graphs can be also considered and convergence to quantum graphs is studied. This “fat”
graph is some neighbourhood of a metric graph and, of course, corresponding partial differential
equations should be solved to find its spectral and resonance properties. For results on conver-
gence of “fat” graphs to quantum graphs we refer to the book [Pos12] or a series of papers by
Exner and Post [EP05, EP07, EP09, EP13]. These results show that quantum graphs are feasible
approximations of graph-like structures made from quantum wires.

Another generalization of quantum graphs are so-called “leaky” graphs where tunneling be-
tween nearby edges is allowed (see review [Exn07] and references therein). In this model the
spectral problem

—Au=a(z)é(x — T)u+ Iu

is considered, where §(x — I') is a delta distribution supported on the metric graph I', () is the
coefficient giving strength of the interaction, A is the spectral parameter and u is the wavefunction
in two or three dimensions.

Aside from the spectrum of quantum graphs, we can study transport properties of this model.
In the current review, we define resonances and introduce some of their properties, which we
illustrate in simple examples. By resonances we mean complex points in the energy plane. The
resonances can be obtained by the method of external complex scaling developed in 1970’s by
Aguilar, Baslev and Combes, see pioneering works [AC71,BC71, Si79]. Its main idea is that
functions (generalized eigenfunctions for a resonance) which were not square integrable become
after transformation square integrable. Therefore, resonances may be obtained as eigenvalues
of a certain non-self-adjoint operator (scaled Hamiltonian). For quantum graphs it was applied
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in [ELO7] to obtain equivalence of resolvent and scattering resonances, which is in a more general
setting described in [EL13] and this review.

Resonances appear in various branches of physics; we can find them in acoustics, mechanics,
in electrical circuits or particle physics. In quantum physics we can look at them as certain
generalization of the notion of eigenvalues; the main difference is that corresponding generalized
eigenfunctions are not necessarily square integrable. We may also further look at the dynamics of
the states. Eigenvalues of the Hamiltonian describe bound states of the system. These states exist
forever if they are not perturbed, their probability density is constant in time, only the phase of the
eigenfunction may change. For a resonance E,, = E,r + 7£),1 with a non-trivial imaginary part
E,1 < 0 the situation is different. The time evolution of the generalized wavefunction u,, (z, t)
is given by

U (2, 1) = e "y, (2,0) = e Fnuy, (z,0) = e ErFEDy (1 0),

where H denotes the time-independent Hamiltonian and the second equality is given by time-
independent Schrodinger equation. For another way how to obtain the time dependence of the
generalized eigenfunctions see Section 6.

The probability of survival of the resonance state beyond time ¢ is then

_ |un($,t)|2 _ |e_itEnRetEnI) 2
- |Un(x70)|2 - 1

— e_Z‘EnI‘t .

p(t)

So the resonance state exponentially decays in time and the rate of decay is bigger if the reso-
nance is farther from the real axis. Therefore, resonances with small imaginary parts are from
the physical point of view most interesting. (For result on the disappearance of the resonances
close to the real axis see e.g. end of Section 19.)

The generalized wavefunction in the energy representation is obtained by the inverse Fourier
transform of the generalized wavefunction in the time representation.

v(z, B) = F 'u(z,t) = \/% /000 eBlu(z,t) =

1 1
21 EnR - FE+ iE’rLI '

1 oo .

- = / elEte—lEnRt-‘rEnItu(x70)
V2r Jo

Sometimes instead of E,,; the symbol —I',, /2 is used and the notion is denoted as a half-width of

the resonance. We do not use this notation in order not to confuse the reader, since the notation I

is later used for a graph. The probability density of the resonance with energy F is proportional

to the square of the absolute value of v(z, E) and hence we can obtain that the probability density

18
1 EnI

7 (E — Enr)? + E2

nl

dE'.

This distribution is usually denoted as Breit-Wigner, Cauchy or Lorentz distribution and is typical
for the shape of the resonance in many branches of physics. More details on this interpretation
of resonances can be found e.g. in [DZ,Zw099].

Spectral and resonance properties of quantum graphs can be directly measured; the quantum
graph is simulated by a microwave network using coaxial cables. Most of the measurements were
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Fig. 1.1. In the upper figure several resonances for the example in Subsections 5.1 and 6.1,/ = 1, a =1
are shown. In the lower figure there is the absolute value of the determinant of the scattering matrix for
the curve k = kgr + 0.05iv/kr depending on kr. We can see that minima of this function approximately
correspond to the real parts of the resonances. The figure is not adjusted to the actual frequency in the
experiment; here speed of light is equal to 27.

done by the group of L. Sirko from Polish Academy of Sciences (see e.g. [HBPT04, HTB'05,
HSS09,LBH+11,LBHT 12,HLB+12,LBS*13,LSB*14]). In the measurement, the values of the
coefficients of the scattering matrix can be found and therefore, its determinant can be computed.
If we plot the absolute value of the determinant of the scattering matrix on the frequency (which
is proportional to the real part of k, where k? is the energy), we can find the real parts of the
resonances as valleys (local minima) of this graph of this dependence.

In Figure 1.1 we show a model which illustrates how resonances in microwave graphs are
found. We consider a certain example of a quantum graph, which is in detail described in Sub-
sections 5.1 and 6.1. In the upper figure, there are resonances plotted as blue dots in the complex
plane. The lower figure shows the absolute value of the determinant of the scattering matrix (in
this case determinant is not needed, since the scattering matrix is only a number) on the real part
of k if losses are taken into account. It follows from the scattering theory that the scattering ma-
trix is unitary for real k, hence its determinant is 1 in modulus. The losses are described by taking
k = kg + ciyv/kr with ¢ > 0. Since in the upper half-plane there are zeros of the determinant of
the scattering matrix at the positions which correspond to negatively taken poles of the scattering
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matrix (resonances) and since the resonances are symmetric with respect to the imaginary axis,
we find that zeros of the scattering matrix are reflections of its poles with respect to the real axis.
If we choose the real part of k close to the real part of the resonance, we come closer to the zero
of the scattering matrix and the determinant in modulus decreases.

The resonances in quantum graphs were studied in [CdVT, DEL10, ELO7, EL10,EL11, EL,
E§94, Exn97,Exnl13, GSS13, Lip15, Lipl16,L.Z16]. For a general theory of resonances suitable
not only for quantum graphs we refer the reader to the book in preparation by Dyatlov and
Zworski [DZ]. There is a large bibliography on scattering from obstacles; without trying to list
all of them we refer, e.g., to [Mel84, Chr08, DH12,LV12,FL90, Jin14].

The current review is not intended as an exhaustive summary of all results in quantum
graphs; it focuses mainly on the resonance properties of graphs with attached half-lines. Most
of the results for compact quantum graphs are shown (or at least mentioned) in the recent
book by Berkolaiko and Kuchment [BK13]. This review can be viewed as its complement
for non-compact graphs. It is intended for motivated undergraduate and postgraduate students
and young researchers willing to study the resonance properties of quantum graphs. Although
main concepts for quantum graphs are explained in the text (see Section 2 and the following
sections or Appendices A and B), we recommend mentioned book [BK13], introductory pa-
pers [Kuc04, Kuc05, Kuc08] or Chapter 17 of the book [BEHO08] for readers who are not very
familiar with quantum graphs. To have a deeper understanding of studied phenomena, the reader
should be familiar with the spectral theory of linear operators, see book [BEH08] or a series
of four books by Reed and Simon [RS75a, RS75b, RS79, RS78]. Basics of the theory of self-
adjoint extensions are summarized in Appendix C. Methods used in this review can be useful for
scientists studying mathematical aspects of resonances in different systems (e.g. scattering on
obstacles, resonances for point interactions, etc.). If the reader is more interested in the general
theory of resonances, we recommend the book in preparation [DZ].

In this review the results of papers [KS99b, Har00, EL07, DP11,DEL10,EL10,EL11,Lip16,
Lip15,LZ16,GSS13, CdVT] are presented with in many cases simplified and improved proofs.
In the Section 2 the model of quantum graphs is described and in Section 3 the coupling con-
ditions are studied (with the use of results of papers [KS99b, Har00]). In Section 4 spectrum
of a graph is found in a simple example. Sections 5 and 6 introduce resolvent and scattering
resonances and describe their main properties. In Sections 7 and 8 the resonance condition is
found and the equivalence to the two types of resonances is established (result of [ELO7], gen-
eralized in [EL13]). In Section 9 effective coupling on a finite graph is introduced, which is
used in the following sections. Later, results for asymptotics of the number of resonances for
non-magnetic graphs (Section 10, results of [DP11, DEL10]) and magnetic graphs (Section 11,
results of [EL11]) are shown. The method of pseudo-orbit expansion is introduced in Sections 12
and 13 for finding the spectral (see [BHJ12]) or resonance condition (see [Lip16, Lip15]). This
method is used in Section 15 to find more results on the asymptotics of the number of resonances
(results of [Lip16]). In Sections 16 and 17 we show how to find numerically the positions and
trajectories of resonances if lengths of the edges are changed (similarly to [EL10]). In Section 18
Fermi’s golden rule for quantum graphs is found (the result of [LZ16], which is written with
significantly more details than the original paper) and in Section 19 results of [GSS13,CdVT] on
the topological resonances are introduced. The appendices introduce the definitions and summa-
rize the main results for combinatorial and metric graphs, spaces of functions and the theory of
self-adjoint extensions.
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2 Description of the model

First, we consider a metric graph I'. It consists of the set of vertices X, the set of IV internal edges
&; of positive lengths ¢; and set of M infinite edges & — half-lines which can be parametrized by
[0, 00). The Hilbert space of our system consists of functions with components square integrable
on each edge

N M
i=1 i=1
The vector in this Hilbert space is

¢: (¢17--~»¢N77/1N+17---a7/1N+M)T

The whole structure is equipped with a second order operator, the Hamiltonian which acts as
— % + V' (x) with a bounded potential V(). The potential is located only on the internal edges.
This Hamiltonian corresponds to a simplified Hamiltonian of a quantum particle f%% +
V(x); we have chosen the set of units in which 4 = 1 and m = 1/2. For the purposes of
this paper, we will assume potential equal to zero. The domain of our Hamiltonian consists
of functions in Sobolev space on the graph W?22(T") (which is an orthogonal sum of Sobolev
spaces on the edges). The function belongs to Sobolev space W*(e) on the edge e if its weak
derivatives up to the order k belong to LP(e). Moreover, functions from the domain of the

Hamiltonian must satisfy the coupling conditions at the vertices
(U =D +i(U; + )W =0, .1
where Uj is a d; X d; matrix, where d; is degree (see Appendix A for definition) of j-th vertex,
Iis d; x d; identity matrix, ¥; is the vector of limits of functional values from various edges to
the j-th vertex and, similarly, \IJ; is the vector of outgoing derivatives.
The following construction can be used to describe easily the coupling on the whole graph.
One joins all the vertices into one and obtains one-vertex “flower-like” graph (see Figure 2.1).

The coupling on the whole graph can be described by only one big unitary (2N +M ) x (2N+M)
matrix U [Kuc08, EL10] with coupling condition

U -1V +i(U+DT =0, 2.2)

l3 l2

In

Fig. 2.1. A flower-like graph. Reproduced from [EL10].
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This matrix describes not only the coupling but also the topology of the graph. The flower-like
model with eq. (2.2) will be equivalent to the multivertex graph with eq. (2.1) if we choose the

matrix U to be block-diagonal in the bases corresponding to the topology of the graph with
blocks Uj.
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3 Coupling conditions and their derivation

In this section, we prove that the equation (2.2) describes all possible self-adjoint Hamiltonians
(see Appendix C) defined in the previous section.

Definition 3.1 Ler L be an operator in the Hilbert space H with the scalar product (-,-) and
let its domain D(L) be dense in ‘H. By its adjoint we denote the operator L*, which acts as
L*y = y*, where (y, Lx) = (y*, ) for all x € D(L). The domain of L* consists of all y for
which the above relation holds. The operator is symmetric if (y, Lx) = (Ly, x) and self-adjoint
if L = L7, i.e. the domains of L and L* coincide. A self-adjoint operator L1 is called self-adjoint
extension of L if D(L) C D(L;y) and L = Ly on D(L).

There has been a theory developed how to construct self-adjoint extensions, but we will
not reproduce it here. It can be found e.g. in the textbooks [BEH08, RS75b]. We define a
symmetric operator Hy which acts as —% + Vj(x) on the j-th edge of the flower-like graph,
with the domain consisting of functions in W?22(T") for which both functional value and the
derivative vanish at the central vertex. The domain of its adjoint is W22(I") without any coupling
conditions at the central vertex.

We study the following skew-Hermitian form

with the domain D(H{). Using integration by parts one can find that

N+M

(1) = Xj/-wj )05 () + Vi () ()5 () —
— (=9;(@)0f (x) + Vi(x)d; (2)h; (x))] dz =
W ACICUCEEEOR

= > (-6 0065(0) + 6,0 )+Z@J 5) = 63()0(05)) —

B Z/e 6/ (@0 (@) + &5 (@))(a)) de =

= 0"V — "V = w([P],[¥]) = ([(I)],J[\I/])C4N+2M .
where e;, j = 1,..., N are internal edges and j = N + 1,..., N + M are external edges,

.7(0

7 é and vectors [®] = (®,®)T, [¥] = (¥, ¥")T contain limits of functional

values and derivatives in the central vertex. The star in the last line of the equation denotes
transposition and complex conjugation.

AN+2M C4N+2ILI .

Definition 3.2 Let W be a subspace of C . We denote by W+ = {[V] €
w([T], [®]) = 0,V[®] € W}. We call the subspace W maximal isotropic or a Lagrangian plane
WL =Ww.
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The self-adjoint extensions of a symmetric operator are closely related to Lagrangian planes
of a Hermitian symplectic space. The boundary form of a symmetric operator (which is in our
case w([¥], [®])) is a Hermitian symplectic form (i.e. satisfies w([¥], [?]) = —w([®], [¥])) and
the extensions of a symmetric operator can be identified with the isotropic subspaces (these are
the subspaces for which W C W+ holds) in the associated Hermitian symplectic space (it is
a vector space over C which has defined on it a non-degenerate Hermitian symplectic form).
Hence maximal isotropic subspaces (Lagrangian planes) can be identified with domains of self-
adjoint extensions of a symmetric operator.

Now we prove the theorem on the coupling conditions. It has been independently proven by
Kostrykin and Schrader [KS99b] and Harmer [Har0O]. In the proof of the theorem, we use the
simple argument from [FT00] originally based on physical reasons.

Theorem 3.3 All self-adjoint extensions of the operator Hy can be uniquely parametrized by the
set of unitary matrices U of rank (2N + M) x (2N + M) by the equation (2.2).

Proof: We will prove that the subspace is a Lagrangian plane if and only if it is parametrized by
the equation (2.2). First, we prove that every Lagrangian plane is parametrized by equation (2.2).
Necessary condition for w([®], [¥]) = 0 for all [®], [¥] € W is w([®], [P]) = O for all [P] € W.
Let us now compute the following expression

[®+ i‘b/H(zczsz —[|® - i‘b/H(zczsz =

— (@ 40, + i) o — (B — P, D — D) v as =

=®*P — O P 4 i P + &P — O*D — (PP +iD* D — PP =
— 2i[@"® — "] = 2iw([®],[¥]) = 0.

Hence the norm of the vectors ® +i®’ and ® — i®’ must be the same and therefore these vectors
must be related by a unitary matrix U. From the equation U(® + i®’) = & — i’ the equation
(2.2) follows.

Now we prove that every subspace parametrized by (2.2) is a Lagrangian plane. We notice
that the form w can be rewritten as

st =@ (0 ) (g )=
(25 )
(o ) (0 v )(0)-
warwver (o) (v )

where Vis a (2N + M) x (2N + M) unitary matrix. Since we can rewrite the equation (2.2) as

VYD -DVE+iV D+ VI =0,
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where D is a (2N + M) x (2N + M) diagonal unitary matrix, it suffices to prove it only for
diagonal matrices. If D does not have eigenvalues —1, we obtain from the previous equation
VU =i(D+1)"Y(D-1)VV, (V®')* = (V®)*(—i)(D* — I)(D* + I)~! and consequently

(@19 = oy o) (e e (O (V)
From the unitary properties of D we have
DO+nHD*-H+(D-0)D*+1)=DD*-D+D*—I+DD*-D*+D-1=0
and hence for no eigenvalue -1
(D*—D(D*+I)"'+(D+1)""(D-1)=0.
Therefore, the form w vanishes
w([®], [V]) =iVe*[(D* = )(D*+I)"' +(D+1)"" (D-1)[V¥ =0

for every [®], [¥] satisfying (2.2). If D has eigenvalues —1, from the coupling condition fol-
lows that entries of V¥ and V' ® corresponding to these eigenvalues vanish. In the subspace
corresponding to other eigenvalues, previous argument can be used. Q.E.D.

Remark 3.4 Condition w([®], [®]) = ®*P’ — &"*D = 0 has a simple physical interpretation. It
means that the probability current j = Qf:”- ((5(25’ - d_>'¢) through the central vertex is conserved.
We could have used in the difference ||® + il®'||? — ||® — il®’||> with ¢ € R in the proof and
obtain the coupling condition (U — IV + i(U + I)U' = 0, but this equation can be related to
an equivalent form (Uy — IV +i(Uy +I)¥’ = 0 and hence does not add any degree of freedom.
The choice of € just fixes the length scale.

Remark 3.5 If we start from the flower-like graph and obtain coupling condition (2.2), we have
for the corresponding multivertex graph coupling conditions which allow for “hopping” particle
between vertices. If we want to get rid of it, we need to choose the coupling matrix U block
diagonal with respect to the topology of the graph.

Now we describe the most common coupling conditions.

e permutation symmetric coupling conditions
This type of the condition is symmetric to the change of any two leads emanating from the
vertex. The unitary matrix is U = a.J 4 b, where J has all entries equal to one and a and
b are complex constants. Using J2? = n.J (n is a degree of a vertex) and JI = I.J = J
and unitarity of the coupling matrix we have

la*nJ + baJ + abJ + |b]*I = 1. (3.1)

From this we can obtain that |b| = 1 and |an + b| = 1. The first relation obviously follows
from the previous equation, the proof of the second one is following

lan + b|? = |a|?n® + abn + abn + |b]? = n(|a]*n+ab+ab) +1 =1,

the term in the parentheses is zero, since the term by J in eq. (3.1) must be zero.
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e j-coupling
It is a special case of permutation symmetric coupling, with the conditions

f(X) = fi(X)=f;(X), foralli,je{l,...,n}

SR = af(),

Jj=1

where f denotes the wavefunction at the vertex X and f’ its outgoing derivative. The

unitary matrix is U = -2—J — I.

e standard (Kirchhoff, free, Neumann) conditions
This condition is the special kind of §-condition for @ = 0, i.e. functional value is con-
tinuous in the vertex and sum of outgoing derivatives is equal to 0. It is the most physical
one since the particle moves freely through the vertex. The name Kirchhoff is not a good
choice since for all self-adjoint coupling conditions the probability current is conserved.
The unitary matrix is U = 2.J — I.

e Dirichlet conditions
In this case all functional values are zero. The unitary matrix is U = —1.

o Neumann conditions
For this condition all the derivatives are zero. The unitary matrix is U = 1.
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4 Spectrum of a quantum graph

First, we recall some definitions from the spectral theory of linear operators, more details can be
found in the standard textbooks, e.g. [BEH08,RS75a].

Definition 4.1 Let T' be a closed linear operator from a Banach space X to itself. Then the
resolvent set p(T') is a set of those A\ € C for which T — \id, where id is identity operator,
is a bijection with bounded inverse. If T is a closed operator in a Hilbert space 'H, we define
the resolvent set as the set of those A € C for which T — \id is a bijection of D(T') onto 'H
with a bounded inverse. The set o(T) = C\p(T) is called the spectrum of T. Such v for which
Tv = \v for some X € C is called eigenvector and the corresponding ) is eigenvalue. The set of
all eigenvalues is called the point spectrum oy,. For the rest of the spectrum holds that T' — X\ id
is injective but Ran (T' — Aid) # X. This set can be divided into two parts. If Ran (T — \id) is
dense, \ belongs to the continuous spectrum o (7). If Ran (T — Aid) is not dense, \ belongs to
the residual spectrum o, (T'). It holds o(T) = 0.(T) U 0,(T) U op(T).

If T is a Hilbert-space operator, we can define essential spectrum ooss(T); it consists of
such A € C for which there is a sequence of unit vectors v, € D(T) which has no convergent
subsequence and satisfies (T — N)v, — 0. Its complement 04 = 0\0Oess is called discrete
spectrum and it consists of isolated eigenvalues of finite multiplicity.

4.1 Example: particle on a loop — spectrum

Now we show an example, how to find the point spectrum of a simple graph. We assume a graph
without half-lines with only one edge starting and ending at one vertex (see Figure 4.1). The
loop has length ¢.
We will find the eigenvalues of this problem. The wavefunction on the loop f(z) must satisfy
the eigenvalue equation
2
@) = M) = Rf()

Fig. 4.1. Figure to Subsection 4.1 — loop.
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for the eigenvalue A\ = k2. From the theory of ordinary differential equations we know that the
fundamental system of this equation consists of functions {e”“", e’”””} and the general form of
the solutions is therefore the linear combination of the functions in the fundamental system

f(x) =asinkx + beoskx .

We must bear in mind that the function must satisfy the coupling condition. If we introduce
a vertex on the loop (in Figure 4.1 on the right), both functional value and the derivative must
be continuous at this vertex, in other words, we assume standard condition (see Section 3 for
definition). Hence we have the conditions

fO)=f¢) = b=asinkl+bcoskl,
)= f)=0 = ka—kacoskl+ kbsinkl=0.

The system of these two equations can be written as

sin k¢ —(1 — cosk?) al_,
k(1 — coskf) ksin k¢ b )

It is solvable if the determinant of the above matrix is zero. The condition gives

0 = k(sin® k€ 4 (1 — cos k0)?) = k(2 — 2cos kf) .

Hence we have eigenvalues A\ = k2 with k = 22" n € Nj. Eigenvalues have multiplicity two

Z b
with eigenfunctions sin 2”[ L. cos 2"1,” , the only exception is & = 0 for which there is only one

constant eigenfunction.
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5 Resolvent resonances and external complex scaling

In the current and following section, we are interested in defining the resonances properly. By
a resonance, we understand a complex number. The physical meaning of this number is follow-
ing. If the resonance is close to the real axis, the particle sent with the energy corresponding to
its real part stays in the central part of the graph longer than for other energies. Its life time is
longer, the closer the resonance to the real axis is. There are two main definitions of resonances,
resolvent resonances and scattering resonances. Resolvent resonances are poles of the meromor-
phic continuation of the resolvent (H — \id)~! to the second (unphysical) Riemann sheet. It
is more convenient to study the whole problem in the k-plane, where k? = \. The expression
k = /X defines function analytic in the complex plane in A (energy) with the exception of the
cut (0,00). To the upper half-plane in & the first (physical) sheet of A corresponds, while the
second (unphysical) sheet corresponds to the lower half-plane in k. The upper edge of the cut of
the first sheet is connected to the lower edge of the cut of the second sheet and vice versa. The
scattering resonances are poles of the continuation of the determinant of the scattering matrix to
the second Riemann sheet. The physical meaning of these poles is described in Section 1.

Definition 5.1 There is a resolvent resonance at k? if there is a pole of the meromorphic con-
tinuation of the resolvent (H — k?id) ™! to the second Riemann sheet across the positive real
axis. For the operator described in section 2 one can define a resolvent resonance as such k?,
for which there exists solution of the Schodinger equation which fulfills the coupling conditions
and has the asymptotics aje“” for all half-lines.

Theorem 5.2 There are resolvent resonances only for Im k < 0 or for Re k = 0 (see figure 5.1).

Imk

+

Fig. 5.1. Resolvent resonances are only in the lower halfplane or on the imaginary axis.
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Proof: We know that the wavefunction components on the half-lines are g;(z) = a;e?*®. Let
there be a resolvent resonance for k = k, + ik; with k; > 0. Then there exists a solution of the
Schrodinger equation on the graph with the above behaviour on the half-lines. But the function
gj(x) = ajet*Te™M7 is square integrable [; |g;(#)|* dz < oo and this means that k2 is an
eigenvalue of the Hamiltonian H. This contradicts the fact that the Hamiltonian is self-adjoint,
since a self-adjoint Hamiltonian has only real eigenvalues (which corresponds to real or purely
imaginary k). Q.E.D.

Resolvent resonances can be effectively studied by the method developed in 1970’s by Aguilar,
Baslev and Combes [AC71,BC71] called external complex scaling. The idea is to perform the
transformation

Upg(z) = e?2g(e’x) .

on the external edges, while the internal edges are not scaled. For real 6 this transformation is
unitary, but it has the desired behaviour for # with a nontrivial imaginary part. We transform the
Hamiltonian H to a non-self-adjoint one and then prove that resolvent resonances are eigenvalues
of this non-self-adjoint operator.

Theorem 5.3 Let Hg = i/gHi/_g and f; be the wavefunction components on the internal edges,
J
9g; wavemnction Components on the external edges. Then it acts as

m () ) =vo-o( 50} ) = (L)

Proof: Clearly, the internal edges are not scaled, for the external edges we obtain

Up(—d*/dz®)U_ggjo(x) = Ug(—d*/da)e™*2gjo(e~"z) =

— _Uee—296—0/2g;/9(e—9m) — —6_206_0/260/293/9(1‘) — —6_2099/9(1‘),

where g9 is the scaled component of the generalized wavefunction on the j-th half-line. Q.E.D.

Now we state a theorem on the spectrum of the scaled operator. The main idea of the external
complex scaling is to obtain resonances as eigenvalues of this non-self-adjoint operator. As
stated in the previous section, the spectrum o(7") of the operator 7' can be divided into two
parts — discrete spectrum and essential spectrum. The discrete spectrum oq(T) is the set of
eigenvalues with finite multiplicity which are isolated points of o(T"); the essential spectrum is
its complement in o (7). We will show the idea of the proof of the essential spectrum of the
operator Hy and complete proof of the fact that resolvent resonances are for imaginary part of ¢
large enough eigenvalues of Hy.

Theorem 5.4 The essential spectrum of Hy is e=29]0, 00). The resonances of H can be obtained
as eigenvalues of Hy for Im 0 large enough.

Proof: Let Hpy be operator acting as Hy with the coupling conditions changed to Dirichlet.
Using Krein formula (which states that two self-adjoint extension of the same operator differ
only by a compact operator) and Weyl’s theorem (which states that if two operators differ by a
compact operator, then their essential spectra are the same) one can prove that essential spectra
of operators Hpg and Hy are the same. Since the essential spectrum of minus second derivative
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Fig. 5.2. Example: a half-line with an appendix.

on the half-line with Dirichlet coupling is [0, 00), the essential spectrum of the operator Hpg and
hence Hy is e=2%[0, o0).

Let k%2 with k& = k, + ik; be a resolvent resonance with k; < 0 and k. > 0. Then
the corresponding solution of the Schrédinger equation with the Hamiltonian H has half-line
components not square integrable. Let for simplicity be # = i1, ¥ € R and large enough
—9 < argk < 0. The component on the j-th edge is gjo(z) = a;je™’/?exp(ike’’x). Since
—9 < argk, is Im (ke®”) > 0 and therefore g;¢ () is square integrable. Therefore, the solutions
of the Schrodinger equation for H are after the scaling the eigenvalues of Hy. Q.E.D.

Now we present examples, which show how to compute resolvent resonances for simple
graphs.

5.1 Example: a half-line with an appendix — resolvent resonances

Let us consider a graph consisting of an abscissa of length ¢ and a half-line (see figure 5.2).
There is a Dirichlet coupling at one end of the abscissa and J-coupling of strength « between the
abscissa and the half-line. We assume the potential on the abscissa and the half-line to be zero.
We parametrize the abscissa by the interval (0, ¢) and the half-line by (0, c0) and describe the
wavefunction components by f and g, respectively. The coupling conditions can be written as

fO)=0, f(6)=g(0), —f'(€)+4(0)=ayg(0).
We take a general ansatz for solutions of the Schrédinger equation as
f(.%‘) — ae—ikm + beikm, g(m) _ Ce—z’km + dezkr )

Now we perform the scaling transformation gg () = Upg(z) = ¢%/2g(e’x) with Tm 6 > 0 large

enough and search for eigenvalues of operator Hy. Hence one can take ¢ = 0 since the scaled

9/2efik:z:e

- 0. .
function ce is not square integrable. We have

g(0) =e"2g4(0), ¢ (0) = ikg(0) = ike™%/2g4(0).
The coupling conditions can be rewritten as
a+ b= 0, ae—ik[ + beik@ _ 6_0/299(0) ,
ik(ae™* — be™) = (a — ik) e=9%g4(0).
Using b = —a we have

a(e—ikZ _ eik@) — 6_9/299(0),

ika(e™ ™ + &%) = (o — ik) e792g,(0) .
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Fig. 5.3. Triangle with attached half-lines — illustration to Subsections 5.2 and 6.2.

Now substituting from the first equation for e =%/2g4(0) to the second one and dividing the second
equation by (—27) we obtain
ikt 4 ikt ikl _ o—ikt

fakf = (a—ik)a 5

which leads to the resonance condition

(a —ik)sinkl + kcoskl = 0.

5.2 Example: triangle with half-lines — resolvent resonances

Let us study more complicated example, where we will show how to compute the resonance
condition. The internal part of the graph is an equilateral triangle (all the edges have lengths /).
At all vertices one half-line is attached (see Figure 5.3). We assume standard coupling at all the
vertices.

We assume ansatz on the internal edges f;(x) = a; sin kx + b; cos kx. On the half-lines we
use the ansatz g;(z) = dje””; we use only the outgoing edge according to the definition 5.1
because only this function is square integrable after the complex scaling with positive 6. The
coupling conditions at the vertices give the following set of equations.

by = agsinkl 4+ bz coskl = dq ,
k(ay — agcoskl+bysinkl +idy) =0,
by = aysinkl + by coskl = do
k(az — ay coskl + by sinkl + idy) =0,
b3 = as sinkl + by cos kf = d3 ,
k(az — agcoskl 4+ basinkl +id3) = 0.
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This set of equations can be in the matrix form written (using d; = b;, 7 = 1,2, 3) as

0 —1 0 0 sin k¢ cos kf ay
k ik 0 0 —kcoskl ksinkl by
sin k¢ cos k¢ 0 -1 0 0 a | _,
—kcoskl ksinkl k ik 0 0 bo ’
0 0 sin k¢ cos kl 0 -1 as
0 0 —kcosk{ Eksinkl k ik b3

Condition of the solvability of this system (determinant of this matrix is equal to zero) is our
desired resonance condition. After rearrangements one obtains

0=—k*(—242coskl — isinkl)(1 + 2cos kl — isin kf)? =

= —k3(—2i)sin %g (cos %( — 2isin k;) (1 + 2cos kl — isin kf)?

kl (1 . 1 i i i B . 1 . 1 ) 2
— 27/k3 sin ? <Qe§f + ie_ 152 e I;Z +e I;E) (1 + ezk[ 4 e—zk@ _ iezke + 26—7,]6[) —

1w (1 o\ kL . . o
:2ik3§e*12 (2e’kz> sin;(?;—e”d) (3+261M+€21M) )

The resonance condition therefore is

0 = k% sin % (3 — e*4) (3 + 26Kt 4 e2ih0)? (5.1)



Scattering resonances 285

6 Scattering resonances

The second possibility how to define resonances is as poles of the meromorphic continuation
of the determinant of the scattering matrix. In this view, the compact part of the graph is a
scattering center and the half-lines are the leads. Since we consider zero potential on the half-
lines, the solution on the semiinfinite leads can be expressed as a linear combination of etk
and e***_ The first one we call the incoming wave and the second one the outgoing wave.

To elucidate why we have used this notation, let us for a while consider a time dependent
Schrédinger equation on the half-line (—92 — i9;)u;(z,t) = 0. Its solution can be after separat-
ing the variables found in the form u;(z,t) = e_“’“2gj(x), where g; () is the solution of time
independent Schrodinger equation. Substituting the combination of e~*** and e’** we obtain
uj(x) = cje”k@Hkt) o g6 (@=k) The first wave is incoming (for growing ¢ the = must be
smaller to get the same exponent), the second one is outgoing.

The scattering matrix S = S(k) is the operator, which maps the vector of amplitudes of the
incoming waves into the vector of amplitudes of the outgoing waves. The complex energies, for
which its determinant diverges, are called scattering resonances.

6.1 Example: a half-line with an appendix — scattering resonances

Let us now study the same example as in the subsection 5.1 in the case of resolvent resonances.
We again assume an abscissa of length ¢ and a half-line in figure 5.2 with Dirichlet coupling at
one end of the segment and J-coupling between the abscissa and the half-line.

F0)=0, f()=g(0), —f(0)+4(0)=ag(0).
We use the ansatz f(x) = ae™*** + be’*® and g(z) = ce™*** 4 de’** and obtain
a+b=0, ae * L pe* =c4d,
ik(d — ¢) + ik(ae™™** — be™**) = a(c + d).
Substituting b = —a we obtain
a(efik;ﬁ . eikf) =c+ d,
ik(d — ¢) + ika(e” " 4 e™**) = a(c+ d) .

Using definitions of sine and cosine and substituting now for a from the first equation to the
second we get

ik(d — ¢)sinkl — kcoskl(c+ d) = a(c+ d)sinkl,
[(av — ik)sinkl 4+ kcoskl] d = — [(a + ik) sinkl + k cos kf] c.

We finally obtain
S(k) = d  (a+ik)sinkl + kcoskl
¢ (a—ik)sinkl +kcoskl’
The scattering matrix is in this case only a number (we have one half-line) and its poles give the
same resonance condition as resolvent resonances.
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6.2 Example: triangle with half-lines — scattering resonances

Let us consider the same graph as in the Subsection 5.2 (see Figure 5.3) and let us find the
scattering matrix and scattering resonances. We use the ansatz f;(z) = a; sin kx + b; cos kx on
the internal edges and g;(z) = cje™ + d e'*®.
The coupling conditions at the vertices lead to the set of equations
b1 = agsinkl + bz coskl = ¢ + dy ,
k[a1 — a3 CoS kt + b3 sin k¢ + Z(d1 — Cl)] = O,
by = a1 sinkl + by coskl = co + dg ,
klag — ay coskl 4+ by sinkl 4+ i(d2 — ¢2)] =0,
b3 = ag sinkl + by cos kf = c3 + ds ,
klas — ag coskl 4+ basinkl + i(ds — ¢3)] = 0.

Substituting for b; = ¢; + d;, j = 1,2, 3 we obtain the following set of equations

agsinkl + (cg +ds)coskl —c; —dy =0,
a1 — azcoskl + (c3 + ds) sinkl +id; —ic; =0,
aysinkl + (¢y +dy)coskl —cqg —dy =0,
ag —ay coskl + (¢ + dy) sinkl + idy —ico =0,
agsinkl + (co +dg)coskl — c3 —ds =0,
az — ag cos kl + (co + do) sin k€ + ids — ic3 = 0.

This can be written in the form

a
A C D
< EF G ) c =0, 6.1)
d
where
0 0 sinkf -1 0 coskl
A= 1 0 —coskl , C = —1i 0 sinkf ,
—coskl 1 0 sinklé —i 0
-1 0 coskl sin kf 0 0
D= i 0 sinkl , E = 0 sinklé 0 ,
sinkf i 0 0 —coskl 1
coskl{ -1 0 coskl{ -1 0
F= 0 coskl —1 , G = 0 coskl -1 ,
0 sinkl{ —i 0 sink{ 1

the vectors are a = (a1, az,a3)", ¢ = (c1,¢2,¢3)T and d = (dy,ds,d3)™. Notice that we
switched third and fourth equation in definition of the matrices to obtain matrix A which is
invertible.
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The upper equation in (6.1) gives
a=—(A"'Cc+ A7'Dd)
and substituting it for a in the lower equation we obtain
—FA™'Cc—EA™'Dd+ Fc+Gd =0,

from which we have
d=—-(G-EA'D)"Y(F-EA'C)c

and the scattering matrix
S(k)=—(G—-EA'D)"Y(F-EA™'C).
We can express this equation in the numerical software and find

2cos%+i(sinﬂ—?>sin3—u)

Sii:_ z 2 ) 7::1’2)37
2 (cos 2 — 2isin E£) (1 + 2 cos k€ — i sin k¢)

g QCOS% oy

i = — , 4 .

! (cos & — 2isin &) (14 2 coskl — isin kl) J

The determinant of the scattering matrix is

(=1 4 3e™)(1 4 2e™k* 4 3e2ikt)?
(3 _ eik()(g + Qeikf + eQik£)2

det S(k) =

and hence comparing with (5.1) we find that the set of resolvent resonances is the union of the set

. . 2 . .
of the scattering resonances, eigenvalues k% = (2”7”) (obtained from sin % = 0) and resonance

at zero with multiplicity 3.
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7 The resonance condition

In this section we express the resonance condition for finding resolvent resonances for a general
graph. We will use the flower-like model (Figure 2.1). On the internal edges we use the ansatz
fi(x) = a; sinkx + b; cos kz, and on the external edges g;(z) = d; e'**. Using this ansatz we
have
fJ(O) = bj, fj(éj) = a; sinkﬁj —l—bj CoS k‘fj,
fi(0) = kay, —fi(£;) = —ka; cos kl; + kbj sin k(;,

These relations can be expressed as
£3(0) _ 0 1 a; o
fi(l5) sinkl; coskl; b ) .
f3(0) B 1 0 a;
( —fi(l5) =k{ _ coskl; sinkl; b, ) (7.2)

On the half-lines we use external complex scaling g;o(x) = €?/2g;(xe’) with an imaginary 6,
we obtain
9;(0) =e""2g59,  g}(0) = ike 2gjq. (1.3)

We can now substitute equations (7.1), (7.2) and (7.3) into (2.2). We rearrange the equations
so that we have in U and U’ values corresponding to both ends of the first edge, then both ends
of the second edge, etc. The matrix U is rearranged accordingly. After substituting we obtain

ai ai
bl bl
a2 a2
(U —-1)Cy (k) b;v + k(U + I)Cy(k) b;v =0, (7.4)
e 299 e 2g19
e 2gp0 e 2gn9

where the matrices C (k), C2(k) consist of blocks
C1(k) = diag (C{7 (k), O (k), ..., O™ (k), Insxr)

and
Cyo(k) = diag (CS (k), CP (k). ..., CN (k). iTnrwnr)

respectively, where

() 1y — 0 1 )1y — 1 0
Cy (k) = < sinkl; coskl, ) ’ Gy (k) = ( —coskl; sinkl;

and Ips«pr is a M x M identity matrix.
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The equation of solvability of the system (7.4) is
det [(U — INC1(k) +ik(U + I)Cs(k)] = 0.

This is our resonance condition.
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8 The equivalence of resonances

In this section, we prove that for quantum graphs the two previous definitions of resonances
are equivalent. To be precise, the set of resolvent resonances is equal to the set of scattering
resonances unified with the set of eigenvalues with corresponding eigenfunctions supported on
the internal part of the graph. This result was obtained first for a certain set of coupling conditions
in [ELO7], for all graphs and hedgehog manifolds it was proved in [EL13].

Theorem 8.1 Let us consider the quantum graph with the Hamiltonian defined in section 2.
Then there is a resolvent resonance at k3 iff there is a scattering resonance at k3 or there is an
eigenvalue at k3 with the eigenfunction supported on the internal part of the graph.

. ‘
Proof: We assume the coupling condition (2.2) with ¥ = ( Yint ) and ¥’ = ( \}Ijj}m )

\Ijext ext
Since the solution on the j-th internal edge is a combination of two linearly independent solutions

a;u;(z) + bjv;(x), we have entries of the vector of functional values a;u;(v) + bjv;(v) (v
denotes the vertex), similarly for the vector of derivatives a;u(v) + bjvj(v). For an external
edge we have solution as combination of incoming and outgoing wave cje*““" + dje““, hence
Ut =c+d, V., =ik(d —c).

Therefore, the coupling condition (2.2) can be rewritten as

A(k)a+ B(k)b + C(k)c + D(k)d =0,

where A(k), B(k) are (2N+M)x N energy-dependent matrices, C(k), D(k) are (2N+M)x M
energy-dependent matrices and a, b, c, d are vectors with entries a;, b;, ¢; and d;. We define a

(2N + M) x 2N matrix E(k) = (A(k), B(k)) and the vector e = ( a corresponding to the

b
internal coefficients. The previous equation can be thus rewritten as

E(k)e + C(k)c+ D(k)d =0. (8.1)

If E(ko) has less then 2N linearly independent rows, it means that there exist a solution of (8.1)
with c = d = 0, i.e. eigenvalue with eigenfunction supported only on the internal part of the
graph. We know that k3 € R. Clearly, this eigenvalue belongs also to the family of resolvent
resonances (solutions with ¢ = 0).

Now we assume that E(kg) has exactly 2N linearly independent rows. We rearrange the
equations (8.1) so that first 2N rows of E(kg) are linearly independent. From these first 2NV
equations we express e and substitute it into the remaining M equations. We obtain

C(k)c+ D(k)d =0

with M x M matrices C'(k) and D(k). The resolvent resonances are solutions with only outgoing
waves, i.e. ¢ = 0; this means that the resonance condition is det f)(k) = 0. The scattering
matrix is S(k) = (D(k))~'C(k), the condition for scattering resonances also is det D (k) = 0.
Therefore these families of resonances coincide. Q.E.D.
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9 Effective coupling on a finite graph

The content of this section will be used later. We will introduce effective coupling equation in
the case where all the half-lines of the graph are “cut oft™.

Theorem 9.1 Let H be a Schrodinger operator on a quantum graph I with 2N internal and M
external edges and coupling given by (2N + M) x (2N + M) unitary matrix U consisting of

blocks
(U U
o= ()

where the 2N X 2N matrix Uy corresponds to the coupling between internal edges, M x M matrix
Uy corresponds to the coupling between the half-lines and 2N x M matrix Uy and M x 2N matrix
Us correspond to the mixed coupling. Let {\;}M | be eigenvalues of Uy. Then all resolvent
resonances of T with k on C\{ Al Ay _1} are given as eigenvalues of operator with the

A1 +17° P Anm+1
same action on the internal edges as H but satisfying energy-dependent coupling conditions

(U(k) = Ian)f +i(U(k) + Ln)f' =0
with

U(k) =Ur = (1 = K)Us[(1 — k)Us — (k + 1) 1)~ Us. 9.1)

Proof: Let f and g denote the vector of amplitudes of functional values on the internal and
external edges, respectively and let f and g’ be the vectors of amplitudes of outgoing derivatives.
Then the coupling condition (2.2) can be rewritten as

U, — Iy U, f T U, + Iy U, f/ —0
Us Uy —1In g Us Us+ Iy g’ ’

where Iy denotes the NV x N identity matrix. Performing external complex scaling means
replacing g and g’ by e~ ?/2gy and ike~%/2gy, respectively.

U, — Iby Us f n Z(U1 4+ IQN) —kU, f/ —0
Us Us—1Iyu e~9/2gy iUs  —k(Us+ In) e 02gy )

Now eliminating gg for det ((1 — k)Uy — (k 4+ 1)Ipr) # 0 we get
[Ur = Iox — (1= k)Us[(1 = k)Us — (k + 1) 1ar] "' Us]f +
+[U1+ Iy — (1 = k)U2[(1 — k)Uy — (B + l)IM]flUB]f/ =0

which can be written as

(U (k) — Ln)f +i(U (k) + Loy)f =0 9.2)
with
Ulk)=Us — (1 = k)Us[(1 — k)Us — (k + 1)Ins] ' Us. (9.3)
— k)Uy — (k +1)Ips) = 0 which for eigenvalues
means (1—k)\;—(k+1) = 0 implies k = il

N With exception of these points the construction
works. Q.E.D.

We can easily show that the condition det ((1
A
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10 Asymptotics of resonances for non-magnetic graphs

We start the main part of this text by a topic at the first sight different from quantum graphs
and their resonance properties. The asymptotical behaviour of the number of eigenvalues of
Laplace—Beltrami operator on a Riemannian manifold of the dimension d is given by Weyl’s
law [Wey11]. We show the result of Ivrii from [Ivr80]. The number of eigenvalues which are in
modulus smaller than A is given by

walQ |\ g2 | wa-1|09Q] | (4_1)/2 d—1)/2

where wy stands for the volume of a d-dimensional ball with radius 1 and |€2| and |0€2| denote
the volume of the manifold and volume of its boundary, respectively. The plus sign corresponds
to the Neumann condition on the boundary of the manifold, the minus sign to the Dirichlet
condition.

The problem solved by Weyl was laid by Lorenz and is connected to Rayleigh-Jeans law. Let
us consider a blackbody in the shape of a cube. If we want to find the energy radiated between
frequencies v and v+dv, we have to count the number of normal modes in this frequency interval
and by an equipartition theorem multiply it by kg7". The electric field of the n-th mode satisfies
Maxwell’s equations; after separation of variables one obtains the equation for eigenvalues of
the Laplacian. Since the blackbody is conducting, the electric field must vanish at the boundary.
Hence we have the problem for the number of eigenvalues of the Dirichlet Laplacian in the cube.
For d = 3 we obtain from the Weyl’s law

4| (5
A) = A3/2
) 3(2m)3

1 3/2
Using the relation A = 4CL22V2 we have
1 8x3
N()~ —5—

672 3

For the difference of the counting functions we have for small dv

4
Q|V3 = @|Q|I/3 .

4
N +dv) = N(v) ~ — Q12 dv.
C

Using the equipartition theorem and the fact that taking both polarizations of light adds a factor
of two, we obtain the Rayleigh-Jeans law. The energy density is

2
v
p= SWkBTC—3 dv.

More details can be found in [Mus16].

Now we will get the expression for the asymptotics of the number of eigenvalues of a compact
quantum graph. We will work in the k-plane, where k is the square root of energy. The formula
for the number of eigenvalues in modulus smaller than R is

N(R) = ¥R+O(1), (10.1)
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where V is the sum of the lengths of the (internal) edges. This result follows from the previous
equation taking A\ = R? and adding an extra factor of 2, because we count every eigenvalue twice
since (—k)? = k2.

Our aim will be to find the asymptotical behaviour of the number of resolvent resonances
for a non-compact quantum graph. To be precise, we want the number of resolvent resonances
enclosed in the circle of radius R in the k-plane in the limit R — oco. We would expect that it
behaves as the equation (10.1) with V' being the sum of the lengths of the internal edges of the
graph. It holds true for most of the graphs (we will call these graphs Weyl), but there is a class
of graphs for which the constant in the asymptotics is smaller than expected (we denote these
graphs as non-Weyl).

The behaviour of the counting function of resolvent resonances was studied first for quan-
tum graphs with the standard condition by Davies and Pushnitski [DP11]. They found a nice
geometric condition: the graph is non-Weyl iff it has a balanced vertex. By a balanced vertex,
we mean the vertex which connects the same number of internal and external edges. Later this
result was generalized to all possible couplings in [DEL10]. There was a condition found on the
eigenvalues of the effective coupling matrix in the previous section which distinguishes the Weyl
and non-Weyl graphs. In this text, both results will be stated in the opposite order. First, we prove
the theorem on the general graphs and then we show the condition by Davies and Pushnitski as
its corollary.

10.1 Main theorems

We state a lemma on the number of zeros of exponential polynomials. It was in this form stated
in [DEL10], but it follows from the result from 1930’s by Langer [Lan31] and previous results
by Pélya. We present a sketch of the proof, more details can be found in [Lan31] for the first part
and [DEL10] for the second part of the proof. See also the books [BC63, BG95].

Lemma 10.1 Let F(k) = Y__ k" a,(k) %", where v, € R, a, (k) are rational functions
of the complex variable k with complex coefficients that do not vanish identically, and o, € R,
00 < 01 < ...< 0y Suppose also that v, are chosen so that limy_, o a,(k) = «, is finite and
non-zero for all r. Then the counting function behaves in the limit R — oo as

NR,F)="""Rr+0(1).
Proof: Let us first assume function
O(z) =) Aj(z)e”
§j=0

of the complex variable z = x + iy. We are interested in zeros of this function. We will start
from particular subcases and finally arrive to the general case.

1. Aj = a; constant, ¢; € R commensurable
We can take ¢; = ap;, j = 1,...,n, a € R, p; € N and without loss of generality also
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co = po = 0. Since the exponents are commensurable, we have

o(z) =3 a; (™), po=0, pneN.

=0

This is a polynomial of degree p,, in e** and its roots are e** = &;, 7 = 1,2,...,pp.
Therefore its zeros are in lines parallel to the y axis

1
z=—(2mim+In¢), mel.
«

On the line y = y; we have

n

1 = v _
Im [ao'l)(at—&—iyl)] = Zaj sin (ay1p;) (") = ij(yl) (e*)P7 | (10.2)

j=1 =1

where the coefficients b; depend on y; and the sum is from 1 and not from 0 because
from po = 0 follows Im (e*(®*®)ro) = 0. The expression (10.2) vanishes on y = y;
at most (n — 1)-times. This follows from Descartes’s rule of signs (number of roots of a
polynomial is bounded from above by the number of sign changes).

Now we find the number of zeros in the rectangular region R’. We choose y; and ys so
that there is no zero of ®(z) on these lines. Then Arg ®(z) increases or decreases by at
most n, since (10.2) vanishes at most (n — 1)-times. Now we come to the lines x = + K.
For sufficiently large K, ®(z) goes to ag at x = —K and hence Arg ®(z) is small. On
x = K, ®(z) goes to a, e“»* for sufficiently large K and hence Arg ®(z) increases its
value arbitrarily near ¢, (y2 — y1).

Hence the number of zeros n(R’) in the region bounded by |z| < K and lines y = y; and
Yy = yo is bounded by

Cn Cn
—nt (2 —y) Sn(R) <nt o= (ye — ) (10.3)

Aj constant, ¢; € R and general
Then we have

O(z) =) aje*, co=0. (10.4)
=0
Since the first term of the above function is dominant for x+ = —K and the last term is

dominant for = K with sufficiently large K, the zeros are again in a strip |z| < K.
The change in Arg ®(z) at + = +K can be computed similarly to the previous case.
Establishing the relation (10.3) depends only on the relation (10.2) on a line with constant
y. We cannot use the Descartes rule, but using the similar result by Pélya and Szeg6 [PS25]
it can be proven that the expression (10.4) vanishes at most as many times that there are
changes in sign in the sequence of a; and hence we again have (10.3).
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3. A; asymptotically constant
We again study the number of resonances in the same rectangle R’ bounded by curves
|z| < K,y = y1, y = yo. We will assume that ag, a,, # 0. Let

Aj(z)=a;+¢e(z) in |2|>M,

where ¢(z) denotes the set of functions analytic in every finite portion of R’, which ap-
proach to zero uniformly in R’ as |z| — co. Then we have

O(2) = Z(a]— +e(2)e“*, ag,an, #0
=0

J

and hence

O(z) = P1(2) +e(z), Pi(2) =) a;e9”, |z <K, |z|>M.
j=0

By smartly choosing the contours enclosing the zeros of ®; one has that zeros of ®(z) lie
within the distance § from zeros of ®1(z) and for values not within this contours |®(z)] is
bounded uniformly from zero and we have ®(z) = ®1(2)(1 + &(z)). The zeros of ®(z)
are asymptotically represented by zeros of ®;(z).

4. A;(z) asymptotically power functions A;(z) = 2" (a; + (%)), ao,a, # 0, and v; are
proportional to ¢;, i.e. v; = fBc;
We have

n

®(z) = Y (aj +e(C)) e

J=0

with { = z 4+ §In z, which is the previous case. If { = £ + in, we have from the previous

relation
E=xz+ Pln|z,
n=y+PArgz.

The condition |{| < K now means that the resonances are in the region bounded by
logarithmic curves
x+fln|z] =K.

5. general values of v;
We have

O(z) = Z 2" (a; +e(z)) 9.

Jj=0

To each pair P; = (c;,v;) a point in the plane corresponds. We define a broken line L
with the vertices in the subset of { P;}"*_;, which is convex line and no points P; lie above
it. On its segment L, there are points P, h =1,...,n,.
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Let us assume an intermediate segment of this line with the slope m,., the slope of the
previous segment is 1m,._1. Then for parameter &,

Mp_1—0>k>m, —0,
with & > 0 but sufficiently small the curve
x = —kln|z| (10.5)
is in the region bounded by curves

x=—(mp_1—9)ln|z|,

x=—(m, —0)In|z|.

On the curve (10.5) it holds

‘Zylseclsz |Vls_kcls

:|Z

and for [ # k
Vis — kcls < Vp1 — kcrl .

Therefore,
Vs lls® — ZVrleCrlzg(Z) , l 7& r

for any curve (10.5) and hence we have

28

B(2) = Y 2" (amn +e(2)) ¢,

h=1

which is the previous case.

. Now we can realize that the function in our lemma belongs to the class in the previous

point, only with z = ik. It remains to prove that there is asymptotically the same number of
resonances in the rectangle as in the circle. This, a bit technical part, is shown in [DEL10].

First, we realize that the number of zeros in the circle with centre 0 and radius R can be
estimated from above by the number of zeros satisfying |[Rek| < R. The bound from
below satisfies

IRek| > \/R? — (K + mInR)?

with K := max;<,<n, K, and m := maxj<,<y |m,|. Since

lim R—/R?— (K +mInR)2 =0

R—o0

both pairs of lines asymptotically approach each other. The only difference to [Lan31] is
that the role of ¢, is replaced by o;’s.

QE.D.
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Theorem 10.2 The asymptotics of the number of resolvent resonances in quantum graph is

N(R) = ¥R+O(1), (10.6)

where 0 < W < V. We have strict inequality W < 'V iff the matrix U(k) has eigenvalue either

% or %_‘TZ we call this graph non-Weyl.

Proof: We choose the ansatz on the j-th edge
fj (ZC) =y eikw + /Bj e—ikw ,
hence we have

fi(@) = ik(a; ™ — 3;e7 )

This leads to

fj(o) =a; + 55, fj(éj) =y ekl 4 B; e~k ,
FUO) = k(g — B, —FL5) = ih(—ay o™ 4 ek,

From equation (9.2) we have

(U (k) = Ion) Ex (k) + iik(U (k) + Lon) Ea(k)Ja =0,

where a = (a1, f1, a2, B2, ..., an,Bn)T, E1 and Ey are 2N x 2N block diagonal matrices
with blocks
1 1 1 -1
(L) ()
€j+ ej, _6J+ 6]7
respectively, and e;4 = et?*%;  Equation of solvability of the above system is

det {[T()(1+ k) = T (1 = )] By(k) + [0 (k)(1 = k) = T (1 + k)| Ba(k)+
+(U(k) — Ion) Bs — k(U (k) + IQN)E6} —0, (10.7)

where block diagonal matrices E3, Fy, E5 and Eg consist of blocks

0 0 0 0 11 1 -1
mo=(ge v ) B0 ) me=(a0) =m0 d)

The coefficient by the exponential with the largest multiple of ¢k in the exponent is det [U (k) (14
k)—I2n (1—F)], the coefficient by the exponential with the smallest multiple of ik in the exponent

isdet [U(k)(1 — k) — Ian (1 + k)]. From this fact and Lemma 10.1 the result follows. Q.E.D.
Now we will prove the result of Davies and Pushnitski [DP11] as a corollary of this theorem.

Corollary 10.3 The graph with standard coupling is non-Weyl iff there is a balanced vertex, i.e.
the vertex which connects the same number of internal and external edges.
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Proof: The coupling matrix for standard condition is U; = %Jd — I, where d is the degree of
the vertex, J4 is d x d matrix with all entries equal to one and Id identity matrix. Clearly, the

effective graph coupling matrix U (k (k) has an eigenvalue I'HZ or 1= iff one of the vertex effective

1+k
coupling matrices U, (k) has the same eigenvalue. The matrices U, (k) are constructed similarly
to U(k). If there is n internal and m external edges in the given vertex, one has
2 2
Ulj = mJn—Lw U4j = mjm_-[m»
and the matrices Us; and Us; are %ﬂ-multiples of the matrices with all entries equal to one,
which are n X m or m X n, respectively. One can straightforwardly prove that

1 a
b)) = ———— T — I ) . 10.8
(@Jm +bIn) b <am—|—bJ ) (10.8)

Hence we have

(1= k)Us = (1 + k)]~ = [(1 — k)

I — 2I) 7t = % (—HJm - Im) :

n+m km+n
This gives
~ 2 4 m? 1—k m
U(k) = I —In,—(1—-k - I ——=Jn | =
(k) n—+m ( )(m+n)2< 2 km+n 2 )
2
= I — I
km+n"" '
Since eigenvalues of J,, are n and 0 with multiplicity n — 1, eigenvalues of 0(k) are ZI_’ZZZ and
—1 with multiplicity n — 1. Comparing it with 1EE e k gives
n—kmtknFkim=kn+nFkimFkn = 2km=+2kn
Hence the graph is non-Weyl iff n = m for at least one vertex. Q.E.D.

Finally, we illustrate the general theorems in a simple example.

Example 10.4 (two internal edges and two half-lines)

Let us consider the graph on figure 10.1 which consists of two internal edges of the same lengths
¢ and two half-lines attached at the central vertex (in the figure lines with arrows). There is
standard coupling at the central vertex and Dirichlet coupling at the loose ends of the internal
edges. We can see that the central vertex is balanced, hence the graph is non-Weyl. We will prove
it by constructing explicitly the resonance condition. Let us denote the wavefunction components
on the internal edges by f1(x), fa(x) with x = 0 at the loose end and x = { at the central vertex.
We denote the wavefunction components on the half-lines g1 (), go(x) with x = 0 in the central
vertex.

We have (using the Dirichlet condition)

fix) = arsinkx,  fo(x) = agsinkz, gi(z) =di e, go(z) = dy '™
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14 14

Fig. 10.1. Example: two internal edges and two half-lines.

Therefore we obtain
fi(l) = arsinkl, fa(f) = azsinkl,
—fi(l) = —arkcoskl, —fy(f) = —askcoskl,
91(0) =di, g2(0) =dz, ¢1(0) =ikdi, g5(0)=ikdy.

This gives the following system of equations

0 0 1 -1 a1
sin K/ 0 -1 0 as —0
0 sin k¢ -1 0 di |
—kcoskl —kcoskl ik ik do

The determinant of the above matrix gives the condition of the solvability of the above equation,
which is the resonance condition.

—2k cos klsin kl + 2iksin® k0 =0,

which can be rewritten as
ik (1 —e 2" = 0.

We see that there is not the term with ¢

instead of 2.

, so W in the asymptotics in the Theorem 10.2 is {

10.2 Permutation symmetric coupling

Now we will show the result of [DEL10] which graphs with permutation symmetric coupling are
non-Weyl. We can revise that graphs with permutation symmetric coupling have the coupling
matrix U; = a;J + b;1, where J is the matrix with all entries equal to one and I is the identity
matrix and a;, b; are complex constants. These constants can be different for each vertex but for
the sake of simplicity we will omit the index j.

Theorem 10.5 Let us consider the graph with coupling matrices U; = a;J + b;I and with n;
internal edges and m; half-lines in the j-th vertex. Then the graph is non-Weyl iff there exists a
vertex for which mj = n; and one of the following possibilities holds true
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a)
1 2n
Uj=—J—1I, ie fi=f Vij<m, > f=0.
J j=1
b)

2n

1

Up=——J+1, ie fi=f ¥ij<m, Y fi=0.
J Jj=1

Proof: In the proof we will omit the subscript j and we consider one particular vertex. The
effective vertex coupling matrix is according to the equation (9.3)

=~y ab(l—k)—a(l+k)
Uk) = (am +b)(1—k)— (k+1)

JTLX’I’L + bIan .

We have used the inverse of the matrix (10.8).
Now we will use the fact that eigenvalues of the matrix U = aJy,xy, + bl,x, are b with

multiplicity n — 1 and na+b. We will compare these eigenvalues to % Clearly, b cannot equal
to neither of these values. For the second eigenvalue we have
b1—k)—(1+k 1+k
A=k -QA+k . 1k
(am+b)(1—k)—(14+k) 1Fk
We have for the case with the upper sign
(1+k)?

[a(m 4+ n) +bb(1 — k) — (an+am +2b)(1 + k) = — Tt

which cannot be satisfied for any value of the parameters a, b, n and m. The case with the lower
sign gives

{la(n +m) +bb+1}(1 — k) — (1 + k)(an +b) = (am + b)%
This equation has to be fulfilled for all £ and hence we obtain
an+b=0, am+b=0 = n=m,
[a(n+m)+blb+1=0 = (an)? =1,
and hence the graph is non-Weyl iff U = :E%Jnxn F Lxn. Q.ED.

To conclude, this result shows that non-Weyl behaviour is quite exceptional. We have it
either for standard (Kirchhoff) coupling or for its counterpart “anti-Kirchhoftf” coupling. For
both cases, there has to be the same number of internal and external edges in the vertex.
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Fig. 10.2. A polygon considered in subsection 10.3. Reproduced from [DEL10].

10.3 Example with a regular polygon

We take the following example from [DEL10]. Let us consider a graph I',, which is a regular
n-gon with all the internal edges of lengths ¢ (see figure 10.2). There are two half-lines attached
at each vertex and we assume standard coupling at each vertex. Since the graph has two internal
and two external edges attached to each vertex, it is by Corollary 10.3 non-Weyl. In this section,
we will show that the “effective size” of the graph I',,, the coefficient W by the leading term
of the asymptotics (10.6), depends on n. Unlike the criterion, whether the graph is non-Weyl,
which was given by the (local) vertex properties of the graph, the effective size depends on global
parameters of the graph.

Theorem 10.6 The effective size of the graph T',, is given by

W nt/2 ifn#0 mod 4,
"l (n—2)¢/2 ifn=0 mod 4.

Proof: We will find the resonance condition by Bloch-Floquet decomposition of the Hamilto-
nian with respect to the cyclic rotational group Z,,. We define by T the rotational operator in
L?(T,,) which maps the vertex to the next one. The whole space L?(T',,) is an orthogonal direct
sum of spaces

Ho = {f € L*(Ta) : Tf = wf}.

w with w™ = 1 are the eigenvalues of the operator 7'. Now we restrict our attention to the unit
cell which consists of one internal edge and two half-lines (see figure 10.3). We also need to
consider the neighbouring internal edge denoted by dashed line.
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f2 f3

fa=wfi fi

0 10 l

Fig. 10.3. The unit cell considered in subsection 10.3. Reproduced from [DEL10].

The resonance eigenfunction f on this cell has components (see figure 10.3)

fi(z) = ae*® 4 pe~ike, 0<z <,
fold) = (a+D)*,  0<a<o,
f3(z) = (a+be™,  0<z<oo,
falz) = wfi(z), 0<az<Y,

The standard coupling condition gives
wae® 4 whe = q4b,
wae®® — wbe™* = 2(a+b)+a—b.

The condition of solvability of the above system is given by determinant of certain 2 x 2
matrix is equal to zero. The direct computation of the determinant gives

—2(w? + 1) + dwe k=0, (10.9)
From the condition we can see that the graph is non-Weyl for all 7, because the term with e?<¢
is missing. If w? + 1 # 0 then the contribution of this cell to the effective size of the whole graph
is £/2, if w? + 1 = 0 then it does not contribute to the effective size. We obtain the effective size
of the whole graph as the sum of the contributions of particular cells. Clearly, there exists such
w for which w? + 1 = 0 iff n = 0 mod 4. From this, the claim of the theorem follows. Q.E.D.

More complex study of the effective size can be found in [Lip16,Lip15]. In [Lip16] bounds
on the effective size are found. The paper [Lip15] in examples shows how to obtain the effective
size using the pseudo-orbits.

10.4 Size reduction

The simple example of a non-Weyl graph is a graph which has a vertex of degree two connecting
one internal edge and one half-line with standard coupling. Since the coupling condition pre-
scribes continuity of the functional value and the derivative, there is no physical interaction in
this vertex at all. Therefore, this internal edge and the half-line can be replaced by one half-line,
which reduces the size of the graph (sum of the lengths of the internal edges). For a general
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Fig. 10.4. Figure to size reduction in subsection 10.4. Reproduced from [DEL10].

coupling condition the size reduction is more complicated, one has to choose the proper sub-
space in which the quantum particle can propagate freely through the vertex. We show a result
from [DEL10] which presents this size reduction for a large class of non-Weyl graphs.

We consider the flower-like graph in Figure 2.1. The coupling matrix in the only vertex of this
graph is denoted by U1, The internal edges can have different lengths. Let the smallest internal
edge have length 2¢,. Then we introduce another vertex in this graph in the distance ¢y from
the former vertex of this flower-like graph on all the internal edges and join these vertices to one
(see Figure 10.4). The coupling matrix in this vertex is U(?). Let there be p half-lines, p internal
edges between the vertices &7 and X5 with coupling matrices UM and U@, respectively, and
let U be ¢ x ¢ matrix with ¢ > p.

Theorem 10.7 Let I' be the graph described above with the coupling given by arbitrary U™
and U, Let V be an arbitrary unitary p x p matrix, V1) := diag (V,V) and V@ .=
diag (I(q—p)x (q—p)> V) be 2p x 2p and q x q block diagonal matrices, respectively. Then H
on I is unitarily equivalent to the Hamiltonian Hy on topologically the same graph with the
coupling given by the matrices [V TUMV W) and [V -1y (2),

Proof: We define u an element of the domain of H, which consists of edge components
u1,...,u, on the internal edges connected to X1, f1,..., f, the components on the half-lines,
and uy component on the rest of the graph I'y. We define the following map

(uy .y up)t = (o1, vp) T =V (g, )T

(.flw“afp)T g (gla"'agp)T = Vﬁl(flv---vfp)T
ug(x) — vo(x) = up(x)

which is a bijection of the domain H to Hy . One can check that the new Hamiltonian Hy sat-
isfies the coupling conditions (2.1) with the matrices [V (V] "1UM V(1) and [V 2] 1U@ Vv (3),
Q.E.D.

Using this theorem we can transform the Hamiltonian on a non-Weyl graph with a given
coupling matrix into the Hamiltonian with different coupling matrices which decouple into line
standard condition. Therefore, one can “delete” some internal edges of the graph and hence re-
duce the size of the graph. For instance, one can choose a graph with standard coupling and a
balanced vertex and by symmetrization of the components of the wavefunction on the internal
edges and symmetrization of the components on the external edges obtain an equivalent Hamil-
tonian corresponding to this symmetrical subspace. This equivalent graph is a half-line and an
internal edge connected by line standard condition.
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11 Asymptotics of the resonances for magnetic graphs

The results from this section come from the letter [EL11]. We will consider slightly different
setting than in the previous part of our review. We add magnetic potential to the graph. Again
we consider a graph with N internal and M external edges. On this graph the Hamiltonian acts
as —d?/dz? on the infinite leads and as —(d/dz + iA;(x))? on the internal edges. Here A;(x)
is the tangent component of the vector magnetic potential. The reason why we choose magnetic
potential as zero on the half-lines is that it can be transformed out by gauge transformation.

The domain of the Hamiltonian consists of functions in W?22(T") which satisfy the coupling
conditions

(Uj — I)\I’j + i(Uj + I)(\I/; + iAj\I/j) =0,

where ¥; and \Il; are the corresponding vectors of functional values and derivatives, respectively,
and A; is the matrix with limits of the magnetic potential A; to the vertices on the diagonal and
zeros outside diagonal.

Similarly to a non-magnetic graph, we can introduce a flower-like graph on Figure 2.1 and
the coupling condition becomes

(U—-1T +i(U+ 1)V +iA¥) =0. (11.1)

Here ¥ and ¥’ are the vectors of functional values and derivatives which have 2N + M entries
and A is the (2N + M) x (2N + M) diagonal matrix

A = diag (41(0), —A, (1), ..., An(0), —An(Ix),0, . .., 0).

There is a trick how to obtain formally the same coupling condition as (2.1). We use local
gauge transformation v (z) — 1;(2)e~Xi(®) with x;(x)’ = A;(x) and we get rid of the term
with 4. The new coupling condition is

(Up—DU +i(Usg+ 1DV =0, Uy:=FUF? (11.2)

where
F = diag (1,exp (i®1),...,L,exp (i®Pn),1,...,1)

with magnetic fluxes ®; = fol’ Aj(z) da.

Similarly to the construction in Section 9 we can construct the effective coupling matrix U (k)
from the coupling matrix Ugy4.

Now we will prove a theorem on the resonance asymptotics of a graph with transformed
coupling condition, which has a corollary about asymptotics of magnetic graphs.

Theorem 11.1 Let us consider a graph I with N internal and M external edges and the cou-
pling condition (11.2) with a (2N + M) x (2N + M) unitary matrix U. Let T'y be quantum
graph with coupling (11.2) and the coupling matrix V=1UV where

(W0
v=(% %)
is a unitary block-diagonal matrix consisting of a 2N x 2N block V1 and an M x M block V5.
Then I is non-Weyl iff Iy, is.
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S

Fig. 11.1. Graph to example 11.3. Reproduced from [EL11].

Proof: Let the matrix U have the same block structure as in Section 9; Uy, Us, Us and Uy
being the blocks corresponding to the coupling between internal edges (U, ), external edges (Uy)
and mixed coupling (U, and Us). The corresponding blocks of Uy are Vl_lUl Vi, Vl_lUng,
V271U3V1, and V2*1U4V2. From equation (9.3) we have

Uv (k) = VitV — (1= )V U Ve (1 — B)Vy 'ULVe — (K + D)) L
Vo tUsvi = ViU (k)

where Uy (k) is the effective coupling matrix for Uy and U(k) the effective coupling matrix
for U. Similar matrices have the same eigenvalues and hence by Theorem 10.2 one graph is
non-Weyl if and only if the second one is non-Weyl. Q.E.D.

Corollary 11.2 Let ' be a non-magnetic quantum graph with the coupling matrix U and the
coupling condition (2.2). Let T o be a magnetic graph with coupling matrix U and the coupling
condition (11.1). Then the graph I 4 has non-Weyl resonance asymptotics iff the graph T has
non-Weyl resonance asymptotics. This holds true for any profile of the magnetic field.

Proof: The coupling condition (11.1) is equivalent to (11.2) with transformed coupling matrix
U 4. This transformation is of type used in Theorem 11.1, hence both effective coupling matrices
have same eigenvalues. Q.E.D.
This corollary means that one cannot switch a non-Weyl graph to a Weyl one and vice versa
using the magnetic field.
Now we will consider an example which shows that one can change the effective size of a
non-Weyl graph. This example also appeared in [EL11].

Example 11.3 Let us consider a graph which consists of one loop of length { and two half-lines
attached to this loop (see Figure 11.1). It is placed into the magnetic field with a constant value
of the tangent component of the potential A. One can obtain the resonance condition by the
method of complex scaling (see Section 5). We use the ansatz

f(CL') _ e—iAw(aeikx + be—ikx)
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for the wavefunction component on the loop and g;(z) = cje“”, Jj = 1,2 for the wavefunction
components on the half-lines. Substituting into the coupling conditions we obtain

ikla — b — e (ae™™ — be™ ) 4 2e79/2g,(0)] = 0,
a4 b= e~ qe™ | pe=ikt) = ¢=0/24,(0),

where gy denotes the scaled function on the half-line. The equation of solvability of the above
system is the resonance condition

—2cos® +e =0,

where we have denoted by ® = Al the magnetic flux.

Clearly, the graph is non-Weyl, since there is not the term with €'~ in the resonance con-
dition. One can have zero effective size (finite number of resonances) if & = 5 +nm, n € Z,
because the term with cosine disappears. The effective coupling matrix has the form

ikl

~ 1 —k 1D
Uatk) = 127 ( it > : (11.3)

Inspired by the previous example, we present a theorem from [EL11], which shows when the
effective size of a one-loop graph is zero. One sees from equation (11.3) that the graph has zero
effective size if the sum of the non-diagonal terms of U 4 is zero.

Theorem 11.4 The effective size of a graph with one loop is zero iff it is non-Weyl and its effective
coupling matrix U (k) satisfies 12 + 21 = 0.

Proof: By a similar construction as in equation (10.7) only with the ansatz f;(x) = «a; sin kz+
B; cos kx we obtain the resonance condition as F'(k) = 0 with

F(k) := det {;[(U—I)_Hg((j_i_l)]( 0 0 )eiku

-1 1
1, - ~ 0 0 ikt = i 0 = 01 )
2[(U—I)—k(U+I)]< i1 )e +k(U+I)< 0 0 >+(U—I)< 0 0 )} ;
The first term vanishes, because the graph is non-Weyl and the matrix U (k) has eigenvalue 11—2

To obtain zero effective size one needs to cancel the term without exponentials in the determinant.
This can be obtained either from combination of the first two terms in equation for F'(k), which
gives

—ikt1o(tog — 1) + iklino(tee + 1) = 2ikio,

and the last two terms, which gives
ik[(t11 + D)oy — o1 (11 — 1)] = 2ikiao; .

From this we obtain the condition 215 + u91 = 0. Q.E.D.
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12 Pseudo-orbit expansion for the eigenvalue condition in compact graphs

In this section, we turn to the graphs without half-lines and introduce the method of finding the
secular equation via pseudo-orbits. In this construction, we will mostly follow [BHJ12].

Before we come to the pseudo-orbits, we start with defining notions which will be used in the
formula for the secular determinant. Let us assume a graph I' with [V finite edges and no half-
lines. We define a graph I'y which is obtained from I by replacing each edge e; by two directed
edges b, Ej (which we will call bonds) of the same length as e; and with opposite directions.
For each vertex of the graph I" we define a vertex-scattering matrix.

Definition 12.1 Let v be a vertex of the graph I connecting n finite edges. The wavefunction on

each edge can be written as a combination of incoming and outgoing wave f;(x) = ozij’“efikz +

a;?‘” e’ j =1,...,n. Then the vertex-scattering matrix o\") (k) is the matrix which maps the

vector of amplltudes of the incoming waves into the vector of amplitudes of the outgoing waves

&2“ =cWg ;] , where ozo“t is n X 1 vector with entries a’;“t and, similarly, @, has entries a}n.

The vertex-scattering matrix is in general energy-dependent, but for some special couplings
it does not depend on energy. Now we present a result how this matrix is connected with the
unitary coupling matrix.

Lemma 12.2 Let us consider a graph I without half-lines and its vertex v connecting n (inter-
nal) edges. Let I,, denote n x n identity matrix. Let the coupling at the vertex v be described by
condition (2.1) with the coupling matrix U,,. If we drop the sub- (super-)script v the connection
between U and the vertex-scattering matrix o is

a(k) = ~[(1 = k)U(k) = L+ k) L] 1+ k)U (k) — (1 - k)L,

Proof: We substitute to the equation (2.1) limits of functional values and derivatives at the
vertex
U, = a}“ + a?ut ;U =ik(a" — o).

J J 7
We obtain
(U = T) + k(U + L))o + (U = I,,) — k(U + I,)]as™ = 0.
This leads to the above vertex-scattering matrix. QED.

Now we move to the oriented graph I's. On each bond b;, IA)J- we use the following ansatz
which again corresponds to the combination of the incoming and outgoing edge.

_ in —ikxy . out ikxy .
fo, () = agie” ™ opte™

in —tkx; ikxy
fy, (@) = a%}?e b+ ag;te b
Here wy, is the coordinate on the bond b; and z;, b, is the coordinate on the bond b Since both
bond correspond to the same edge e; of the graph F the functional values on both bonds must be
the same. The points x;, = 0 and Ty = 0 are at the opposite vertices of the edge, hence we have
the relation z, + Ty = = lp, with the length of the bonds ¢;, = ;. For the correspondence of the
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functional values we obtain f, (75,) = fs, (¢; — a:l;j) and this leads to the following relations
between the incoming and outgoing coefficients.

iR Ut ol = et ag;“ . (12.1)

in __
Qp; =€ b; b

Furthermore, we define several matrices, which will be used in the secular equation.

Definition 12.3 The matrix ¥(k) is an energy-dependent block-diagonalizable 2N x 2N matrix
with blocks oV (k). The similarity transformation, under which the matrix is block-diagonal, is
given as a transformation between the basis

= in in in in \T

o= (ab17 . .,Osz,Oél;I, .. ,OzBN)
and the basis

in in in in T
( bull’"'7O‘bvldl’abv217“"O‘bvzdzv"') ,
where by, ; is the j-th edge ending in the vertex v;.
. 0 I . .
Moreover, we define three 2N x 2N matrices Q = ( 7 (])V , scattering matrix S(k) =
N

QX (k) and
L =diag (1., 0xn, 01, ON).

The defined matrices will be subject of the following theorem on the secular equation.

Theorem 12.4 The secular condition is given by

det (e*QX(k) — Inn) = 0.

Proof: If we introduce the vectors

—in in in \T
Qy = (Oéb17 . .abN)
and
—out __ out out\T
Qay, —(O{bl ,...abN) ,

2

~out L ~out KL &*in

2 . b . b
—*gut ) =e' Q ( aout > = QE(}C) < &’ln > .
ay b

b

7N
Q1 Oy
==
N———
Il
CDN
>
h
N
o

In the first equation we used relations (12.1). The second one uses definition of the matrix Q.
The last equation uses definition of the matrix (), since the matrices o(*) map the vector of
amplitudes of the incoming waves into the vector of the amplitudes of the outgoing waves. Now
we realize that the vector of the lhs is the same as the vector on the rhs. The equation can be
rewritten as

(e QX (k) — In) ( g}z ) =0.
b

We obtain the secular equation as the condition of the solvability of this system of equations.
Q.E.D.
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In the previous theorem, we obtained the secular equation in the terms of certain matrices. In
the following part of the section, we rewrite the determinant in the terms of pseudo-orbits. Fol-
lowing the notation of [BHJ12] we define periodic orbits, pseudo-orbits and irreducible pseudo-
orbits.

Definition 12.5 Let us describe the bond b by end vertices b = (u,v); let the origin be o(b) = u
and terminus t(b) = v. A periodic orbit v on the graph T is a closed path that begins and
ends in the same vertex. We can denote it by the bonds that it subsequently contains, e.g.
v = (b1,ba,...,by); this means t(b;) = o(biy1), i = 1,...n — 1 and t(b,) = o(b1). Cyclic
permutation of bonds does not change the periodic orbit. A pseudo-orbit is a collection of
periodic orbits (¥ = {v1,72,...,Vm})- An irreducible pseudo-orbit ¥ is a pseudo-orbit that
does not contain any bond more than once. The metric length of a periodic orbit is defined as
L, = ij ey Uy, ; the length of a pseudo-orbit is the sum of the lengths of all periodic orbits
the pseudo-orbit is composed of. We denote the product of scattering amplitudes along the pe-
riodic orbit v = (b1, ba,...b,) as Ay = Sp,p, Sbsb, - - - Sbyb,,, Where Sy,p,, denotes the entry of
the matrix S(k) in the row corresponding to the bond b; and column corresponding to the bond
b;. For a pseudo-orbit we define Ay = [] R A,.. By my we denote the number of periodic
orbits in the pseudo-orbit . The set of irreducible pseudo-orbits also contains the null orbit, an
irreducible pseudo-orbit on zero edges, with m~ = 0, {5 = 0 and A.—y =1

Now we rewrite the Theorem 12.4 in the terms of irreducible pseudo-orbits.

Theorem 12.6 The condition for the eigenvalues of the graph is given by

Y (Fh)mAs (k) et =0,

Y

where the sum goes over all irreducible pseudo-orbits 7.

Proof: We rewrite the determinant in Theorem 12.4 using permutation

2N
det (I-U(k)) = > sgn(p) [T — Uk (12.2)
pESaN b=1

where Sy is the set of permutation of 2N elements, U (k) = e?*' S(k), the indices of the matrix
p(b), b label the bonds. Each permutation can be uniquely determined by disjoint cycles.

p = (bla b2, ey bnl)(bn1+17 ey bn1+n2) e (b(z;n:pl—l nj)+1, e bz;n:pl nj) 5 (123)

where m,, denotes the number of cycles of the permutation, the parentheses in the above equation
denote the cycle. The notation means p(b;) = b;+1,i =1,...,n1 —1, p(b,, ) = by and similarly
for the other cycles. This representation is unique up to permutation of each cycle and no bond
is used more than once.

We have [U (k)] 55,5 7 O only if o(p(b)) = t(b), which means that the bond p(b) is connected
to the bond b. Hence a non-identical permutation p can have a non-zero contribution only if
o(p(b)) = t(b). Therefore, we can interpret the permutation (12.3) as irreducible pseudo-orbit
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Vg ¢ vy

U2

Fig. 12.1. Figure of a graph in Subsection 12.1: star graph with three edges.

(no directed bond is included more than once) and each disjoint cycle corresponds to periodic
orbit in this irreducible pseudo-orbit.
We can rewrite (12.2) as

> 580 (p)(=1)=" (Unyb, Ungbs - - Unab, ) U, oty 41 Ubn, by vn - Ubny by i) - - -
pESan
ikls

Since now Up,p, = €2 S, , we obtain the term e*** A5. The sign is obtained by

sgn (p)(~1)2 ™ = (~1)2B D (L2 — (e,
since the sign of one-cycle permutation is (—1)™+1, Q.E.D.

12.1 Example: star graph with three edges

We illustrate the method of finding the secular equation using pseudo-orbits in a simple example.
Consider a star graph I consisting of three edges of the same length ¢ with §-condition of strength
« in the middle vertex (v4 in Figure 12.1) and Dirichlet conditions at the loose ends of the edges
(v1, v2 and v3 in Figure 12.1).

First, we compute the vertex-scattering matrix for the middle vertex o4. We use both ap-
proaches: we compute it using Lemma 12.2 and directly. Using expression for the unitary cou-
pling matrix in Section 3 we have U = H%Jg — Is. We recall that by J3 we denote the 3 x 3
matrix with all entries equal to 1 and by I3 the 3 x 3 identity matrix. From Lemma 12.2 using
(10.8) and J3 = 3.J3

os=—[1-kKU-Q+k)L] A +kU - (1 - k)] =

2(1 — k) 1201+ k)
= |2 -1 ST gy 20| =
5+ 7 3} [3+m s =2
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( (L-K)L+k) ,  1-k 1+k>J313
(

—3k—ia)(3+ia)” —3k—ia 3+ia
73Q—k%—(y—m®+un+&k+mxy+mjAJ,7 2k g
B (3k + i) (3 + i) P T Bkt

Now we compute the vertex scattering matrix directly. We use the ansatz on the edges
fi(z) = aife™** 4 a9t and the coupling conditions become

in out __ _in out ..
af +ait =ap a7, 4,j€1,2,3,

3
ik Z:(oz‘;“t — a;n) = a(ad™ + ™).
j=1

From the first of the above equations we have

out
J

_ ,in out in
o =y o

and substituting it into the second one

3
B+ ") - 20k 3l = ool ).
j=1

Hence
aout _ 2ik : in Oéin
T a—3ik 4= i
Jj=1
from which we have
2tk 2k
k)=— 3—I3=———J3—1I3. 12.4
o4(k) oz—Sik:J‘3 3 3l<:—|—ion‘3 3 ( )

The vertex scattering matrices for other vertices can be constructed easily; one substitutes to the
expression in Lemma 12.2 U = —1 and finds 01 = 02 = 03 = —1.

The graph I'; is in Figure 12.2. It consists of six bonds the ones without a hat have direction
into the central vertex and those with a hat out from the central vertex.

The matrix X is

k+ia 2k 2k

" Bktia 3ktia 3k+ia 0 0 0
2k _ k+4ia 2k 0 0 0

3k+ia 3k+ia 3k+ic
2k 2k _ ktia 0 0 0

M= 3k+ia 3k+ia 3k+ia
0 0 0 -1 0 0
0 0 0 0 -1 0

0 0 0 0 0 -1
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Fig. 12.2. Graph I'; for example in Subsection 12.1: star graph with three edges. Reproduced from [Lip16].

The matrix S = QX is (rows and columns are denoted by the corresponding bonds)

1 2 3 1 2 3
1 0 0 0 -1 0 ©
2 0 0 0 0 -1 0
S= 3 0 0 0 0 0 -1
i o 3’?5& 3k2-&l-€za 3k2fm 0 0 0
2 el e 31<:2inq 0 0 0
3 3k2fm 3k2-&]-€m o 3?11‘0& 0 0 0

The matrix S is constructed in the following way: the entry of the vertex scattering matrix
corresponding to the way from bond b to the bond b’ (which follows in the irreducible pseudo-
orbit) is written into the column corresponding to b and row corresponding to o’. If these bonds
correspond to the same edge of the graph I', we write the diagonal term of the vertex-scattering
matrix, otherwise the non-diagonal term. If b is not followed by b’ in any irreducible pseudo-
orbit, than the entry in the b-th column and b’-th row is 0.

The secular condition is

_ kLo T 0 I3\ ke (I3 O _
0 = det (e""S — Is) = det {(474 0 )e (0 Ig):l_

_ T ikt A
= det ( o Ifk@ Ise > =det (I3 + o4 62““) =

4€ —1I3
R T
= det 0 1 — e2ikt 0
0 0 1 — e2ikt

In the rearrangements we used Laplace’s formula to obtain a determinant 3 x 3 from a determi-
nant 6 x 6, the fact that eigenvalues of the matrix o4 are ;’;;:Z and —1 with multiplicity two (the
eigenvalues of o4 can be simply obtained using the fact that eigenvalues of .J,, are n and O of
multiplicity n — 1) and the fact that determinant of a matrix is not changed by similarity transfor-

mation. Determinant of the last matrix is obtained as multiplication of its diagonal entries. The
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secular equation becomes
0= (1—e** 23k +ia + (3k — ia)e®™) = —8e%™* sin? k¢ (3k cos kl + asin k()

We will rewrite the secular equation to a different form, which we will use later.

0= (1 i 3k — iaezike> (1—e®*)2 =14 (3k — i 2) o2kt |

3k + i 3k + ia
3k — i X 3k —ia 4
1_2 41kl leZ:
+< 3k+z’a)e T kil
k+io om0 k—io g 3k — o 6ike
3T ke g M dike | 9N T ke 125
3% +ia Sktias o 3ktial (12.5)

Now we come to the construction of the secular equation using pseudo-orbits. Let us consider
the graph I's in Figure 12.2. Let us find the irreducible pseudo-orbits. One can simply realize
that there are no irreducible pseudo-orbits on a odd number of bonds. This is because the graph is
bipartite. Bipartite graph has two sets of vertices (in this example one set consists of the middle
vertex and the second one from three other vertices) for which there are no edges between the
vertices of one set, there are only edges between the vertex from the first set and the vertex from
the second set. Another possible definition is that the graph can be colored with only two colors.

We have trivial irreducible pseudo-orbit on zero edges. We have the following irreducible
pseudo-orbits on two bonds (the irreducible pseudo-orbits are divided by semicolons, one pe-
riodic orbit is in the parenthesis): (11); (22) and (3,3). We have the following irreducible
pseudo-orbits on four bonds: (11)(22); (11)(33); (22)(33); (1221); (1331); (2332). The first
three consist of two periodic orbits and the last three of one periodic orbit. And finally, the
irreducible pseudo-orbits on six bonds are (11)(22)(33); (1221)(33); (1331)(22); (2332)(11);
(122331) and (133221). The first consists of three periodic orbits, next three of two periodic
orbits and the last two of one periodic orbit.

Now we write the contributions of these irreducible pseudo-orbits to the secular condition.
We compute the constant by each e™**¢ by Theorem 12.6.

eOik:e . 17
, k+ i k+ia
21kl 1
: -1) (- 1) =—
¢ 3 )< 3k;+ia>( T
, k+ia\? 2% \?
4Zk£ . _12 _ _12 _12 _11:
¢ DN "ghria) OV IO N\ g ) Y
3(k +ia —2k)(k +ia +2k) _ ,—k+ia
(3k +icx)? 3k 4ia ]
A o[ k+ia’® k +ia 2k 7
61kl 3 3 3 2
: —1)% (- -1 —1)% (- ~1
¢ (=1) < 31<:+m> (=" +3(=1) ( 3k‘+ia> (3k+ia> (=1"+
2 3 _ )3 ; 2 2 2(2 3
+2(_1)3 k (_1)1: (k—i_la) +3(k:+za)( k) + (k) _
3k +ia (3k +ia)?
Bk —ia)(3k +ia)? 3k —ic
B (3k + iar)3 - 3k +ia’

This gives again condition (12.5).
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13 Pseudo-orbit expansion for the resonance condition

The method of pseudo-orbit expansion can be adapted for finding the resonance condition for
graphs with attached half-lines. The method is similar to the one in Section 12, only the vertex-
scattering matrix is replaced by the effective vertex-scattering matrix. The method was developed
in [Lip16] and it was illustrated in many examples in [Lip15].

We first define the effective vertex scattering matrix.

Definition 13.1 Let us assume a graph I and its vertex v. Let there be n internal and m external
edges emanating from v. The internal edges are parametrized by by (0, {;) with x = 0 corre-
sponding to v and the half-lines by (0, 00) with 0 corresponding to v. Let us assume solutions as
combination of incoming and outgoing waves on the internal edges f;(z) = ozij“e_ikz—koz;-’“t etk
j = 1,...,n and only outgoing waves on the external edges gs(x) = [se**, s = 1,...,m.
Then the effective vertex-scattering matrix V) is n x n matrix which on the internal edges maps
the vectors of incoming waves into the vector of outgoing waves @%"t = &(”)&'f,", where Q"

and a@°"t are vectors with entries o™ and aS™%, respectively. At the same time, the coupling

J J
conditions (2.1) at the vertex v must be satisfied.

Now we, similarly to the compact case, state its correspondence to the coupling matrix or,
in fact, the effective coupling matrix which can be made from the unitary coupling matrix. For
simplicity, we drop the sub- (super-) script v.

Theorem 13.2 (general form of the effective vertex-scattering matrix)

Let us consider a graph I" with the vertex v, the unitary matrix U describing the coupling (2.1)
in v and effective vertex-scattering matrix (k) at v. Lef there be n internal edges and m half-
lines in v. Let ﬁ(k) be the effective coupling matrix at v defined by (9.1). Then the effective
vertex-scattering matrix is given by

5(k) = =[(1 = k)U(k) — (1 + k) L) (1 + k)T (k) — (1 = k)L,].
The inverse relation is

Uk) = [(1+k)a(k) + (1 — k)L][(1 — k)a (k) + (14 k)1, .

Proof: We use the ansatz on the internal edges emanating from v as f; () = ozij“efik“’ +
a‘;“t ¢**® and on the external edges emanating from v as gij(z) = B; e’ We express the vectors

of functional values and outgoing derivatives

d’in + d’out ) , ] ( _d*in + d’out )
U= = and V' =ik - .
(7 ;

From the coupling condition (2.1) we have

~in ~out __~in ~out
(UI)(O‘ %O‘ >+iik(U+I)( “ ga >_o.
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This yields the set of equations
[Ur = In = k(Ur + 1n)]@™" + [(Ur — 1) + k(U1 + I )]62“‘+ (1—k)Uaf =
(1 — k) U@ + (1 + k)U3d™ + [(Us — Iy,) — k(Us + I )}5
From the second equation we can express 5 and substitute it in the first one.
{1 =k)U1 = A+ k) — (1= k)U2[(1 = k)Us — (L + k) L] (1 = k)Us}a™ +
HA+E)UL = (1= k)L, — (1= k)Us[(1 = k)Us — (1 4+ k)L, )(1 + k)Us}a™ =0,
and using equation (9.1) we obtain the claim.
The inverse relation can be straightforwardly obtained multiplying the equation
5(k) = ~[(1 ~ BT (k) — (1 + k)L (1 + k)T (k) — (1 - k)L,

from the left by [(1 — &)U (k) — (1 + k)I,,] and expressing U (k). Q.E.D.
Now we state a corollary that shows the form of the effective vertex-scattering matrix for
standard coupling.

Corollary 13.3 Let us assume a vertex v of the graph I which connects n internal edges and
m half-lines. Let us assume standard coupling at v (i e. U = Mim(],ﬂ_m — Lyim). Then the
effective vertex scattering matrix is 6 (k) = nfm Jn — Iy, in particular, for a balanced vertex we
obtain 5(k) = L.J,, — I,.

Proof: There are two main ways how to prove the corollary. First uses Theorem 13.2; the
second possibility is to directly compute the effective vertex-scattering matrix. Let us start with
the first way.

Since we have U = m_imjm_m — I,,+m, We can express the matrices U; = m']" —1I,,
U; = ,,H_%Jnxm, Us = mj,nxn, Uy = ﬁjm — I, as in Section 9. Here matrices J,, x
and J,,xp, are n X m and m X n matrices, respectively, with all entries equal to 1. We can
compute the effective coupling matrix by (9.1).

- 2 2 2 1+k. \ '

n+m n+m n+m —k
2 J B 2
-1 2
2 2 2
<n+m‘] 1k ) o = ( ) )
1—-k
'(‘z) <‘ - Jm”’") o=
n—‘—mm_i
2 2(1 —k) 1-—
:7Jn7]n —>5JInxm Jm Im mxn —
ntm’ +<nm>2*< *)X
2 2(1 —k) 1-k
= In — I, JIp =
n+m +(n+m)2 (mk—i—nm +m>
2 1-—
[mk+n+ ( k)m]J - 51
(n+m)(mk+n) km+n
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We have used equation (10.8) and rules for multiplying matrices .J.
Using this result we can find the effective vertex-scattering matrix.

—1

i 2(1 — k)
ky=—|—Jo— (1=K, —(1+k)I,
) =~ | - (1= - b
2(1+k) |
Ne—=Jn -1+ k), —(1—-k),| =
[km+n (1+k) ( ) |
—1 r .
_ 1—-k g1, 1+ k g 1| =
km +n Lkm+n |
-k - 1
1+k
= |- kmtn g4, ;Jn*In —
(=k)n _ 4 km+n
km-+n - -
1-k [ 1+k 1
[ n—nk—km—nJJr }_kzm—I—nJ |
1-k 14k 1-k n 1+k I,
— n— _I, =
k(n4+m) km+n k(n+m)  km+n|™" '
7nfk2nfkmfn+k2m+kn+kn+k‘m+k2n+k2m I
B k(n+m)(km + n) o
2
_ 2k m + 2kn Jn_ln:LJn_In-
k(n+m)(km +n) n+m

The form of the effective vertex-scattering matrix for a balanced vertex can be obtained easily.
Let us now prove the Theorem directly. We will proceed in the lines of the proof of Theo-
rem 3.2 in [Lip15].
We use the ansatz as in Definition 13.1. From the coupling condition we obtain

a?“t+aij“:a‘i’ut+a§“:ﬂs Vi,j=1,...n, Vs=1,...,m,
n m

B3 )+ 3 0.
j=1 s=1

For a fixed i we substitute for 3, = a°™ + o™ and %" = a9t + o™ — a'®. We have
% 7 j 7 7 J

(" + ol — 204;-“) +m(a™ +al”) = 0.
1

n

J

We can express " to find the effective vertex-scattering matrix.

n

9 . .
out in in
(% = E O[j —Q;

n—+m \“
j=1

from which the form of & (k) follows. QE.D.
We define the oriented graph I's similarly to Section 12. Each edge of the compact part of
the graph I' is replaced by two bonds of the same length and opposite direction. The rest of the
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construction is also similar to Section 12, only the vertex-scattering matrix is replaced by the
effective vertex-scattering matrix.
We define matrices X(k) and S (k).

Definition 13.4 The matrix f](k) is an energy-dependent block-diagonalizable 2N x 2N matrix
with blocks 6" (k). The similarity transformation, under which the matrix is block-diagonal, is
given as a transformation between the basis

- in in in in \T
O‘*(O‘blv"'vO‘bN’O‘?,lﬁ"'vO‘z;N)
and the basis
in in in in T
(abvllﬂ"'aabvldlvabwla'"7abv2d27"') )

where by, ; is the j-th edge ending in the vertex v;.
The scattering matrix is S(k) = QX (k).

Other matrices were defined in Section 12. Now we can state the theorem on the resonance
condition.

Theorem 13.5 The resonance condition is given by

det (eikLQi(k) — IQN) =0.

Proof: The proof is exactly the same as the proof of Theorem 12.4, only X is replaced by .
Q.ED.

Also definitions of periodic orbits, pseudo-orbits and irreducible pseudo-orbits from Defini-
tion 12.5 can be used unchanged. The only difference is that the scattering amplitude is defined
by the matrix S(k), i.e. A = Sp,b, Sbsbs - - - Shyb,, » Where Sbibj denotes the entry of the matrix
S(k).

After these changes Theorem 12.6 can be used to obtain the resonance condition.

Theorem 13.6 The condition for the resolvent resonances of the graph is given by

Y (Fh)miAs (k) e =0,

2

where the sum goes over all irreducible pseudo-orbits 7.

Proof: The proof is exactly the same as the proof of Theorem 12.6, only definition of the
scattering amplitudes is different. Q.E.D.

13.1 Example: triangle with attached leads — pseudo-orbit expansion

Let us return once again to the example in Figure 5.3 studied in Subsections 5.2 and 6.2. We will
show how the resonance condition can be obtained by the method of pseudo-orbit expansion.
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3

Fig. 13.1. Figure to the example in Subsection 13.1 — graph I'>. Reproduced from [Lip15].

Let us first construct the effective vertex-scattering matrix. From Corollary 13.3 (we can use
it since there is standard coupling at the vertices) we have

()= 5> ik
k) = JQ—IQ:( )
2+1 3 -3

Notice that for the case of standard coupling the effective vertex-scattering matrix is not energy
dependent.

Graph I'; is shown in Figure 13.1. Each internal edge of the graph I' was replaced by two
bonds. The matrix S = QX is

Qe
W=

1 2 3 1 p) 3
1] 0 0 2/3 —1/3 0 0
21 2/3 0 0 0 -1/3 0
S= 3| 0 2/3 0 0 0 -1/3
11-1/3 0 0 0 2/3 0
21 0 -1/3 0 0 0 2/3
31 0 0 -1/3 2/3 0 0

Here we have denoted the columns and rows of this matrix by bonds to which they correspond.
The matrix L = (I, hence e?*L = ¢***J5. The resonance condition can be obtained by Theo-
rem 13.5.

Now we use the pseudo-orbits to obtain this condition. There is a trivial irreducible pseudo-
orbit on zero bonds. There are three irreducible pseudo-orbits on two bonds: (11); (2,2) and
(33). For these pseudo-orbits, the scattering amplitudes in both vertices are —1/3 for both ver-
tices (we take the diagonal terms of the effective vertex-scattering matrix), my = 1 and the
contribution to the resonance condition for all three irreducible pseudo-orbits is the same. Hence
the coefficient by 2 is (—1/3)2(—1)'3. Similarly, we find contributions for other irreducible
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pseudo-orbits. There are two irreducible pseudo-orbits on three bonds (123) and (132). We
have the following six irreducible pseudo-orbits on four bonds: (11)(22); (11)(33); (22)(33);
(1221); (2332) and (3113). And finally, there are the following eight irreducible pseudo-orbits
on all six bonds: (11)(22)(33); (1221)(33); (2332)(11); (3113)(22); (123)(132); (123321);
(231132) and (312213). Now we use the pseudo-orbits to obtain this condition. There is a
trivial irreducible pseudo-orbit on zero bonds. There are three irreducible pseudo-orbits on two
bonds: (11); (2,2) and (33). For these pseudo-orbits, the scattering amplitudes in both vertices
are —1/3 for both vertices (we take the diagonal terms of the effective vertex-scattering matrix),
m~ = 1 and the contribution to the resonance condition for all three irreducible pseudo-orbits
is the same. Hence the coefficient by e*** is (—1/3)?(—1)'3. Similarly, we find contribu-
tions for other irreducible pseudo-orbits. There are two irreducible pseudo-orbits on three bonds
(123) and (132). We have the following six irreducible pseudo-orbits on four bonds: (11)(22);
(11)(33); (22)(33); (1221); (2332) and (3113). And finally, there are the following eight ir-
reducible pseudo-orbits on all six bonds: (11)(22)(33); (1221)(33); (2332)(11); (3113)(22);
(123)(132); (123321); (231132) and (312213).
The coefficients by e”*** are the following.

0

L ey

(Y

o (e () @ e

m (e () @ s
e () Qe

Hence the resonance condition is
1., 16 . 1, 1 ..
0=1- 7627,]6@ . 763216( o 764”9@ + 766’”@@ )
3 27 9 27

One can compare the resonance condition to the resonance condition obtained in Subsection 5.2
and find

%ef%(em 1) (3 _ eike) )

] (3 1 20kt 4 eZik£)2 _ _%e—i’;f (=27 + 92kl | 16e3ikt 4 gelikl _ eﬁikz) _
_ 270 e L ooike 16 3ine 1 4ipe L 6ire

—_— 2 <]. ge ﬁe §e + ?76 .

sin%g (3 _ ez‘ké) (3 + 2¢tkt eQikZ)Q _
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14 Method of simplifying the resonance condition by deleting the bonds of the directed
graph

In this section we present a method from [Lip16] which simplifies the graph I's. It can be used
for graphs with standard coupling and at least one balanced vertex. One directed bond which
ends in the balanced vertex is deleted and instead of it, there are one or more “ghost edges”
introduced. These “ghost edges” allow for hopping the pseudo-orbit to another directed bond,
but they do not contribute to the scattering amplitude.

Theorem 14.1 Let us assume an equilateral graph (all the internal edges have lengths () T’
with standard coupling. Let us assume that no edge starts and ends in one vertex and no two
vertices are connected by more than one edge. Let there be a balanced vertex vs of the graph
T" and let the bonds by,bs, ..., by in the corresponding graph I's end in the vertex vo. (Part of
the corresponding graph I's is shown in Figure 14.1.) Then the following construction does not
change the resonance condition.

o We delete the bond by = (v1,vs) of the graph T's.

o We introduce “ghost edges” by,b], ..., bgd_l) that start in v, and are connected to the
bonds by, bs, . .., by, respectively (see Figure 14.2).

o The resonance condition is given by Theorem 13.6, while the irreducible pseudo-orbits are
defined by Definition 12.5 with the following rules.

Fig. 14.1. Figure to Theorem 14.1. Part of the graph I's before deleting the bond b;. Reproduced from
[Lip16].
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Fig. 14.2. Figure to Theorem 14.1. Part of the graph I's after deleting the bond b; and introducing “ghost

s 1/ /1

edges” by, b7, ..., bgdil). Reproduced from [Lip16].

e [fa ghost edge is contained in the irreducible pseudo-orbit 7, its length does not contribute
to the length of the irreducible pseudo-orbit (.

o Lete.g. the “ghost edge” b be included in the irreducible pseudo-orbit 5. The scattering
amplitude from the bond b ending in v, and the bond by is the scattering amplitude on the
previous graph T's from the bond b to by taken with the opposite sign.

e Fach “ghost edge” can be in the given irreducible pseudo-orbit used at most once.

o The procedure can be repeated; for each balanced vertex one bond can be deleted.

Proof: We will show how the matrix S = QX is changed by deleting the bond b; and intro-
ducing the “ghost edges”. Let us first show that the unitary trasnformation of S does not change
the resonance condition. Since the graph is equilateral, the matrix e?** is multiple of the identity
matrix e*** I, . Since the determinant is not changed by the unitary transformation, we have

det (e*LV,71QEV, — Loy) = det (e*V,1QEV) — Ly) =
det [V, 1 (e QY — Lix) V1] = det (e QY — L) .

Our task is only to choose the matrix V7 appropriately. Let us assume that we want to delete the
bond b; ending in the balanced vertex v, and that bonds bs, b3, . . ., bg also end in v5. We choose
V7 as 2n x 2N matrix with entries

(Vi)i=1 fori=1,....,2N; (Vi)pp, =1 fori=2,...,d; (Vi);j =0 otherwise,
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where (V1 )p,s, is the entry with the row corresponding to the bond b; and column corresponding
to by. It is not difficult to find that the inverse of this matrix has entries

(ViYu=1 fori=1,...,2N; (V7 Y, =1 fori=2,...,d;
(Vfl)ij =0 otherwise.

The eigenvalues of the matrix J; are d with multiplicity 1 (the corresponding eigenvector has
all entries equal to 1) and O with multiplicity d — 1. Hence the effective vertex-scattering matrix
Opy = éJd — Iz has one of its eigenvalues equal to O and it therefore has linearly dependent
columns. Hence, if one multiplies it from the right by a matrix with all 1s on the diagonal and
all entries in one of its column equal to 1, one gets a matrix which has one column with all Os
and other columns same as 0,,. The matrix S has entries of Oy, in the columns corresponding
to bonds ending at v and rows corresponding to bonds starting from v,. By a similar argument,
we obtain that SV has Os in the column corresponding to b; and other columns are the same as
in S.

Now we find how the matrix is changed by multiplying from the left by Vfl . The matrix Vfl
has non-diagonal entries only in the rows corresponding to the bonds bo, b3, . .. bg. Therefore,
only these rows are changed in Vl_lg V1. Moreover, the non-diagonal entries of V1_1 are only
in the column corresponding to b, and hence only columns of SV; that have nontrivial entry in
the row corresponding to b; can be changed. These columns correspond to bonds which end in
v1 (and can be followed by b in an irreducible pseudo-orbit) and are multiplied by rows of Vfl
which have —1 at the b;-th position, j = 2,3,...,d and 1 at the b;-th position. Since no two
vertices are connected by two or more edges, the only bond starting at v; and ending at vy is b;.
Hence the entries of SV} in the column corresponding to the edges ending at v; and in the row
corresponding to the edges bo, b3, . .. bg are 0. Therefore, 1 in the b;-th position in the b;-th row
of Vfl is multiplied by 0 and —1 is multiplied by the scattering amplitude between the bonds
ending in v; and b;. Multiplying from the left by Vl_1 introduces in SV; new entries: in the
columns corresponding to the bonds that end in v; and the rows corresponding to b, b3, . . ., by
the scattering amplitude between v; and b; taken with the opposite sign appears. These entries
are represented by the “ghost edges”.

One has to take the entry of I5n in the determinant in Theorem 13.5 in the column cor-
responding to b; (since the matrix VfIS”ZVl has all zeros in this column), hence this bond
effectively does not exist. The new entries are represented by the “ghost edges”, which do not
contribute to the length of the irreducible pseudo-orbit. One can repeat this construction for other
balanced vertices by a different unitary transformation of the matrix under the determinant. One
cannot delete bonds to which “ghost edge” leads because these edges end in the balanced vertex
from which one bond was already deleted. Q.E.D.

14.1 Example: two abscissas and two half-lines

Now we will show an example from Section 5 of [Lip15] illustrating the pseudo-orbit expansion
for the resonance condition and the method of deleting edges. The graph consists of two internal
edges of lengths ¢ and two half-lines connected at one central vertex (see Figure 14.3). We
consider standard coupling at the central vertex v, and Dirichlet coupling at the loose ends of the
abscissas (vertices v1 and vg).
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Fig. 14.3. Figure to Subsection 14.1 — graph I': two abscissas and two half-lines.
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Fig. 14.4. Figure to Subsection 14.1 — graph I's. Reproduced from [Lip15].

The effective vertex-scattering matrix at the central vertex is by Corollary 13.3

1/ -1 1
~(v2) _ =
g _2(1 1)’

the effective vertex-scattering matrices for Dirichlet condition (U = —1) are F) = 5vs) —
—1.

The oriented graph I'; is shown in Figure 14.4.

The matrix S = QX is

1 2 1 2
1] o 0 -1 0
201 1/2 0 0 -1/2
1|-1/2 0 0 1/2
2/ 0 -1 0 0

The matrix S is built by the following rule: if a bond o’ follows a bond b, then in the column
corresponding to b and the row corresponding to b’ is the entry of the effective vertex-scattering
matrix between these two bonds.

Let us now find the resonance condition using the pseudo-orbits. The contribution of the
trivial irreducible pseudo-orbit on zero bonds is 1. We have two irreducible pseudo-orbits on two
bonds: (11) and (22). The scattering amplitude between 1 and 1 is —1, the scattering amplitude
between 1 and 1 is the diagonal entry of the effective vertex-scattering matrix, i.e. —1 /2. Since
there is one periodic orbit in the irreducible pseudo-orbit (11), we have m5; = 1 and hence the
term (—1)'. The contribution of the irreducible pseudo-orbit (22) is the same. We have two
irreducible pseudo-orbits on four bonds: (11)(22) and (1221). For both of them, the scattering
amplitude between 1 and 1 is equal to (—1) (and similarly for the scattering amplitude between
2 and 2). For the former irreducible pseudo-orbit, we have the scattering amplitudes between 1
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Fig. 14.5. Figure to Subsection 14.1 — graph I'> after deleting the bond 1 and introducing the “ghost edge”
1’. Reproduced from [Lip15].

and 1 and between 2 and 2 equal to —1 /2 and since there are two periodic orbits ms = 2. For the
irreducible pseudo-orbit (1221) we have the scattering amplitude between 1 and 2 (and similarly
between 2 and 1) equal to 1 /2 and since there is one periodic orbit ms = 1. Trivially, there are
no irreducible pseudo-orbits on one or three bonds.

To summarize, we have the following contributions to the resonance condition.

exp (0) : 1,
exp (2ikf) :  (=1) (1> (-)r-2=-1,

2 2
1 1
exp (4ikl) = (=1)2 (—2> (=1)2 + (-1)? <2> (-1 =o0.
Hence the resonance condition is
1—e¥k =0, (14.1)

Now we show how the method of deleting the edges simplifies finding the resonance con-
dition. We delete one bond ending in the central (balanced) vertex v, e.g. the bond 1. We
obtain the changed graph I's (see Figure 14.5) with one new “ghost edge” 1’ starting from v; and
continuing to the bond 2 (because 2 is the other bond ending in vs).

We again find irreducible pseudo-orbits on this graph. The contribution of the irreducible
pseudo-orbit on zero bonds is 1. We have two irreducible pseudo-orbits on two “non-ghost”
bonds: (22) and (11’2). The contribution of the former one was already computed. The scatter-
ing amplitude from 1 to 2 via 1’ is the scattering amplitude from 1 to 1 in the former graph I'y
taken with the opposite sign, i.e. 1. The scattering amplitude between 2and1is 1 /2. There is
one periodic orbit in the irreducible pseudo-orbit (11 Q), hence my = 1. One can easily see that
there are no irreducible pseudo-orbits on three “non-ghost” bonds and clearly also on four bonds.
We have the following contributions.

exp(0) : 1,
exp (2ik6) : 1 <;) (- + (-1 (—é) (-1t =—1.

We obtain again the resonance condition (14.1). The advantage of this method is that we do not
need to compute the contribution of the irreducible pseudo-orbits on four bonds.
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15 Asymptotics of the resonances — the effective size of a non-Weyl graph

Let us now return to the asymptotics of the number of resolvent resonances in quantum graphs.
We present results from [Lip16]. We study the value of the coefficient by the leading term of the
asymptotics (which is connected to the effective size of the graph) for non-Weyl graphs using
the machinery developed in previous sections. We focus on equilateral graphs (graphs which
have all internal edges of lengths ¢). First, we find the effective size using the properties of the
matrix S (k) and then we find bounds on the effective size for equilateral graphs. As we stated
in Subsection 10.3, unlike the criterion if the graph is non-Weyl (which depends on the vertex
properties of the graph) finding the effective size is more difficult and depends on the structure
of the whole graph.
Let us first state a theorem on the criterion whether the graph is Weyl or non-Weyl.

Theorem 15.1 Let us consider a graph I" with internal edges of lengths {;. Graph 1" is non-Weyl

iff det il(k;) = 0 for all k € C. Equivalently, the graph is non-Weyl iff there exists a vertex for
which det 5") (k) = 0 for all k € C.

Proof: According to the Theorem 13.5 the leading term of the asymptotics (the highest multiple

of ik in the exponential) is det [QX (k)] e 2 % the term with the lowest multiple of ik in
the exponential is 1. By Lemma 10.1 the graph is non-Weyl (the effective size is strictly smaller
than Zjvzl ¢;) iff det [QX(k)] = 0. Since the matrix () only rearranges the rows of the matrix

> (k), this condition is equivalent to det ¥(k) = 0. Since X(k) is similar to a block-diagonal
matrix with blocks (") (k), we have that the graph is non-Weyl iff there exists a vertex with
det 5™ (k) = 0. QED.
The Corollary 10.3 follows from this theorem and Corollary 13.3. Determinant of &) (k)
is zero for a standard condition iff n = m and hence we obtain the corollary by Davies and
Pushnitski.
The following theorem gives the effective size of a non-Weyl graph.

Theorem 15.2 Let us assume an equilateral graph T (all internal edges of lengths {). Then its
effective size is %nnonzem, where Nyonzero 1S the number of nonzero eigenvalues of the matrix

S(k) = QX (k).

Proof: We will use Theorem 13.5. The matrix L is for an equilateral graph multiple of identity
matrix, hence e’*~ = ¢**]. The unitary transformation of the matrix under the determinant does
not change the determinant, hence the resonance condition is

det (e**D(k) — Ion) = 0

with D(k) being the Jordan form of the matrix S(k:) = Q3. The matrix under the determinant
is upper triangular, therefore the determinant is given by multiplication of its diagonal entries.
In the term with the highest multiple of ik in the exponential there will be 7,0nzero terms e?*%.
Hence the effective size is by Lemma 10.1 %nnonzem. Q.E.D.

Now we prove bounds on the effective size W of a non-Weyl graph using the method of
deleting the edges.
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Fig. 15.1. Figure to Theorem 15.4. The graph I's: the bonds between I'}, and the vertices v1, v2, vs and vy
with arrows in both directions represent possible bonds in both direction. Reproduced from [Lip16].

Theorem 15.3 Let us assume an equilateral graph T' (N internal edges of lengths £) with stan-
dard coupling, nya1 balanced vertices, and Nyonneig balanced vertices that do not neighbor any
other balanced vertex. Then the effective size is bounded by W < N{ — %nbal — gnnonneig.

Proof: The sum of the lengths of the internal edges is V{. Let us assume a balanced vertex of
the graph I" with n internal and n external edges. Then in the graph I'; there are n incoming and
n outgoing bonds for this vertex. Since the vertex is balanced, we can delete one incoming bond.
Since ny,,) bonds are deleted, the size of the graph decreases by %nbal. Let us assume that our
vertex does not neighbor any other balanced vertex. Then any irreducible pseudo-orbit does not
use one of the bonds going out of this vertex (there are n — 1 incoming bonds and n outgoing
bonds after deletion) since it cannot get to the vertex for n-th time. This decreases the size of the
graph by %nnmmeig. Q.E.D.

Theorem 15.4 Let us assume an equilateral graph ' (with N internal edges of the lengths ()
with standard coupling containing a square of balanced vertices v1, V2, v3 and v4 without diag-
onals. This means that vy neighbors va, vo neighbors vs, v3 neighbors v4, v4 neighbors vy, v1
does not neighbor vs and vy does not neighbor v4. Then the effective size of U is bounded by
W < (N —3)¢.

Proof: The graph I'5 is shown in Figure 15.1. We denote the bond between v; and vs by 1, the
bond between v, and v3 by 2, the bond between vs and v4 by 3, and the bond between v4 and v
by 4, the bonds in the opposite direction by 1,2, 3, and 4. The rest of the graph is denoted by I'%;
there might be bonds between the subgraph I', and the vertices vq, vo, v3 and vy that are in this
figure represented by bonds with arrows in both directions.
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Fig. 15.2. Figure to Theorem 15.4. The graph I'y after deletion of the bonds 1, 2, 3 and 4: the bonds
between I';, and the vertices v1, v2, vs and v4 with arrows in both directions represent possible bonds in
both direction. The dashed lines from the vertices v1, v2, v3 and v4 to I';, represent possible “ghost edges”.
Reproduced from [Lip16].

Now we, following Theorem 14.1, delete bonds i, Q, 3 and 4. We obtain graph in Figure 15.2.
Here again bonds between I'}, and the vertices vy, va, v3 and v4 are denoted by solid lines with
arrows in both directions and possible “ghost edges” are represented by dashed lines. In the
square, there appear four “ghost edges”. The irreducible pseudo-orbit can continue from the
bond 4 to the bond 3 via the ghost edge (with the scattering amplitude equal to the scattering
amplitude from 4 to 4 with the opposite sign) a similarly for the other bonds. Hence the graph
I"y can be represented by the one in Figure 15.3.

Now we find the effective size of the graph. The size of the graph N/ is reduced by 2/ since
we have deleted four bonds (for each bond the effective size is reduced by ¢/2). The contribution
of the irreducible pseudo-orbits (1234) and (12)(34) cancels out since both irreducible pseudo-
orbits have same scattering amplitudes and differ only in the number of periodic orbits (the minus
sign). A similar argument holds for all irreducible pseudo-orbits which contain these pseudo-
orbits. One can argue similarly also for irreducible pseudo-orbits containing the pseudo-orbits
(1432) and (14)(32). Therefore, contributions of the irreducible pseudo-orbits on all bonds of
the graph in Figure 15.3 cancels out.

Now we prove that also all irreducible pseudo-orbits on all but one bonds of the graph in
Figure 15.3 cancel. If the bond that is missing is not 1, 2, 3 or 4, we can use the same cancellation
argument as in the previous paragraph. Let us suppose that one of the bonds 1, 2, 3 or 4 is not
included, without loss of generality the bond 4. Because we use bonds 1, 2, 3, the irreducible
pseudo-orbit must include the path from the right-bottom vertex in Figure 15.3 to the left-bottom
vertex through T'. At the same time, the irreducible pseudo-orbit must contain all the bonds but
4. Since with each bond, the bond with the opposite orientation is contained and since no “ghost
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Fig. 15.3. Figure to Theorem 15.4. The effective form of the graph I'> after deletion of the edges. Repro-
duced from [Lip16].

edge” ends in 1, 2, 3 or 4, it is not possible to obtain such irreducible pseudo-orbit.
Hence the longest irreducible pseudo-orbit that is not canceled has the length smaller or equal
to (2N — 6)¢. By Lemma 10.1 we obtain the claim. Q.E.D.
In the next theorem, we find positions of the resonances.

Theorem 15.5 Let us assume an equilateral graph (N edges of lengths () with standard cou-
pling. Let the eigenvalues of S = QX be c; = r;e'%i. The positions of resolvent resonances are
such \ = k? with )

k= Z(fgaj +2nm+ilnr;), ne.
Moreover, |c;| < 1and for a graph with no edge starting and ending in one vertex also ij:vl cj =
0 holds.

Proof: From the resonance condition in Theorem 13.5, the fact that the matrix L = ¢1 is mul-
tiple of an identity matrix and that a similarity transformation does not change the determinant

we have
2N

H(e’“cj —1)=0.

j=1
From this equation one finds for k = kg + ik;

e Fiteihnteies — 1

and therefore
kil =Inr;, krl=—p;+2nm.

If |¢j| > 1 (i.e. r > 1), we obtain k; > 0. This for nontrivial real part of k& contradicts
Theorem 5.2.

If no edge starts and ends in one vertex, there are zeros on the diagonal of S. Hence its trace
(the sum of the eigenvalues) is zero. Q.E.D.
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16 Numerically finding the resonances

In this section, we show in an example one way how to numerically find the positions of reso-
nances from the resonance condition.

Example 16.1 (a line with an appendix: positions of the resonances)

We again consider a simple graph consisting of a half-line and an abscissa connected with J-
coupling with Dirichlet coupling at the other end of an abscissa (see Example 5.1 and Fig-
ure 5.2). The condition to find the resolvent resonances is

(o —ik)sinkl + kcoskl = 0.
We find the real and imaginary part of this equation to use it in the future.

(o + ki) sin kg€ cosh ki€ + kg cos kg€ sinh kil + kg cos kg cosh kil +
+krsin kglsinh kil =0,
(a + kr) cos krfsinh kif — kg sin krf cosh kil — kg sin kg sinh k1 +
+ky cos krfcosh kil =0,

where kg is the real part of k and ky is the imaginary part. The first equation corresponds to the
real part of the resonance condition and the second one to the imaginary part.

We present a code in a Python-based program SageMath [SAGE16] using SageMath Cloud
[SMC16].

The positions of resonances for { = 1 and a = 1 and o« = 10 are shown in Figures 16.1 and
16.2, respectively.

Im k
. . . Re k

-0.5 F

-15F

Fig. 16.1. Positions of the resonances for Example 16.1 with ¢ =1, a = 1.
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Fig. 16.2. Positions of the resonances for Example 16.1 with £ = 1, o = 10.

## first we import scipy optimize, a tool which allows us
## to find roots of the equation
import scipy
from scipy import optimize
## we define variables
var (' 1,alpha, j,33")
## we set values of constants
alpha = 1;
1 =1;
## we define a function fun which returns the vector
## with entries equal to real part of the resonance condition
## and imaginary part of the resonance condition
def fun(x):
return [ (alpha+x[1])*sin(x[0]*1)*cosh(x[1]*1)+x[0]
*cos (x[0]*1)*sinh(x[1]+1)+x[0]*cos(x[0]*1)*cosh(x[1]x1)
+x[1]*sin(x[0]*1)*sinh(x[1]*1),
(alpha+x[1]) *cos (x[0]*1) *sinh(x[1]*1)-x[0]
*#3in (x[0]*1)*cosh(x[1]+1)-x[0]*sin(x[0]*1)*sinh(x[1]*1)
+x[1]*cos (x[0]*1)*cosh(x[1]*1)]
## we define a list of positions of the resonances
listl = [];
## we use a grid of starting values, j corresponds to
## the real part of k, jj corresponds to the imaginary part of k
for j in srange(0,20,1):
for jj in srange(-5,0,0.3):
## we find the solution using the function optimize
## with starting point [J,3]]

sol = optimize.root (fun, [j, Fjl)
## 1f the program converges to a solution, we add it to listl
if sol.success: listl = listl+[[s0l.x[0],s0ol.x[1]]]

listl

## we define a figure p which plots points for entries of listl
p = point(listl,size=30,axes_labels=['Re $k$’,’Im $k$’1,
axes_labels_size=1.3);

## this figure can be either shown on the screen or

## saved into a file

p.show ()

p.save ('obr5_alphal_11.pdf’)
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17 Trajectories of resonances

An interesting problem is to study trajectories of the resonances in the complex plane if the
parameter of the interaction or the lengths of the edges are changed. It has been addressed in
several papers, e.g. [E§94, Exn97,EL10,LZ16]. For some setting, one has an eigenvalue, but
if one changes the parameters, the eigenvalue becomes resonance and “travels” in the complex
plane.

Eigenvalues, which appear for the rational ratio of the lengths of the edges were studied
in [EL10]. Let us assume that all the lengths of the edges in some cycle of edges are multiples of
{y. For a certain class of coupling conditions (e.g. -conditions) and for the length of the cycle
being even multiple of ¢y there is an eigenvalue for k = %, n € 7 with the eigenfunction,
which behaves as sin ko on the cycle, has zeros in the vertices of the cycle and is zero outside
the cycle. If we change the lengths of the edges of the cycle, the former eigenvalue becomes
pure resonance. When the lengths of the edges are multiples of ¢, again, it may return to the
point k. It has been found in [EL10] that resonances may “hop” between different eigenvalues.
Resonances which arise from the eigenvalues for the rational ratio of the lengths of the edges
are sometimes called topological resonances (see [GSS13, CdVT]) and will be also studied in
Section 19.

As the resonance moves away from the real axis, its “life time” in the inner part of the
graph decreases. When the lengths are again rationally related, an eigenvalue with eigenfunction
supported on the inner part of the graph can again appear; i.e. we obtain a state with infinite “life
time”.

Examples of such trajectories can be found in the mentioned papers. In this paper, we present
a new example, which is slightly different than the cross-shaped resonator in subsection 4.2
of [EL10].

o/ EEE—

2 Lo

Fig. 17.1. Graph to example 17.1

Example 17.1 Let us consider a graph (see Figure 17.1) which consists of two internal edges of
lengths {1 and {5, and two of their end vertices are connected in one vertex with one half-line. We
assume -coupling of strength « at the central vertex and Dirichlet coupling at the loose ends.
We will change the lengths of the edges as {1 = 1 — t, {5 = 1 + t and hence the half-line moves
from the center of the internal edge to the vertex with Dirichlet coupling.

‘We can use the ansatz
fi(x) =a;sinkz, j=1,2
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Fig. 17.2. Trajectory of the resonance for the graph with two internal edges and one half-line. The lengths
of the edges are {1 = 1 — ¢, £ = 1 + ¢, ¢ € [0, 1], values of parameter ¢ are denoted by the colour of the
trajectory. Starting eigenvalue ko = 2, strength of the d-interaction o = 0. The trajectory returns to the
point ko two times. There is Re k on the z-axis and Im k on the y-axis.

on the internal edges with z = 0 corresponding to the vertex with Dirichlet boundary and = = ¢;
corresponding to the central vertex. On the half-line we use the ansatz

gj(x) = ce™™.
The coupling conditions lead to

aysinkfy = assinkls = c,
—aj coskl1 — ag cos kly + ike = ac.
The above set of equations can be written as

sin kgl 0 -1 ajq

0 sin kfo -1 as =0.
kcoskli kcoskly o —1ik c

Condition of solvability of the system is therefore determinant of the above matrix equals zero.
(oo —ik) sin kly sinkly 4+ ksink(€; + £2) = 0. (17.1)
By differentiating the equation (17.1) with respect to ¢t (k = k(t), {1 =1 —1t, o = 1+ t) we
obtain
[—isinkly sinkly + (o — ik) (€1 cos kly sin kly + £y cos kly sin kly) +
+sink(ly + 0s) + kcos k(ly + €3) (01 + £o)]k +
+k(a — ik)(— cos kly sin kly + sin kfy coskls) =0,

where k is derivative of k with respect to t. We use this equation to obtain the trajectories in
Figures 17.2, 17.3, 17.4, and 17.5.
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-0.15

-0.2 +

-0.25

Fig. 17.3. Trajectory of the resonance for the graph with two internal edges and one half-line. The lengths
of theedges are 1 = 1 —t, 0, = 1+ t,t € [0, 1], values of parameter ¢ are denoted by the colour of the
trajectory. Starting eigenvalue ko = 2, strength of the d-interaction o = 10. The trajectory returns to the
point ko two times. There is Re k on the x-axis and Im k on the y-axis.

0 L L L L L
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-0.2
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0.4
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-0.6 -
0.25
0.8}
0

Fig. 17.4. Trajectory of the resonance for the graph with two internal edges and one half-line. The lengths
of theedges are /1 = 1 —t, 0, = 1+ t,t € [0, 1], values of parameter ¢ are denoted by the colour of the
trajectory. Starting eigenvalue ko = 7, strength of the -interaction o = 0. The trajectory returns to the
point ko seven times. There is Re k on the z-axis and Im k on the y-axis.

The trajectories of the resonances were found by SageMath [SAGE16, SMC16]. The code
for obtaining the trajectory for Figure 17.5 can be found below.

## define all variables

var (11,12, alpha,k,t,dk,st,p, 3")
## set values of the constants
alpha = 10;

k = 7xpi; #starting value for k
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L L
221 22.2 22.3 22.4

Fig. 17.5. Trajectory of the resonance for the graph with two internal edges and one half-line. The lengths
of theedges are 1 = 1 —t, 0, = 1+ t,t € [0, 1], values of parameter ¢ are denoted by the colour of the
trajectory. Starting eigenvalue ko = 7, strength of the d-interaction o = 10. The trajectory returns to the
point ko seven times. There is Re k on the z-axis and Im & on the y-axis.

st = 0.001; #step
## defining list with points of the trajectory
listl = [[(7xpi).n(), 0]1;
## using a parameter t we change lengths of the edges 11 and 12
## the parameter t goes from O to 1 using steps st
for t in srange(0,1,st):
11 = 1-t; 12 = 1+t;
## differential of k: here we compute how k changes in the
## given step; dk is computed as derivative of k with respect
## to t multiplied by step st
## .n() is there to give a numerical result
dk = (-kx (alpha-i*k)*(-cos(k*1l)*sin(kx12)+sin(kx11l)*cos(k*12))
/(=ixsin(k*11)*sin(k%12)+ (alpha-i*k)* (1lxcos (k+x11l) *xsin (kx12)+
12%cos (k*x12) *sin(k*11))+sin(kx (11+12))+k*cos (k* (11+12))* (11+12))*st) .n();
## updating k and listl
k = k+dk;
listl = 1listl + [[k.real(),k.imag()]1];
## plotting the line: first step
p=line([1list1[0],1ist1[1]],color=Color(0,1,0))
## plotting the line: other pieces of the line with color changing
## from green to red
for j in srange(0,len(listl)-2):
p=p+line ([listl[j],1listl[j+1]],color=Color(j/ (len(listl)-2),
1-3/(len(listl)-2),0))
## showing the result on the screen
p.show ()
## saving the figure to a file
p.save ('obr5_alphalO_7pi.pdf’)
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18 Fermi’s golden rule

Fermi’s golden rule is usually in quantum physics understood as a formula giving the transition
rate from one eigenstate to the other embedded in the continuous spectrum. There is an alter-
native reformulation of this rule (Theorem XII.24 in [RS78]) dealing with the imaginary part of
the resonance position. It relates the imaginary part of the coefficient by ¢2 of the position of
the resonance arising from the small perturbation of the eigenvalue in the parameter ¢ with the
energy derivative of a certain scalar product.

In this section, we will review the Fermi’s golden rule for quantum graphs with standard
coupling introduced in the paper [LZ16]. This rule allows approximating the trajectories of the
resonances near the eigenvalue.

Let us assume the quantum graph I" with IV internal edges e; of lengths /;, 1 < 7 < N and
M external edges e;, N +1 < j < N 4 M and with standard coupling at all the vertices. Let us
consider eigenvalue k2 embedded into the continuous spectrum and corresponding eigenfunction
u with the components u;. For k* & o,,,(H) we define generalized eigenfunctions e®(k), N +
1<s<N+Mas

e*(k) € Dioe(H), (H—k*)es(k)=0, (18.1)

es(k,x) = 05" + 555(k)e™, N+1<j<N+M, (18.2)

where €] are the half-line components of e®. This family can be holomorphically extended to the
points of the spectrum of H and therefore it is defined for all k.

Let there be a family of quantum graphs with a one-parameter transformation of the lengths
of the internal edges. For 1 < 7 < N we have

Gty =e %Mt a;(0)=0,

where a; are constant on the edges. The Hamiltonian for the graph I'; with the edges of lengths
£;(t) will be denoted H () and its eigenvalues k?(t). Moreover, we denote

a= E(O) . (au); = ajuj(x).
We state the Fermi’s golden rule from [LZ16].
Theorem 18.1 Consider a simple eigenvalue k3 > 0 of the Hamiltonian H = H (0) and let u be

the corresponding eigenfunction. Then for |k| < kmax there exists a smooth function t — k(t)
such that k*(t) is the resolvent resonance of H(t). Moreover, we have

) N+M
mk(0) =— Y [F[?,
s=N+1
Fy = ko (au, e’ (ko)) + T Z Z 1% (30yuj(v)es(k,v) — u(v)dyei(k,v)),

vel'e; v

where double dot denotes the second derivative with respect to t, (e, e) is the inner product in
e L2([0,4;])) @EBQIJAJ,\LLz ([0,00)), the sum ", 1 goes through all the vertices of the graph

[, 0,u;(0) = —u/s(0) and O, u;(L;) = u(4)).
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Remark 18.2 We will show how this formulation of the Fermi’s rule is related to the formulation
from Section XII.6 and Notes to Chapter XII in [RS78]. We will study the problem in the energy
plane. Let us consider a simple eigenvalue Ey = FE(0) for the Hamiltonian Hy and resonance
E(t) = Y., ant™ for its perturbation Hy + tV depending on the parameter ¢, where the case
t = 0 corresponds to the mentioned eigenvalue. Clearly, ag € IR (the eigenvalue is real) and also
a1 € R (the resonances lie in the lower half-plane, compare with Theorem 5.2). Therefore, for
small ¢ we have E(t) ~ ast?. If we denote the imaginary part of E(t) by I'(¢)/2, we have

920(t) = 2lm B2 B (t) = 4lm ay = 47 % <u, VP(E)V> : (18.3)

E=FE,

where in the last equality we used Theorem XII.24 in [RS78],  is the eigenfunction correspond-
ing to the eigenvalue £(0) and P(E) = P(_ g)\{E,} is the modified spectral projection. If the
continuous spectrum has a nice parametrization by the generalized eigenfunctions e(F, a), one
can write

OpP(E) = / e(E,a) @ e(E,a)" dula), acA.
A
The equation (18.3) becomes

DT (1) = dr /A (Vu, (B, a))|? du(a) (18.4)

Since for quantum graphs the set A is discrete, the integral becomes the sum. Therefore this
formula resembles the formula in Theorem 18.1.
Another formulation mentioned in [RS78] is

d 3
_ 02 o2 4
[ =26 Ima, = 27t — <u,VP(E)V>

E=FE,

and since I' can be related to the transition probability between two states and the rhs by equa-
tion (18.4) to the matrix elements of the perturbation between initial and final state, more usual
formulation of the Fermi’s golden rule also follows. (More details in Notes to Chapter XII
of [RS78]).

Proof of Theorem 18.1: Let 0, f = % and 92 f = %. Then by twice integrating by parts
we get for f, g € W22(I')

N+M N+M
*<3§f7g>L2 - - Z/ 32fj x)g;(x ))d:z:* /3f] 9:9;(x) dz —
N+M
Y Y o) Z/fj 025, (x) du +
vel'e; v e;
D0 2 5(©)0;(0) = Buf(0)g(0)] =
vel'ejdv

N+M

= —(L029) .+ D Y (035 (0) = 0, f;(v)g;(v)] . (18.5)

j=1 v€de;
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Here Oe; is the set of the vertices of the edge e;. In the last equality we rearranged the sum over
all vertices. ~
Now we define operator P(t) = H (¢) and unitarily equivalent operator P(t).

N N+M
L} =@ r*o,e ) o @ L*([0,00), U®): L7 — L,
j=1 s=N+1

(U(tyu)j(y) = e~ 2uy(em v Wy) . UM~ =U®)".
Let the operator P(t) = H(t) be defined in L? by
(P(tyu); = —32%7
D) = {u: u; € W22((0,e= D)), u,(0) = wi(v),v € ¢ i Y Do) = 0}

e;ov
This is just the Laplacian on the graph I'; with standard coupling, i.e. H (t).
We define a family of operators P(t) on L2 as P(t) := U(t)P(t)U(t)~!. One can compute
the action of this operator explicitly

0? 0?
(PO = [U0) (55 ) U7 Ou(o)] =000 (= g ) 0ot 00) =
J
U (1) O8O/ (5O ) = /26205060 (/24 (o= (D (1) )
= —ezaf(t)u;’(x) = —e21 M2y, (x).

The domain of this operator is

D(P(t)) = {u € W2H(D) : 0% /2y, (v) = e M2y, (v),v € e; Ney,

0="> e*M20,u;(v) 3 . (18.6)

€3V
From Proposition 4.3 in [LZ16] it follows that for small ¢ there exists a smooth family ¢ —
u(t) € W22(T';) such that

loc
(P(t) — z()u(t) =0, ug(t,z) =a(t)e*@* N4+1<s< N+ M,
Imk(t) <0, k(0)* =z, k(0)>0.

To simplify the notation we will use following [LZ16] P = P(t) and z = z(t). First, we
define the following space and orthogonal projection.

N N+M
Hr:=EPL*0.4))e @ L*([0,R)
j=1 s=N+1

Then by 1,55 : L3 — Hr we mean the projection on H . We obtain

(Pu, 1,>pu) = Z/ (“)QUJ ))uj(z)de — Z / (02ug(x)) s (z) do =
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N N+M
:Z/ |0,u;(z)|? da + Z / |0, us(2)]? do —
j=1 s=N+1
N+M
~S S o)) — Y deus(Rys(R).
vel' e;j v s=N+1

From equation (18.5) and the fact that P is symmetric we have

0= "> [(Bu;(v)a;(v) = u;(v)d,u;(v)] = 2Im Y > " (,u;(v))1;(v)

vel' e; v vel'e;j v

Hence we obtain
N+M
0=Im ((P— 2)u,1z>pu) = —Im Z Ozus(R)us(R) — Imz||u||$_(R . (18.7)
s=N+1

Differentiating equation (18.7) twice with respect to ¢ we obtain

(03 1ul,) Tz +2 (BylJulfy,) T 2 + [l Tm s =

N+M N+M
=—2Im Y Opits(R)is(R) —Im Y (Oaiis(R)ts(R) + Opuus(R)iis(R)) .
s=N+1 s=N+1

Using Im 2(0) = 0, Im 2(0) = 0, u(t = 0)|L2\3,, = 0 and ull3,, li=0 = 1 we getatt =0

N+M
Imz=-2Im Y Ouis(R)is(R). (18.8)
s=N+1

Moreover, we have using equation (18.5)

2Im ((P — 2)u, 1> pt) = —2TImz[|l|3,,, + 2Im[|0,4]3,,, —
N+M

—QImzzau] ) —2Im Z Ozs(R)us(R)
vel'e;jdv s=N-+1

Now we obtain at t = 0 using Im z(0) = 0, [|0,/|7,,, € R and equation (18.8)
Im % = 2Tm (P — 2)it, Ly pi) + 2Tm > > 9,1, (v)i; (v) (18.9)
vel'e;jdv

We can write

0= (P(E) ~ =(u(®)]jlmo = 0 [ (29002 +2(0) wy(1)] | =

t=0
— 24;(0)(~92u;) — £(0)u; + [(P(0) — 2(0))il; = [(2az — 2)u + (P — 2)il;, (18.10)

where we have used (P(t) — z(¢))u = 0. Using this relation again for the lhs of the previous
displayed equation we have

(=07 — 2)i; = (% — 2zd,)u; . (18.11)
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Differentiating the last equation in the definition of the domain of P(t) (18.6) with respect to ¢
att = 0 we have

0=20, | Y e*/29,u;(v) 2 Z a;j(0)du;(v) + Y 9y (v)

e; v =0 8]371 e;ov

Hence

> 4w Z a;0,u; (v (18.12)

€;ov 6]31)

Differentiating equation e® (1)/2;(v) = e%(1)/24,(v) (see eq. (18.6)) with respect to ¢ at £ = 0
we obtain

%aj(o)uj (v) + 15 (v) = %di(o)ui(v) + 114 (v) (18.13)

Defining u(v) := wu;(v) which by (18.6) does not depend on j and w := 9;(e*®/2u(t))|;—o we
have from the previous displayed equation
1
uj(v) = w(v) — §dj(v)u(v) . (18.14)

To obtain the expression for « we first define the function g

N N+M
ge@Pe.uhe P (o, )
j=1 s=N+1
such that
3 )
29: Bvg;(v) = —3 Za a;0,u;(v), (18.15)
1
g5 (v) = gi(v) = 5 (a; — a;)u(v). (18.16)

2

We assume without loss of generality that both ¢ and u are real.
We can write first using equation (18.11) and then equation (18.5)

((2 = 2az)u — (P = 2)g,u) = (P = 2) (i — g),u) =
= (i—g,(P=2)u)+ Y > [(i; — g;)(©)d,1;(v) = 0y (it — g;)(v)i1;(v)] -

vel e;jdv

Now using z(0) € R and (P — z)u = 0 the first term disappears. With the use of equations
(18.13) and (18.16) we find that (% — g)(v) := (u; — g;)(v) does not depend on j. Using this
fact, the coupling conditions (18.6) for u at £ = 0 and the previous displayed equation we have

(2 — 2a2)u — (P - 2)g,u) =

=Y (@—9)(v) Y d(v) = Y a(v) Y (i — g;)(v) = 0.

vell €; v vel e;ov
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We have used Zejgv 0,4;j(v) = 0 (this follows from the coupling conditions (18.6) at ¢ = 0)
and Zeﬁv 0, (4 — g;)(v) = 0 (which follows from equations (18.15) and (18.12)).
We subsequently obtain

d
0=~ = (P(t) = 2(D)u(t), Lo<ru(®))

=2 =2z (au,u) + > Y [0 (0)u(v) — i (0)dyu,(v)] =

vel' e; v

=% — 2z (au, u +UZF§ { ~a;0,u;(v)u(v) — <w(v) - ;@ju(y)> ayuj(v)} =
=2 -2z (au,u) — > Y a;0,u;(v)u(v).

vel e;dv

= (3u — 2azu — (P — 2)i,u) =

(18.17)

In the first equality we used (P(t) — z(¢))u(t) = 0. In the second equality we differentiated the
inner product with respect to ¢ using (18.10); the term where 1,< gu(t) is differentiated disap-
pears because in that case the first entry of the inner product is zero due to (P (t) — z(¢))u(t) = 0.
The third equality follows from the fact that » is normalized, equation (18.5), the fact that
2(0) € R and (P — z)u = 0. The fourth equality uses equations (18.12) and (18.14). The
fifth equality follows from the coupling conditions > Oyuj(v) = 0.

We define

e; v

b:=g+ R(k)(bu —2zau — (P —2)g), z=k, k>0,

where R(k) is the resolvent (P — k?)~!. Function ¢ is well defined, outgoing and solves the
problem (18.11), (18.12) and (18.13) satisfied by #. Since z is a simple eigenvalue, we have by
Theorem 4.18 in [DZ] that & — v is a multiple of u. Hence we can write

U=ou+ g+ R(k)(2u — 2zau — (P — 2)g) (18.18)

with complex a.
Now we return to the equation (18.9) again and try to rewrite first term on the rhs.

2Im (P — )i, 1y<pt) = 2Im (2u — 2zau,4) =
=2Im (Zu — 2zau, au + g + R(k)(2u — 2zau — (P — 2)g)) =
2(Ima)(2 — 2z (au,u)) —4zIm {(au, R(k)(2u — 2zau — (P — 2)g)) . (18.19)

In the first equality we used equation (18.11); the term 1,< g is no longer needed because u has
support only on the internal part of the graph. In the second equality we substituted (18.18). The
third equality uses the fact that Z (u, g) € R and (2zau, g) € R, because all z, u, g, 2 and @ are
(assumed) to be real. Moreover, we use ||u||? = 1

We recall a property of the resolvent

R(k‘)(l‘,y) = R(—k)(l‘,y),
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which follows from considering Im k > 1, z = k? and noting ((P —z)~!)* = (P—2)~!. From
this we have for real k&

2ilm R(k) = R(k) — R(k) = R(k) — R(—k) = R(k) — R(—k) (18.20)
and subsequently
2ilm R(k)u(k) = [R(k) — R(—k)Ju(k) =0, (18.21)

which follows from u(—k) = u(k) and
(P—k)f(k) =ulk) = (P~ (=k)?)f(k)=u(-k)
and hence
R(k)u(k) — R(=k)u(—k) =0.
The identity Im (u, R(k)(z4 — 2zau — (P — z)g)) = 0, which is used in the third equality in
(18.19), follows from (18.21).
Using (18.20) we can rearrange the last term in (18.19).

4zTm {(au, R(k)(—2u + 2zau + (P — 2)g)) =
- 272 (au, (R(k) — R(—k))(2zau + (P — 2)g)) - (18.22)

We have used equation (18.20). The term Im (Gu, R(k)(Zu)) vanishes because of equation
(18.21).
Theorem 4.20 in [DZ] gives

N+M

(RO~ RE-R)f = oo > (ko) (fie(ke), kER, feHp. (823)

s=N+1
Using it one finds

27’" (au, (R(K) — R(—k))(2zau + (P — 2)g)) =

N+M
=—k Z (au,e®) (2k2au + (P — z)g,e%) =
s=N+1
N+M N+M
=2k Y [fau,e®)* —k > (au,e®) (e, (P —z)g) . (18.24)
s=N+1 s=N+1

For the inner product in the last term of the previous equation, we can write

(", (P =2)g) = ((P=2)e*,9) = > Y (" (1)Dyg;(v) = 0,5 (v)g;(v)) =

vel'e;jdv
= Z Z %dj (35uuj(v)es(v) - u(v)ayej(v)) +
+ Z (gi(v) + ;di(v)u(v)> Z dyes(v) =
vel Y

=>> %aj (30, u;j(v)ed(v) — u(v)dyes (v)) . (18.25)

vel' e;j v
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In the first equality we used z € IR, equation (18.5) and the fact that g is real. The second
equality uses (P — z)e® = 0 and the equations (18.15) and (18.16). In the third equality we use
the fact that e® fulfills the standard coupling conditions at the vertices.

To summarize, using (18.19), (18.22), (18.24) and (18.25) we get

N+M
2Im (P — 2)it, Ty<pit) = 2 (Im &) (2 — 22 (au,u)) — 2k° Y [(au, e®)]” —
s=N+1
N+M
—2k Z au, e’ ZZ —a; (30yu;(v)e® (v) — u(v)d,e5(v)) . (18.26)
s=N+1 vel e; 3v

Now we turn to the second term on the rhs of the equation (18.9)

2Tm Z Z Oyt (v)u;(v) =

vel'e;jdv

=2Im Z Z Ay (v)(au; + g; + R(k)(2u — 2zau — (P — 2)g));(v) =

vel'e; v
DY Y (-5) wdusteiuto +
vel' e;j v
+21m 3 Y 05 (0) (—;aju(v) + %diu(v) + gi(v)) _
vel'e;j v
—2Im Z Z 9y (V) R(k)(2zau + (P — 2)g)(v) . (18.27)
vel'e; v

In the first equality we used equation (18.18). In the second equality we used equations (18.12),
(18.16) and (18.21). The term

3 3 i) (i) +.:(0) ) =1 3 (G +5(0) ) 3wty (o) =

vel'e;dv vel e;dv

—tn 3 (i) +0i0) X (~3as00)) =0

vel e;ov

vanishes, because u, g and a are real functions.
Now we will study the second term in (18.27).

2Tm Y Y dyiy(v ( )a]u(v):

vel'e;jdv

—(Im o) Z z Ovuj(v)aju(v) —Im Z Z Ovg(v)au(v) +

vel' e;j v vel' e;dv

+Im Z Z Oy R(k)(2zau + (P — 2)g)ja;u(v) = (Ima) Z Z dyuj(v)aju(v) +

vel' e;j v vel' e;jSv
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N+M
Y Y i S o s (-0 -
vel' e; v s=N+1
N+M
(Im @) ZZau] +ZZ Z (v)ajo,e;(v) -
vel'e;jdv velejdv s=N+1
iy s L P s I 0y
: §<au,e>+@<( —2)g,¢*)| = (Ima ZZ uj(v)aju(v) +
vel' e; v
N+M

—|—ZZ Z (v)ajoye;(v) -

vellejdv s=N+1

. ll; au, e® Z Z a; (36 u;(v)es (v) — u(v)ayei(v))]

v’ €l e; dv’

(18.28)

In the first equality we used equations (18.18) and (18.21). In the second equality we used
the fact that u, g and & are real functions and equation (18.23). In the last equality we used
equation (18.25).

Now we rearrange the third term in (18.27).

—2Im Z Z 0yt (v 2zau+ (P—2)g)(v) =
vel'e;jdv
1 N+M
=2 a;0,u;i(v)— e’(v) (2zau + (P — 2)g,€°) =
ZZ( ) ()4’2:% (0) (220 + (P - 2)g.¢*)

N+M

AT Y whue) |2k ) + 1l (Pl | -

vEF e;jdvs=N+1
N+M

:_*ZZ Za](‘?u] e’ (v) -

velle;jdv s=N+1

[21@ au, e Z Z (30, u; (v (u)—u(v)aueg(v))] . (18.29)

In the first equality we used equations (18.12), (18.20) and (18.23). The last equality follows
from equation (18.25).
To summarize, we have from substituting (18.28) and (18.29) to (18.27)

2Tm Y Y 9 (v)iy(v) =

vel'e;jdv

—2(Ima) > > a;0,u;(v)u(v) +

vel'e;jdv
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N+M
1 h b S S
T2k D D (aue’) [0,65(0)ulv) — 30, (v)e; (v)] +
vel'e;jDv s=N+1

2
N+M

2 ]‘ . s S
= 3 e [u(v)dyes(v) — 30, u;(v)et(v)] (18.30)
s=N+1 |vel'e;dv
Using equation (18.23) we can prove that

. N+M
7

—55 2 eka)f.e(k)) = R(k,z) — R(~k,z) =
s=N+1

N+M

= R(—k,z) — R(k,z) = e’(k,x) (f, e’ (k,x))

(3
2k
s=N+1

from which
N+M N+M

. ek a)fiesk,a) = > e(ka)(fe’(k,x))
s=N+1 s=N+1
follows. Minding this and substituting equations (18.26) and (18.30) into (18.9) with the use of
Im = 2kIm k we finally obtain the claim of the theorem. The term multiplied by Im & vanishes
due to equation (18.17). Q.E.D.
Now we give a theorem presented as Example 1 in [LZ16] which states how the formula in
the Theorem 18.1 is simplified for certain eigenvalues.

Theorem 18.3 Let us assume a graph I" with N internal and M external edges. Let there be a
simple eigenvalue k? of the Hamiltonian H on T for which the following relation holds

éj:njf(h kﬁ():ﬂ', anN, 1§j§N

Then
N+M

mhk=— > |k(au,e (k).

s=N-+1

Proof: If a half-line is attached to some vertex, functional value of the eigenfunction must be
zero there and we have u;(x) = C sin kx. Because the graph is connected and k/; is a multiple
of , this relation holds for all edges of the graph. For ej(k, x) we use the ansatz

ei(k,x) = Ajssinkx + Bjs coskx .

There are zeros of the eigenfunction at all the vertices of the graph: u;(0) = u;(¢;) = 0.
Moreover, we have
0yuj(0) = —Cjkcos k0 = —Cjk,
Oyuj(lj) = Cijkcoskl; = Cik(—1)"
ei(k,0) = Ajssin kO + By, cos kO = By,
ei(k,l;) = Ajssinkl; + Bjscoskl; = Bjs(—1)" .
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Ne 0 S A °N

Fig. 18.1. Figure to Subsection 18.1 — graph I': two segments and a half-line.

Hence

By (0) = Byuy(L;)(—1)"+, (18.31)
e5(k,0) = €5k, £;)(—1)" . (18.32)

We can rewrite the second part of F in the following way
1 - -
PIDIET [S&,Uj(v)es(k,v) - u(v)&,ej(k,v)] _

vel'e;j v
N+M 3 N+M 3
=3 Y fudu@eko) = Y i [ayuj(o)es(k,o)—ayuj(zj)es<k,zj)} -
j=1 vEde, j=1
N+M 3
= 3 a0 (0)e (R G)I(1)™ (=)™ + 1] =0,
j=1

In the first equality we have used the fact that u(v) = 0 for all v and changed the sums as in

equation (18.5). The last equality follows from equations (18.31) and (18.32). The claim of the

theorem follows now from Theorem 18.1. Q.E.D.
We illustrate the usage of Theorem 18.1 in two simple examples.

18.1 Example: two segments and a half-line

We consider a graph consisting of two segments (abscissas) of length £;(t) = e=% )¢, a;(0) =
0. Both abscissas are in the central vertex connected with one half-line (see Figure 18.1). We
assume standard coupling at the central vertex and Neumann coupling at the loose ends of the
segments. We parametrize the segments by intervals (0, £;(¢)) with = 0 at the loose ends and
we parametrize the half-line by the interval (0, oo) with = 0 at the central vertex.
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Let us first find the eigenfunction for ¢ = 0 and for £ = 7/2 and £ = 1. Since there is the
Neumann condition at the loose ends of the segments, we use the ansatz

ui(k,x) = acoskx, wus(k,x)=—acoskr, wus(k,z)=0,

where j = 1,2 corresponds to the segment-components of the wavefunction and j = 3 to the
half-line component. We find the constant o which normalizes u

¢ ¢
1 :2/ |u1(k,m)|2dm:2|a\2/ cos? kx dx = |a|?(.
0 0

We have used the fact that integral of cos? kz over half of its period is equal to the length of the
interval divided by two. Therefore, we choose o« = 1/ V/? and have

1 1
up(k,z) = —=coskx, ws(k,x)=——coskxr, wus(k,x)=0.

Ve Ve

Now we find the generalized eigenfunction e! (k, z). Following definition in equations (18.1)
and (18.2) we choose the ansatz

ef(k,x) = Bicoskx, ed(k,x)=pPocoskx, ei(k,x)=e " 45,0,
From the coupling conditions at the central vertex we have for k2 not in the spectrum
01 cos kly(t) = Bacoskly(t) =1+ 511,
B1sinkly(t) + Brsinkly(t) +i(—1+s11) =0.
From the limit to £ = 0 we have
su=-1, pr=p0, P1+0—2i=0,
from which we obtain 3; = 35 = i and hence we have
el(k,z) =icoskxr, e(k,x)=icoskxr, ei(k,z)=e k" feihe,
Let the loose ends of the segments be vertices v, and vs and the central vertex be vo. We find
Oyur(v1) =0, Jyuz(vs) =0,
dyei(v)) =0, 0d,es(vs) =0,
up(ve) =0, ws(vy) =0,
el(v2) =0, es(v2) =0.

Hence the second term in F; vanishes similarly to Theorem 18.3. From Theorem 18.1 we have
2

2 14
Imk = — }k(du,el>}2 = —k? Z/ ajuj(z)e(k,z)dz| =
j=1"70

. Y . ¢
) )
=k |—a;— cos? kx dx + ds— cos? kxdx| =
\/Z/o Ve Jo

LN K
= —k'2z (2> (al — a2)2 = —T(al — 0,2)2 .
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Fig. 18.2. Figure to Subsection 18.2 — graph I': five internal edges and two half-lines.

18.2 [Example: five internal edges and two half-lines

Let us consider the graph in Figure 18.2 previously studied in [LZ16] as Example 2. For this
graph, the second part of the expression for F will be nontrivial. We will study the Fermi’s rule
in more detail than in [LZ16].

The graph has five internal edges e;, j = 1,...,5 denoted in Figure 18.2 and two half-lines
e¢ and e7. There are four vertices v1, v2, v3 and v4. Let the lengths of the internal edges be ¢;(¢)
with £;(0) = 1, forall j = 1,...,5. We will represent these internal edges by intervals (0, £;(t))
with x = 0 at vy for e; and e4, x = 0 at vy for e5 and e3 and x = 0 at v3 for e5. The half-lines
have x = 0 at the vertices v; or va, respectively.

First, we will find the eigenvalues and eigenfunctions. Clearly, there are eigenvalues with
k = nm, n € Z; the corresponding eigenfunctions are antisymmetric with respect to the vertical
axis, have zeros in all the vertices and are supported at the edges e, ea, e3 and e4. For these
eigenvalues, Theorem 18.3 applies. Therefore, we will focus on the non-trivial eigenvalues with
the eigenfunctions symmetric with respect to the vertical axis. The eigenfunctions must be zero
at eg and e7, hence there is a zero at v; and vo. We will choose the ansatz

ui(k,x) = Cysinkx, wa(k,x) =—Cisinkr, wuq(k,x)=Cysinkz,
usg(k,z) = —Cysinkx, wug(k,z) =ur(k,z) =0,

1 1
us(k,z) = C3sink <x— 2) 4+ Cycosk (x— 2) .

From the coupling condition at v3 we have Co = C1 (or sin k = 0 which corresponds to already
mentioned eigenvalues £ = n). Furthermore, we have from the coupling conditions at vs and
Vg

k k
703sin§+C4cos§ = (Cysink,

k k
Cgsin§+C4cos§ = —(Csink,
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k k
—2kCq cos k + Csk cos 5 + Cyk sin 5= 0.

k

Adding the first two equations we find Cy = 0 (or cos 5 = 0 which leads again to eigenvalues

as multiples of 7, now with eigenvalues supported also at e5). Hence we obtain

sin k
Cs=—-Cr—
Sin b
and hence L
tank+2tan§ =0.
From the last equation we find one of the eigenvalues ky = arccos (—%) = 1.9106. From

normalization we find

sin k
in k
sin 3

1
1=|ul?® = 4|C’1|2/ sin? kx do +
0

from which we have C7 = 0.6124.

2

! 1

|C’1|2/ sin? k (x - -
0

Now we turn to generalized eigenfunction e®(k,z), s = 1,2. (Do not confuse it with the
notation for the edges, the generalized eigenfunctions have the superscript.) For the components

of the first eigenfunction, we choose the ansatz

eé(k, x) = TR g6 RT e%(k, x) = s17 etk

ejl-(k,x) =A;jsinkx + Bjcoskz, j=1,...,4,
1 1
ex(k,z) = Assink (z - 2) + Bscosk (:1: - 2) .
From the coupling conditions at v; and v, we have

By=By =1+ sy5, A1+A4+i(816—1):0,
B3 =By =s17, Az+ Ay +isi7=0,

and hence
A4=—A1—i(31—2), A3=—A2—iB2.

From the coupling conditions at the vertices vs and v, we obtain
A;sink + Bycosk = 7A5sm§ + B5cos§ = Assink + By cosk,

k k
7(A1+A2)COS]€+(Bl+Bg)Sin+A5COS§+B5SiH§ =0,
k k
A4Sink+B4cosk:Agsink+Bgcosk:A5sin§+B5cos§,

k k
—(As + Ay) cosk + (Bg+B4)SiIlk*A5COS§ +B5sin§ =0.

(18.33)

(18.34)

(18.35)
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Substituting from equation (18.33) to the last two equations we have

— Aysink + By(cosk —isink) + 2isink = —Agsink + Ba(cosk —isink) =
k k
= Aj Sin§ + Bs cosg, (18.36)

k k
(A1 + Ag) cosk + (By + Ba)(sink + i cosk) — A cos B + Bssin e
= 2icosk. (18.37)
Equations (18.34), (18.35), (18.36) and (18.37) can be written as

M-(A By Ay By A; Bs ) ' =(0 0 0 —2isink 0 2icosk )"

with
sin k cos k —sink —cosk 0 0
sin k cosk 0 0 sinf  —cos g
M- —cosk sin k —cosk sin k cos % sin g
—sink cosk —isink sink —cosk+isink 0 0
0 0 sink —cosk+isink sin g cos g
cosk sink+4icosk cosk sink +17cosk  —cos % sin g

The matrix M is in kg not regular. However, we can find the coefficients as limits of solutions of
the above equation for k approaching to ky. We find

1 2 1

Ay =As=gi, Bi=Bi=1, A2=A3=—§ g
1 8 3 6
BQZBE;:—g—%’]:’ As =0, Bsz_%_’_%i.

For the inner product we find for t = 0 at kg

1 1
k <du, el> = k(a1 — aq) [ClAl/ sin? kz dx + 0131/ sin kx cos kx dx] +
0 0

1 1
+k(ae — as) |:C1A2 / sin? kz dx + C1 B, / sin kx cos kx dx} =
0 0

= (g — 4)(0.2722 — 0.34061) + (g — a3)(—0.4119 + 0.14314)

The term with a5 vanishes, because us is antisymmetric with respect to the horizontal axis and
et is symmetric with respect to the horizontal axis.
The values at the vertices are

w(vy) =0, dyui(v)) =—kCy, eX(v1) =By, dyer(v)=—A;,
u(vg) = Cysink, Jyui(vs) = kCycosk,

el(v3) = Aysink + Bycosk, 9,el(vs) = Ajkcosk — Biksink.
w(vy) =0, Byug(vy) = —kCy, el(vy) =By, dyel(vy) =—Ay,
u(vg) = Cysink, Jyuz(vs) = kCycosk,

el(vs) = Aysink + Bycosk, ,el(vs) = Askcosk — Boksink.
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The eigenfuction u is antisymmetric with respect to the horizontal axis and the generalized eigen-
function e! is symmetric with respect to the horizontal axis. From this follows that the contri-
bution of the second term in F} from the edges e, and eg differs from the contribution of the
edges e; and e, only in the sign before ;. The contribution of the edges e5 from these reasons
vanishes. To summarize, we have after rearranging the terms

- SN 105305 (v)e5 (k, v) — u(v)d,e5(k, v)) =
vel'e;jdv
1 — _ 1 _ _
(a1 — d4)§C'1(A1 sin k cos k — By sin® k) + (ag — as)icl (Agsinkcosk — Bs sin? k)=
= (@ — 4)(—0.2722 + 0.04814) + (ay — as)(0.1361 — 0.24067)

and for F}
Fy = (a1 — a4)(—0.2925¢) + (a2 — a3)(0.2758 — 0.09757) .

Since u is symmetric with respect to the vertical axis and the problem for e? is symmetric to the
problem for e! with respect to the vertical axis, one can easily find F5.

Fy = (a1 — a4)(0.2758 — 0.0975¢) + (a2 — agz)(—0.29257) .
For the imaginary part of k at ko we find from Theorem 18.1

Imk = — [(a1 — aa)® + (a2 — G3)*] 0.1711 — (a1 — aa) (a2 — a3)0.1141.
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19 Topological resonances and tails of the integrated distribution for the mean intensity

In this section we will review the results of [GSS13] on so-called topological resonances. These
resonances, studied also in Section 17, arise from eigenvalues, which can be obtained for some
coupling conditions when there is a cycle with rationally related edges. Before we formulate the
main theorem of the section, we begin with a definition.

Definition 19.1 Let us assume a graph I with N internal edges and M half-lines with standard
coupling at all the vertices. Let the functional values at the internal edges be

fi(x) = aj ™ +a; e j=1,... N

with x = 0 at the middle of the edge. The mean intensity of the graph a(k) is defined as

1 N
)= sl + P

When one solves (numerically) the scattering problem with the incoming wave of unit flux and
with (real) wave number k, one can find the coefficients a;, aj_ on the internal edges and
subsequently also the mean intensity. Then one defines distribution

P(a) = lim —/ 0(a—alk

and its cumulative form

o) = [ Pla)da’.

We state the main result of this section, found both numerically and theoretically in [GSS13].

Theorem 19.2 Let us assume a graph consisting of one cycle of C edges and let there be at all
the vertices of the cycle exactly one half-line attached (see Figure 19.1). Let there be standard
coupling at all the vertices. Then

pe— _ Cc+1
Plp)~p et (@)~ a i o= ==

Proof: Now we present a sketch of the proof of the theorem following [GSS13]. First, we find
the relation between the vector of the amplitudes of the incoming waves on the half-lines and the
amplitudes of the waves on the internal edges. We construct the oriented graph I'y similarly to
Section 12, the only difference is that now there are two oriented bonds added also instead of the
half-lines. Part of the oriented graph I'5 is shown in Figure 19.2; there are bonds corresponding
to two adjacent edges and one half-line shown.
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Fig. 19.1. Figure to Theorem 19.2 — graph with a cycle and attached half-lines.

Fig. 19.2. Figure to Theorem 19.2 — part of the oriented graph.

The wavefunction on the j-th edge can be described by the following three possibilities.

filx) = aj+e“” + aj,e_“” , « =0 at the middle of the edge,
(1) = aj.e™ +a;_e ™z =0 at the middle vertex,
(

ke 4 G, e~ g =0 at the right vertex.
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we have

ikl ikl ikl ikl

~ — 7 ~ — = ——J
ajy =ajye 2 , aj_=aj_e 2z , a]+fa]+e T, aj—=aj_e =z . (19.1)

From the definition of the vertex-scattering matrix (see Section 12) at the j-th vertex we obtain

B der ~ aj,
ag-—n- | =0j | ag-n+
ou m
b5 by

The vertex scattering matrix is o; = %J 3—1I. Using the previous equation and the relations (19.1)
we obtain

ik 1 ikey 2 ikej_q 2 in

e 2 aj4 = 756 2 aj— —+ ge 2o aG-1)+ —+ 7b,
eiikeéfl a = gea‘,k,zej a leikzg,l - + bn
(j-1) 3 j 3 G-+ 3%

This can be rewritten as

Io — %eikf/2peiké/2 %eike o %eiké/QPbin
%eiké Io — %eikempqeik@/z %eikZ/Zbin )

where P is the permutation matrix of the cyclic permutation, I is C' x C identity matrix, (=
diag (¢1,4s,...,4c) is C x C diagonal matrix, a = (a;_,as_,...,ac_, 14,024, ..,0c+)"
and b = (pin, bl ... BT,

Hence we can find

a = (e — e*/2500etkt/2)~1eikt /25, pin
, I : ¢ 0 : .
where I5¢ is 2C x 2C identity matrix, ¢ = 0 7 is 2C' x 2C diagonal matrix and
_2( P _1f 2P —Ic
ocL = 3 I y Occ = 3 —Ic op—1 .
The matrix o has eigenvalue 1 with eigenvector (1,1,...,1,—1,—1,...,—1)T. The sys-

tem has bound states if the matrix

E(k) _ eikZ/QO_CCeik:Z/Z
has eigenvalue 1, which can happen for e’**/2 = I, e.g. when ¢ ; are integer multiples of ¢y and
k = 4nm/ly. This cannot be satisfied for generic (rationally independent) lengths of the edges,

but the point e?*¢/2 = | C can be approached with arbitrary precision as k increases (see [BG00]).

Defining p(k) := = We can write

P(p) = (5(p — p(k))) /5a—a ))d°,
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where we have replaced the matrix k¢ by a diagonal matrix § = diag (61, ...,60c,61,...,60c).
We focus on the contribution from the region close to § = 0. [GSS13] then claims that from the
second order perturbation follows
2)(p
p(g) ~ % ,

02 + [92(0)]?
where § = L35 6. 0; = 6; — 0 and the functions f(? and g® should be described in an
announced publication by the authors of [GSS13], which, unfortunately, has not been published
yet. The above result implies that P(p) ~ ptc~1 with uc = % The form of I(p) follows
from integration. Q.ED.

From the numerical illustrations obtained in [GSS13] and the previous result, the authors
come to the following conjecture.

Conjecture 19.3 Let us assume a graph I" with N internal and M external edges and standard
coupling at all the vertices. Let there be at most one half-line attached at each vertex. We say
that vertex v is on the boundary OH of the subgraph H if it is adjacent to at least one edge of
H. Let L be the minimum of the size (cardinality) of OH over all connected subgraphs H that
contain a cycle and that contain no lead. Let C' be the number of edges in the shortest cycle. Let
there be no loop (edge starting and ending at one vertex) and no vertices of degree 1.
Then I(a) ~ a™H with
B % for L<C -1
,u_{ % forL>C—1

The form of p for L < C' — 1 is consistent with predictions of random-matrix models for
chaotic scattering.

The problem of topological resonances was also studied in [CdVT]. They divided the graphs
into two sets: tree graphs with at most one vertex of degree 1 and all other graphs. For the
former set, there are not eigenvalues with compactly supported eigenfunctions. They proved
the following theorem which states that from this follows that the former set does not have
resonances close to the real axis. This means (as stated in the introduction) that all the generalized
eigenfunctions decay quickly.

Theorem 19.4 Let us assume that the graph U is a tree with at most one vertex of degree 1. Let

the length of its internal edges be {;, 5 = 1,...,N and let |L| = E;V:1 4;. Then there exists a

minimal finite number h(T') so that for any choice of edge lengths for the set of resonances holds
h(T)

Imk? < ——~.
L]

Acknowledgement: Support of the grant 15-14180Y of the Czech Science Foundation is ac-
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A Appendix: Combinatorial and metric graphs

This appendix summarizes the basics of the graph theory. For more details we refer the reader
e.g. to [Di06] or Appendix A of [BK13].

Definition A.1 Combinatorial graph G is a pair G = (V, &), where V is the set of finitely or
countably many points (vertices) and £ is the set of edges; each edge is identified with the pair
e = (v;, ;) of vertices v;,vj; € V. Loops (v; = v;) and multiple edges are allowed.

Definition A.2 Metric graph I is a pair I' = (V, E), where V is the set of finitely or countably
many points (vertices) and £ is the set of edges; each edge is identified with the pair e = (v;, v;)
of vertices v;,v; € V and now length ¢, € (0,00] is assigned to each edge. Again, loops and
multiple edges are allowed.

With small abuse of notation we used £ for both the set of edges of a combinatorial graph and
metric graph. The edges of a metric graph can be finite ({}, < 00) or (semi-)infinite ({;, = 00).
The finite edges & can be parametrized by intervals « € (0, ¢;) with z = 0 corresponds to one
end vertex and © = ¢, to another. The semi-infinite edges & can be parametrized by intervals
x € (0, 00) with z = 0 corresponding to the vertex of the graph. The set I'\&; is called compact
part of a metric graph.

Definition A.3 Directed metric graph I's is a metric graph where to each edge (bond) orientation
is assigned. One of the vertices of the bond b is called origin and denoted by o(b) and the other
terminus and denoted t(b).

For both combinatorial and metric graphs, we define the following notions.

Definition A.4 The degree d, of a vertex v € V is the number of edges emanating from it. The
graph is called regular is degree of all vertices is equal. The graph is called complete if each pair
of vertices is connected by exactly one edge. Path is a non-empty subgraph P = (V1,&1) of a
graph G or ' with V1 = {v1,v2,...,v;} and & = {(v1,v2), (v2,v3), (vs,v4), ..., (vj_1,v;)}
If P is a path, then C' = P U {(vj,v1)} is called a cycle. The graph without cycles is a tree. The
graph is bipartite if there exist two disjoint subsets of its vertices such that the edges of the graph
do not connect vertices from same subset. Star graph is a graph with only one vertex in one of
these subsets and other vertices in the other subset.

The following proposition on the bipartite graph is trivial.

Proposition A.5 The bipartite graph can be colored by only two colors such that no two vertices
of the same color are connected by an edge.

Furthermore, we define adjacency matrix, for simplicity in the case with no loops and no
multiple edges.

Definition A.6 The adjacency matrix A is |V| x |V| matrix (where |V| is the number of vertices
of the graph) with entries A;; = 1 if the vertex v; is connected with the vertex v; and A;; = 0
otherwise. The degree matrix D is the diagonal |V| x |V| matrix with degrees of particular
vertices on the diagonal. For a combinatorial graph we define a Laplacian matrix L = D — A.
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B Appendix: L” and Sobolev spaces

In this appendix we define LP- and Sobolev spaces. For more details we refer the reader e.g.
to [Ev98].

Let us define LP-spaces and Sobolev spaces first in an open subset of R” and then for a
graph.

Definition B.1 Let Q denote open subset of R" and let f : Q@ — C be a complex func-

tion of n variables on ). For a real number 1 < p < oo we define the LP norm of f as
1 .

Ifllp = (Jo I f@)[P dz) """ and for p = oo we define || = mf{C > 0 : |f()| <

C for almost every x}. Function f belongs to LP(Q) iff || f|l, < oo. Function f is locally inte-

grable, i.e. belongs to LP ()¢, iff the above integral is finite for any compact subset K C €.

In particular, for a metric graph and p = 2 we define in accordance with the previous defini-
tion square integrable functions on a graph.

Definition B.2 For a metric graph T with edges e; of lengths {; € (0, 00] a function f with a
components f; on edges e; belongs to L*(T") lﬁ‘fe |f;(2)|>dx < coforallj € {1,...,N+M},
where N is the number of finite edges and M the number of semi-infinite edges of the graph T'.

Square integrable functions are important because of postulates of quantum mechanics. One
of the postulates is that the wavefunction of a quantum particle is square integrable. The square
of the wavefunction is interpreted as the probability density and thus square of the wavefunction
should be normalizable.

To define the Sobolev space, we start by weakening the notion of partial derivative.

Definition B.3 The n-dimensional multiindex o is a n-tuple o = (a1, ,...,qy,) of non-
negative integers. By the symbol D* we denote 07 05 ... 0%, where 8;‘]' = ;‘;J -. By the

n J
J

symbol |a| we denote |a| = a1 + as + ... + a,.
Suppose that functions f,g € Li () and o is a multiindex. We say that g is the a-th weak

loc

partial derivative of f (we write D f = g) iff

/QfD%dx:(q)‘al/di)dx

for all testfunctions ¢ € C°(Q), i.e. infinitely many times differentiable function with compact
support in €.

Definition B.4 The Sobolev space W*? () consists of all locally integrable functions f : Q —
R such that for each multiindex o with || < k, DYf exists in the weak sense and belongs

o rlp 1/p
kp = (E|a\§k ID f||p) for1 < p < oo and

to LP(QY). The corresponding norm is || f|
[/ llk,00 = max o<k [[D flloo for p = oo

Definition B.5 Let " be a metric graph with N internal and M external edges. By the symbol

W22(T') we mean W22(T') = @jleWZQ(ej), where e; denotes j-th edge.

Let us note that the Sobolev space on the graph defined above also includes the functions
which are not continuous at the vertices of the graph.
Sometimes one can find notation H* = W2,
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C Appendix: Self-adjoint extensions

In this section we recall basics of the theory of self-adjoint extensions; we give theorems without
proofs. For a more detailed explanation we recommend e.g. the textbooks [BEH08, RS75b].

Definition C.1 Let L be operator from D(L) C X to Y, where X and Y are Banach spaces.
Then we call the set T'(L) := {[z, Lx]| : x € D(L)} the graph of the operator L. The operator L
is closed if the set I'(L) is closed in the Banach space X @ ).

Definition C.2 Let L be an operator in the Hilbert space H with the scalar product (-,-) and
let its domain D(L) be dense in ‘H. By its adjoint we denote the operator L*, which acts as
L*y = y*, where (y, Lx) = (y*,x) for all x € D(L). The domain of L* consists of all y for
which the above relation holds. The operator is symmetric if (y, Lx) = (Ly, x) and self-adjoint
if L = L*, i.e. the domains of L and L* coincide. A self-adjoint operator L1 is called self-adjoint
extension of L if D(L) C D(Ly) and L = Ly on D(L).

In the following text we omit the identity operator id in L — A = L — Aid.

Definition C.3 Let L be a linear operator in the Hilbert spaces H. Then the regularity domain
(L) is defined as those complex A to which there exists positive constant ¢y, such that ||(L —
ANz|| > exllx|| holds for any © € D(L). The orthogonal complement of Ran (L — \) is called
deficiency subspace of L with respect to . We denote its dimension by def (L — \).

Theorem C.4 It holds def (L — X\) = dim Ker (L* — X). The map X — def (L — X) is constant
on any connected components of the regularity domain 7(L).

Let us now consider a closed symmetric operator A in the Hilbert space H and let us describe
properties of its self-adjoint extensions.

Proposition C.5 For a closed symmetric operator A in the Hilbert space H we have m(A) D
C\R, so it has at most two connected components.

Inspired by the previous proposition we define deficiency indices of the operator A.

Definition C.6 For a closed symmetric operator A we define deficiency indices ni(A4) :=
def (A F i) = dimKer (A* £ ). We usually write the deficiency indices as the ordered pair

(n4(4),n—(A)).
Proposition C.7 A symmetric operator A is self-adjoint iff it is closed and ny(A) = 0.

Theorem C.8 (the first von-Neumann formula)
Let A be a closed symmetric operator. Then there is a unique decomposition x = xg + x4 + x_

of any x € D(A*), where xy € D(A), x+ € Ker (A* i), and it holds
A'x = Axg — i(zy —x_).

Definition C.9 A symmetric operator is maximal if it has no proper symmetric extensions, i.e. if
from the relation A C A’ (for a symmetric operator A’) follows that A = A’.
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Theorem C.10 A closed symmetric operator A has a non-trivial closed symmetric extension iff
both ny (A) # 0. The operator A has a self-adjoint extension iff n.(A) = n_(A) # 0. Let
ny(A) = n_(A) =: d. If d < oo then any maximal extension of A is self-adjoint. If d = oo
then there are no self-adjoint extensions.
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