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1 Introduction

In standard textbook Quantum Mechanics every physical system corresponds to a Hilbert space.
The states of a system are unit rays in the corresponding Hilbert space, transformations of closed
systems are described by unitary operators acting on the states, and measurements correspond to
complete sets of orthogonal projectors, each projector corresponding to a measurement outcome.
Born’s statistical formula provides the outcome probability as the expectation of the correspond-
ing projector in the state of the system. This formalism can be generalized to the case of open
systems by including the environment in the dynamical description. It is then possible to describe
any phenomenon in quantum mechanics in terms of unitary transformations and von Neumann
or Liiders measurements. Despite this fact, a convenient formalism for the field of Quantum
Information [1, 2] is rather provided by the notions of statistical operator, channel, and positive
operator valued measure (POVM). One of the advantages in using such tools is that they provide
an effective description of physical devices avoiding a detailed account of their implementation
in terms of unitary interactions and von Neumann measurements. This concise description is
extremely useful when dealing with optimization problems, like state estimation [3], where one
can looks for the optimal measurement among all those allowed by quantum mechanics.

A recent trend in Quantum Information is to consider transformations, rather than states,
as carriers of information e.g. in gate discrimination [4,5, 6,7, 8], programming [9], teleporta-
tion [10, 11, 12] and tomography [13, 14], along with multi-round quantum games [15], standard
quantum algorithms [16, 17, 18] and cryptographic protocols [19,20,21]. This new perspective
requires an appropriate description not only of state processing, but more generally of transfor-
mation processing. Such processing is obtained through more general physical devices—what
we call Quantum Networks—that are made of composition of elementary circuits. A Quantum
Network can be used to perform a huge variety of different tasks like transformations of states
into channels, channels into channels, and even sequences of states/channels into channels. How-
ever, describing a large quantum network in terms of channels and POVMs is very inefficient.
Indeed, if one needs to optimize a quantum network for some task, one is forced to carry out
a cumbersome elementwise optimization. For this reason, having new notions that generalize
those of channels and POVMs is crucial. Luckily enough, a general treatment of Quantum Net-
works on the same footing as states, channels, and POVMs is possible, both for the deterministic
and the probabilistic case.

In this paper we review the aforementioned unified framework along with some of its most
relevant applications. Our approach is based on a generalization of the Choi isomorphism that
allows us to represent any Quantum Network in terms of a suitably normalized positive operator.
This general theory is reviewed in Chapter 2, where we also provide some basic results of linear
algebra that are needed in order to prove most results of the general theory. Following the expo-
sition of Refs. [22, 23], we will introduce the notion of Quantum Network from a constructive
point of view that consists in looking at networks as a result of composition of elementary cir-
cuits. We will begin by considering deterministic Quantum Networks, and then we will extend
the results to the probabilistic case.

The Chapters from 3 to 9 are devoted to the applications of the developed formalism. The
first application that we consider is the optimization of Quantum Tomography, where we will
derive the optimal networks for tomographing states, transformations and measurements. The
material of this Chapter was published in Refs [24,25].
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In Chapter 5, based on Ref. [26], we discuss the concept of quantum cloning of a transfor-
mation. While cloning of quantum states has been subject of many works, cloning of a transfor-
mation was never treated before. In particular, a general no-cloning theorem for transformations
and the derivation of the optimal cloning network for a unitary transformation are shown.

Quantum Learning of a transformation is another task that is possible to analyse within the
new theory of Quantum Networks. Suppose that a user is provided with [V uses of an undisclosed
transformation 7 today, and he needs to reproduce the same transformation on an unknown state
provided tomorrow. The most general strategy the user can follow, is to exploit the N uses of
7T into a Quantum Network today, in order to store the transformation on a quantum memory.
Tomorrow, the user will use the quantum memory to program a retrieving channel that reproduces
7. In Chapter 6 we will review Ref. [27], in which the optimal learning network for a unitary
transformation is derived. The most relevant result here is that the optimal storing of a unitary
can be achieved by making use only of a classical memory.

The optimal inversion of a unitary transformation is the subject of Chapter 7. We will derive
the optimal network that realizes this task considering two different scenarios and we will prove
that the ultimate performances in the inversion of a unitary are achieved by an estimate and
prepare strategy. These results were published in Refs [27,28].

In Chapter 8, based on Ref. [29], we consider the tradeoff between information and distur-
bance in estimating a unitary transformation. We suppose that we have a black box implementing
an unknown unitary transformation, with the restriction that the On the one hand, we may try to
identify the unknown unitary on the other hand, we may want to use the black box on a variable
input state. Since the two tasks are in general incompatible, there is a trade-off between the
amount of information that can be extracted about a black box and the disturbance caused on its
action: we cannot estimate an unknown quantum dynamics without perturbing it. In Chapter 8
we find the optimal scheme that introduces the minimum amount of disturbance for any given
amount of extracted information.

The last application we consider regards Quantum Networks that replicate measurements.
We will study the problem of optimal learning and cloning of von Neumann measurements. In
particular we will show how the optimal learning from 3 uses can be achieved only by a sequential
strategy. These results are the subject of Refs. [30,31], and are presented in Chapter 9.

Two appendices close this work: in the first one we introduce the notion of channel fidelity
[32], which is frequently used in the applications and in the second one we review some basic
results from group representation theory, with special emphasis on the decomposition of tensor
product representations.
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2 Quantum Networks: general theory

In this chapter we expose the general theory of Quantum Networks that was developed in [22,
23,28]. We will start the presentation with some preliminary results of linear algebra, with
emphasis on the Choi isomorphism. This theorem will allow us to represent quantum networks
in terms of positive operators which are subject to a normalization constraint. A key point of
the formalism is the notion of link product of operators that translates the physical link between
quantum networks into the mathematical language.

After this fully mathematical section we recall some basic notions of ordinary quantum me-
chanics (states, quantum operations and POVMs) that we will use as a testbed for the mathemat-
ical tools previously introduced.

Section 2.4 is is focused on the definition of Quantum Network as a set of linear maps linked
together; in the following sections the Choi representation of Quantum Networks is introduced
first for the deterministic case and then for the probabilistic case.

In the final section the link product of operators will be used to express the link of quantum
Networks.

2.1 Linear maps and linear operators

Let us start with some notational remarks: we denote as £(H) the set of linear operators A on H
while £(H,, Hy) denotes linear transformation from H, to M. The dimension of space H,, is
denoted by d,,. We denote as L(L(H,), L(H})) the set of linear maps M from L(H,) to L(Hy).
Given amap M € L(L(H,), L(Hyp)) we refer to L(H,) as the input space of M while L(Hy)
is called the output space. We make use of the following notation:

e Supp(A) denotes the support of A and Rng(A) denotes the range of A;
o T denotes transposition and * denotes complex conjugation;?

e A~! denotes the inverse of an operator A € L(H); if Supp(A) is not the whole H, then
A~1 will denote the inverse on its support.*

Within this presentation (unless explicitly mentioned) the Hilbert spaces are assumed to be
finite dimensional. In order to avoid confusion when the number of Hilbert spaces proliferates
we adopt this convention:

® Hup.n = Hoe @Hp @ -+ ® H,, where a, b, ..., n are integer numbers;
o Ay pmeans A € L(Hap..n)s

e |n), means |n) € Hg;

e Tr, denotes partial trace over H,;

e Ta denotes partial transposition over H,,.

3Both transposition and complex conjugation are meant with respect to a fixed orthonormal basis.
4More precisely A1 denotes the Moore-Penrose generalized inverse.
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Given an operator A € L(H,) and a Hilbert space H,s isomorphic to H, Ha = H,, it is
possible to define

Aa’ = aﬁa/AaTaHa/ 2.1)

where To .o = Y, |k), (k|, and {|k),}, {|k), } are orthonormal bases for H, and H, respec-
tively. The above procedure is implicit whenever we make a change of label Ayp. . — Aa/pr .0
It is possible to define the following isomorphism between £(H;, H,) and H, @ H,,

A=Y (n| Alm)|n) (m| < [A) =Y {n] Alm) n) |m) (2.2)

n,m n,m

where {|m)}({|n)}) is a fixed orthonormal basis in Hy(H,). In the following we implicitly
choose such a basis in every Hilbert space. The double-ket notation |A)) is used to stress that
the vector lives in a tensor product of Hilbert spaces (from a quantum mechanical perspective,
|A)) is proportional to a pure bipartite state) We will use the notation |A)),;, with the meaning
[A) € Hap = Ha @ Ho.

By making use of Eq. (2.2) it is possible to prove that the following identities hold

A® B|C) = |[ACB™Y) (2.3)
A€ L(Ha,He), B € LMy, Hy), C € L(Hy, Ha).

Try[|A) (Alap] = AAT  Tra[JA) (Alas] = ATA 2.4)
Tra[Aas (1) (Tac)] = Ax 2.5)
{IacAab| T ac = Tra[Aqs] (2.6)

da
fordy < de, [Daec=Y_ In),In),

n=1
D abed = ) acl)ba 2.7
({(I]ac @ Ipa)| A abed = ((I]ac @ Ina)(Aab @ Lea)|lI) abed = | TralA])ba (2.8)

Through this isomorphism it is possible to translate the inner product in H ® H into the Hilbert-
Schmidt product in £(H)

{(A|B)) = Tr[A'B] (2.9)

2.1.1 Choi isomorphism

The following theorem, which is a generalization of the one in Refs. [33, 34, 35], introduces
an isomorphism between linear maps and linear operators which is a a foundation stone of the
theory of Quantum Networks.

Theorem 2.1 (Choi isomorphism) Consider the map € : L(L(Hy), L(H1)) — L(Ho @ H1)
defined as

C: M= My Mg := Mo Io(|1){{]oo) (2.10)

where Iy is the identity map on L(Hy). Then € defines an isomorphism between L(L(H,),
L(H1)) and L(Ho @ H1). The operator M = €(M) is called the Choi operator of M.
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Proof. To prove the thesis we will provide an explicit expression for the inverse map ¢! :
L(Ho ® H1) — L(L(Ho), L(H1)). Let us define

(€ (M)](X) = Tro[(I1 ® (Xo)") Miol; Q2.11)

it is easy to verify that [€~1(M)](X) = M(X).
Suppose X = [i) (j|,; we have

Tro[(11 @ (I8) (jlo)") Mio] = Tro[(I1 ® (|4) (ilo) M @ Zo(|I1) (I]00)] =
= (ily M @ Zo(|1){({I]o0)) [5)0 =

0
(il ZM [n) (mly)) ©[n) (mly) 15} =
= M([7) <J|o)~ (2.12)

From [€~1(M)](]i) (j]) = M(|3) (j]) for any i) (j] it follows [€~1(M)](X) = M(X) for any
X by linearity. W

Corollary 2.1 (Operator-sum representation) Ler M be in
L(L(Ho), L(H1)); then there exist { A;|A; € L(Ho, H1)} and {B;|B; € L(Ho, H1)} such that

=>"AXBl  T[AlA))=Noi;;  T[BIBj] = pidi;. (2.13)
i, i € R and 05 is the Kronecker delta.

Proof. Exploiting Th. 2.1 we can write the action of M as M(X) = Tro[(I; ® (Xo)T) Mo
where M is the Choi operator of M. Now consider the singular value decomposition of Mg,
M = 3, [A)(Bilor, (AilA;) = Tr[ATA;] = Nidij, (Bi|By) = Te[BIB;] = pidiy; If we
insert this decomposition into Eq. (2.11) we have

M(X) = Tro[(I ® (Xo)T Z\A
—ZTro (11 @ (Xo)") (11 @ (A)ITH(Bil] =
=ZTY0 Lo (A4X)g)I){(B ZTro [IN(Bill @ (AiX)5] =
= iTro[II>><<BiXTAII] = ZTro IINQII(AX B])1 © Io]
- Z AXB] l (2.14)

where we used Eq. (2.2) and the cyclic property of the trace.

Th. 2.1 provides an extremely powerful representation of linear maps between operator spaces
in terms of just one linear operator acting on a bigger Hilbert space. The following results will
show how the properties of a linear map M translates into the properties of its Choi operator.
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Lemma 2.1 (Trace preserving condition) Ler M be in L(L(Ho), L(H1)) and M € L(Hy ®
H1) be its Choi operator. Then we have

TI‘[M(X)} = TI‘[X] VX € E(Ho) =4 TI‘l[M()l] =1 (2.15)

Proof. If we insert Eq. (2.11) into Eq.(2.15) we get

Tr[M(X)] = Tr[(I; @ (X)T)Myg] = Tro[(X)T Tri[My1]] =
=Tr[X] = Te[XT] VX € L(Ho). (2.16)

Since Tr[AB] = Tr[A] VA < B = I we have that Eq. (2.16) holds if and only if Tr1[Mo1] =
I,. 1

Lemma 2.2 (Hermitian preserving condition) Let M be in
L(L(Ho), L(H1)) and M € L(H1 ® H1) be its Choi operator. Then we have

M(X)T = M(x1) & M, = My (2.17)

Proof. If we take the adjoint in Eq. (2.11) we have
M(X)T = Tro[(X)1T M) = (2.18)

If Mt = M clearly we have M(X)? = M(XT). On the other hand if
Tro[(X)TM{,] = Tro[(X)TT Moy ] for all X then [¢~1(M],)](X) = [€~(Moy)](X) for all
X and so €71 (M) = €1 (M{,) that implies M = MT B

Lemma 2.3 (Completely-positive condition) Let M be in
L(L(Ho), L(H1)) and M € L(H1 ® H1) be its Choi operator. Then we have

MR (X) 20 VX € L(Ho®Ha) & Mo =0 (2.19)

Where H is an Hilbert space of arbitrary dimension. A linear map that satisfies condition (2.19)
is called completely positive (CP).

Proof. If M ® Z5(X) > 0 for all X € L(Ho ® Hz) then clearly M ® Zo(|I){(I|) =
M > 0. On the other hand, suppose that M/ > 0. Then M can be diagonalized in this way
M =", |A;)) (A;| and the operator-sum representation of M becomes

M(X)=>"A;XAL (2.20)

If we introduce an auxiliary Hilbert space Ho we have

MOT(X)=> (Ai®L)X(AI®L)>0: X >0 (2.21)

%

The operator-sum decomposition in Eq. (2.20) is called canonical Kraus form. W
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2.1.2 The link product

Given two linear maps M € L(L(Ho),L(H1)) and N € L(L(H1), L(H2)) it is possible to
consider the composition

C:=NoM:L(Hy) — L(Hs) NoM(X):=NM(X)) VX € L(Hp).

Since we can represent M and A with the corresponding Choi operators M and N, it is
reasonable to ask how the Choi operator C' of the composition C can be expressed in terms of M
and N. Consider the action of C on an operator X € L(Hy)

C(X) = Tr1[(I2 ® Tro[(Iy ® Xg )M]")N] =
= Tro[(L2 @ Xg) Tra[(I2 @ Mgi)(Io ® Niz)]J; (2.22)
if we compare Eq. 2.22 with Eq. 2.11 we get

€(C) = Tr1[(I2 ® Mg} )(Ip ® Nig)] = N * M. (2.23)

where we introduced the notation N * M for the expression Tr; [(I, ® Mg} )(Io ® Nia)]-

If we consider maps such that their input and output spaces are tensor product of Hilbert
spaces it is possible to compose these maps only through some of these spaces. For example if
we have M € E(E(Ho & Hg),[,(Hl ® H3)) and N e ﬁ(ﬁ(Hg &® H5),£(H4 &® HG)) it is
possible to define the composition

N+xM:=(N®I) o (MRIs). (2.24)
Following the same steps as before we have that

Me LL(Ho @ Hz), L(H1 @ H3)) < M € L(Ho ® Ho @ H1 @ H3)
N € L(L(H; ®Hs), L(Hy ® Hg)) <« N € LIL(H3 @ Hs @ Hy ® Hs))
N x M N s M = Trz[(Iis6 @ Myiss)(Ioiz @ N)J. (2.25)

The above results suggest us the following definition

Definition 2.1 (Link product) Let M be an operator in L(Q),, Hi) and N be an operator in
L(Q;c; ;) where | and J are two finite set of indexes. Then the link product N * M is an
operator in L(Hyy @ Hy\|) defined as

N s M := Triny[(Iny © MT0) (I @ N)) (2.26)
where A\ B := {i € Ali ¢ B} and Hp := @;ca Hi

Remark 2.1 [t is worth noting that if | N J = § we have N * M = N ® M while if | = J
N x M = Tr[MTN);

The previous discussion is summarized by the following theorem.
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Theorem 2.2 (Composition of linear maps) Let inq, out g, inps, outys be four sets of indeces
such that inpq N outyy = 0.

Let M be map in L(L(Qicin,, Hi)s L(Qjcout,, i) N be map in

E('C(@iein,v Hi), ‘C(®j60utj\/ H;) and M € ﬁ(@neinMU out s Hum),

N € £(®n€i,wu out ¢ H.,) be their respective Choi operators. Then the Choi operator of the
composition

M AN := (Tin o\ (inn outar) @ M) * (Zout o\ (out aer inne) @ N) (2.27)
is given by

CM*N)=M=xN (2.28)

We conclude this section with some properties of the link product

Lemma 2.4 (Properties of link product) Let M, Mo, M3 My be operators in E(@iell H;),
L(Qic1, Hi), LIQe1, Hi) and L(Q); ¢, Hi) respectively. Then we have

e [f Ny is an operator on L(Q)
forany o, € C

Hl) (O{Nl —|—6M1) * M3 = Oé(Nl * Mg) + ﬂ(Ml * M3)

i€l

Ml*MQZMQ*Ml.

If M| = My and M} = My then (M, * My)t = My * M.

Ifly NIy Ny = 0 then (M x Ms) x M3 = My x (Ms * M3)

IfM >0and N > 0then M « N > Q.

Proof. The first four properties trivially follow from the definition. To prove the last property
consider the maps €~*(M) and €~(N). Since M and N are positive €~ (M) and €~1(N)
are completely positive and also € ~(M) x« €~ 1(N) is completely positive. Then €(€~1 (M) x
¢=1(N)) = M * N is positive. B

2.2 Diagrammatic representation of linear maps

It is useful to provide a pictorial representation of linear maps and their composition. We will
sketch a linearmap M : L(Ho ® - ® Hyp) — L(Hy ® - -+ @ H,) as box with n input wires
on the left m output wires on the right as in Fig. 2.1.

Using this representation the composition in Eq. (2.24) can be sketched as follows

0 1

9 |M 3 4

(2.29)
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Figure 2.1. Pictorial representation of a linear map M : L(Ho ® - -+ @ Hn) — L(Hy @ - - - @ H,,r); the
input wires are labelled according to the labeling of the Hilbert spaces.

or equivalently
0 1 5 4

s M| 5 N g (2.30)

We do not draw wires corresponding to one dimensional Hilbert spaces. We will sketch a
map M : C — L(H,) with a one dimensional input as follows
0

1+, (2.31)

where we use the label M instead of M. In a similar way we represent maps M : L(Hy) — C
that have one dimensional output space

0
D (2.32)

2.3 States, Channels and POVMs

In the ordinary description of Quantum mechanics each physical system is associated with a
Hilbert space H (that we will assume to be finite-dimensional) and the states of the system are
represented by positive operators with unit trace p € L(H)p > 0,Tr[p] = 1. Deterministic
transformations of states are described by linear maps C : £L(Hy) — L(H;) that have to be

e completely positive C ® Z2(p) > 0 forall p € L(Ho @ Ha);
e trace preserving Tr[C(p)] = 1 forall p € L(Hy), Tr[p] =1

Deterministic transformations of states are called quantum channels. Thanks to Th. 2.1 and lem-
mas 2.1 and 2.3 of the previous section we know that a quantum channel C € L(L(Hy), L(H1))
can be represented by its Choi operator C' € L(Hy ® H;) that satisfies C' > 0 and Tro[C] = I
It is worth noting that the action C(p) = Tro[(l; ® pT)C] can be rewritten in terms of the link
product as

Clp)=Cxp . (2.33)
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where the state p is interpreted as the Choi operator of a preparation device, that is a channel p
from a one dimensional Hilbert space to £(H)

5:C—L(Hy) pA)=Xp YAEC
€p)=(p®Ic)1®1)=p(1)=0p (2.34)

Another relevant case is the one in which the output space is one dimensional. In this case we
have a channel C : £L(Hy) — C that receives a state p as an input and outputs the normalization
C(p) = Tr[p]; it is easy to verify that its Choi operator is €(C) = I and so we have

Tr[p] = p* T . (2.35)

We can then rewrite the normalization condition Trq [Co1] = Iy of the Choi operator of a quantum
channel C € L(L(Ho), L(H1)) in the following way

COl * Il = Il (236)
A relevant class of channels are the isometric channels, that are defined as follows

V:L(Hy) — L(H1)  V(p):=VpVT (2.37)
V € L(Ho, H1), VIV =1 (2.38)

The following theorem [36,37] states that every quantum channel can be realized as an isometric
channel on a larger system

Theorem 2.3 (Stinespring dilation theorem) Let C : L(Ho) — L(H1) be completely positive
trace preserving linear map. Then there exist an ancillary Hilbert space 'H 4 and an isometry
V : L(Ho) — L(H1 @ Ha), VIV = I such that

C(p) = Tra[V(p)] = Tra[VpVT] = % (2.39)
V'is called Stinespring dilation of the channel C

Proof. Let C be the Choi Jamiotkowsky operator of C and define Ha4 = Supp(C§q/) (we
introduced two auxiliary Hilbert spaces Hy and H;, and defined Cy 1. according to Eq. (2.1)).
Now consider the operator

1y
V:Hy—Hi1®Ha V=hL® 002,1,|I>>111T0H0/ (2.40)

where Ty.o = >, |k), |k): By using Lemmas 2.1 and 2.3 together with Eqgs. (2.3, 2.5, 2.6) it
is easy to verify that V' is an isometry

1 1,
VIV = Ty oIl (I © C31)(L © CE 1 D)1 Tomor =
= TO’HO Trlf[ngl/]TOHo/ = Io, (241)
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and that
Tra[VpVi] = Tra[(l ® CO%/?)(|1>>11'T0H0')P(TO/H0<<I|11')(11 ® Co%qT/)] =
= Tro (1 ® Gy ) (Iy @ TN (I 117) (11 ® pp)] =
= Tro [Try [(I @ Cgoy ) (I @ [T) (T1)](1 ® pp)] =
= Tro/[Cof (11 @ ph)] = C % p = C(p) u

Remark 2.2 The Stinespring dilation of a channel is generally non unique. We now prove that
the isometric dilation given by Eq. (2.40) has minimum ancilla dimension. Suppose that there
exists an isometric dilation W : Ho — H1 Q@ Hp such that dg = dim(Hp) < dim(Ha) = da.
Each isometric dilation of a channel C provides operator-sum representation of C as follows
Clp) = Tra[WpWT] = Ziil (n|WpWT |n) = ZZJ; K,.pK} where |n) is an orthonor-
mal basis in Hp. From the operator sum representation it is possible to recover the Choi
operator C of C as follows €(C) = Ziil(Kn @ DIINW(I(K} @ I) = Ziil | K ) (K.
Since (K,|Kp) = (n|VIV |m) = (n|m) = 8,m, the vectors |K,,)) are linearly indepen-
dent and this leads to the contradiction dim(Supp(C)) = dim(Span{|K,))}) = dp < da =
dim(Supp(C*)) = dim(Supp(C)). The isometric dilation defined in Eq. (2.40) is called mini-
mal Stinespring dilation

The probabilistic counterpart of a quantum channel is the quantum operation. A quantum op-
eration is a completely positive linear map £ € L(L(Ho), L(H1)) which is trace non-increasing
Tr[E(p)] < 1 for any state p. The Choi Jamiotkowski operator E of a quantum operation £ satis-
fies the condition £ < E where E is the Choi operator of a quantum channel. A set of quantum
operation {&;} that sum up to a channel C is called a Quantum Instrument® and it is represented
by a set of positive operator E; such that ), F; = C' the index ¢ labels the possible classical
outcomes of the instrument. The action of a Quantum Instrument is written as

D Eilp) =3 p+Ei @ : (2:42)

and the probability that the Quantum Operation &; takes place is p; = Tr[(I ® p) E;]. A Quantum
Instrument with one-dimensional output space is called POVM and is represented by a set of
positive operator P; such that Zl P; = I; the elements P; of a POVM are called effects. The
link product

Tr[pP!] = p* P; ) (2.43)
gives the probability p; of the outcome ¢ and coincides with the usual Born rule
pi = Tr[pP] (2.44)

if we make the substitution P, < PiT . We conclude this section with a theorem [38, 37] that
provides a realization scheme for Quantum Instruments in terms of a deterministic evolution on
a bigger system followed by a measurement on the ancilla.

SFor simplicity we restricted ourselves to the case of a finite number of outcomes. The generalization to an arbitrary
outcome space €2 can be obtained by defining a measure £g that associate to any event B C €2 a quantum operation £g
such that £, is a Quantum channel.
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Theorem 2.4 (Realization of Quantum Instruments) Let {&;},
& € L(L(Ho),L(H1)) be a Quantum instrument. Then there exist an Hilbert space H, a
channel C € L(L(Ho), L(H1 @ Ha)) and a POVM {P;}, P, € L(H a) such that

Ei(p) = TralC(p)(I1 ® )] I (2.45)
l;

Proof. Let us define C := ), &, and let C' be the Choi operator of C and FE; be the Choi
operator of &;. Since C is a quantum channel, we can consider its minimal Stinespring dilation
V:iHo— Hi®Ha,

Ha = Supp(C). Now we introduce the POVM {P; € L(HA)} P; = C~2TETC— 27 (clearly
Zi E; =14 and P; = P;). Itis easy to verify that

TI‘A[C(,D)(Il (9 P,)] = TI‘A[VpVT(Il ® Pl)] =

= Tral(l @ C25) (oo [N (T ) (I ® CEL) (I @ P)] =
= Tra[(por | 1) (I]11/) (11 ® Ef)] = Ei(p) (2.46)

2.4 Quantum Networks: constructive approach

In this section we introduce the formal definition of Quantum Network. Within our approach
a Quantum Network is obtained by assembling elementary circuits linking outputs of a circuit
to inputs of another circuit; we consider “elementary circuits” channels, quantum operations,
effects or state preparations each of them represented with the corresponding linear map. The
restriction that we can connect only outputs with inputs and that we cannot have closed loops
ensures causality (see Remark 2.4) and motivates the following definition

Definition 2.2 (Quantum Network) A quantum network R is a linear map corresponding to
directed acyclic graph (DAG) in which

e cach arrow is labeled with a non negative integer number n (two different arrows cannot
have the same label);

e an arrow with label n represents an Hilbert space 'H,,;

e cach vertex is labelled with a non negative integer number i (two different vertexes cannot
have the same label);

e each vertex i represents a completely-positive trace non-increasing map C; € L(Hin, ®
Hout;) (Ha = ®k6A ‘H}.) where in; is the set of incoming arrows at vertex i and out; is
the set of outgoing arrows at vertex i,

o an arrow between two vertices’s i and j corresponds to the composition C; x C; of the
linear maps C; and C;
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Figure 2.2. Graphical representation of a quantum network. The directions of the arrows represent the flow
of quantum information in the network, that is quantum systems travelling from a vertex to another. Free
incoming arrows represent input systems entering the network while free outgoing arrows represent output
systems of the network.

13

® we remove some vertices’s with no incoming arrows (sources) and some vertices’s with
no outgoing arrows (sink). The free incoming arrows remaining represent input systems
entering the network while the free outgoing arrows carry the output systems.

If C; is a channel for each vertex i R is called a deterministic quantum network. If C; is a trace
decreasing for some vertex i, R is called a probabilistic quantum network.

Fig. 2.2 provides a typical example of a quantum network.

Remark 2.3 It is worth noting that the same Quantum Network can be realized in different ways
as a sequence of maps

RN =Cy % Cox--*Cn =Cl xChx---%Ch (2.47)

and this fact reflects different possible physical implementation of the same network. In this work
we are not interested in the inner structure of a network but only in its properties as a linear map
[from input spaces to output spaces. Because of this, whenever we introduce a Quantum Network
RWN) | we actually mean an equivalence class of sequence of maps that give the same overall
operator RWN), i.e. we consider the two sequences of maps Cy xCox- - -xCn and Cj xChx- - *Ch
in Eq. 2.47 as the same object.

Remark 2.4 The condition that the graph is acyclic means that no closed path is allowed. This
requirement ensures that causality is preserved, since the flow of quantum information induces a
causal order inside the network and a closed path would correspond to a time-loop. It is worth
stressing that in our representation a physical closed loop in the lab, that is taking the output
of a device and then sending it as an input to the same device, corresponds to many uses of the
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a) @@ @

Figure 2.3. Two possible total orderings of the network in Fig. 2.2.

same transformation

- —{ce— - —cl— (2.48)

In this work we use the convention that a vertex in a network or a box in a circuit represents a
single use of a physical device.

Any direct acyclic graph is naturally endowed with a partial ordering < among the vertices’s,
which is the causal ordering induced by the flow of quantum information (see Remark 2.4); we
say that vertex 7 causally precedes vertex j (¢ = j ) if there exists a directed path from ¢ to j. It
is possible to prove that for a directed acyclic graph the partial ordering < can be extended, in a
generally non unique way, to a total ordering < (See Fig. 2.3).

Each vertex in the network corresponds to a step of a computation and the relation 7 < j
means that step 5 cannot be performed before step 7. If two vertexes are incomparable this means
that the two steps can be run in parallel; extending the partial ordering to a total ordering consists
in arbitrarily fixing an ordering among parallel computational steps that is compatible with the
partial ordering <.

Since each vertex ¢ in a quantum network corresponds to a linear map C; and any arrow
between two vertexes corresponds to a composition, we can exploit the diagrammatic represen-
tation that we introduced before and represent a quantum network in a circuit form

0 1 4 6 9 10 12 13

2 | Co 7 | C Cs | 11
G — |G * Ce L (2.49)
3 8 ’
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where the free incoming/outgoing arrows are now substituted by free input/output wires; The
flow of quantum information is from left to right and the numbering of the boxes is chosen
accordingly.

To avoid drawing crossing wires, it is possible to enlarge each box by tensoring with the
identity map i.e.

n m n m
i = r |G| k Ci—CiRI (2.50)
in this way the network takes the shape of a chain
0 1 4 6 9 10 12 13
2 5 5 5 11
Cl CQ Cs CG
3 3 |G| 8 |G 8 8 i (2.51)
7

we can further lighten the diagram by merging the internal wires connecting two boxes

Ci m Cit1 = C; A; Cit1 (2.52)

Ha, =Hy, @ Hpy @ Hy.

In this way the circuit 2.51 becomes

0 1 4 6 9 10 12 13

C1 Al CQ A2 C3 A‘3 C4 A4 C5 A5 C@

(2.53)
The previous considerations can be summarized in the following

Lemma 2.5 (Circuit form for Quantum Networks) Any quantum network R with N vertexes
is equivalent to a concatenation of N completely positive trace non increasing linear maps

R:CI*CQ*"'*CN (254)

0 1 2 3 2N -2 2N —1

Ci| A Co| Ay -+ An_1|Cn

where C; : L(Ha @ Ha,_,) — L(Hy @ Ha,)-
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Remark 2.5 In Eq. (2.54) we chose to attach one free incoming and one free outgoing wire to
each map C;. This is our standard representation of quantum network; we can without loss of
generality sketch any quantum network in this way, since network in which some input/output
wires are missing (like in 2.53) are just special cases. We can stress, if present, a tensor product
structure Ho = ®;Hq; of the Hilbert space carried by a free input/output wire a, by drawing as

many wires as the number of factors in the tensor product, for example
0 1 2 3 0 1 2 31

Ci| A Co = 0 |G| 4 Ca| 33

where Ho = Ho, ® Ho, and Hz = H3, ® Hs,. We also choosed to label the free input/output
wires with increasing integer numbers; in this way the Hilbert spaces of the input wires are
labeled with even numbers while the output ones correspond to odd numbers. We can define the
overall input space of the network as H;, = ®f\i1 Hoi—o and Houws = ®;v:1 Hoi—1

Lemma 2.5 reveals the equivalence between a Quantum Network and a sequence of N chan-
nels with memory; if we stretch and rearrange the input and the output wires

1
0 12 34 5 0|Ci| A 3
Ci | A Cy | As Cs = 92 Co | Ay 5

4 Cs

from a Quantum Network we get a sequence of memory channels from the left side to the right
side. Since a Quantum Network is a sequence of linear maps, it can be considered as a linear map
from £(Hin) to L(Hous)- It is then possible to define the Choi operator of a Quantum Network

¢(RW)y = R, (2.55)

where we add the superscript (V) to record the number of vertex in the network i.e. R"¥) denotes
a quantum network with IV vertexes.

2.5 Deterministic Quantum Networks

The main aim of the following sections will be to inspect the structure of the Choi operator of a
Quantum Network. In this section we consider the deterministic case while the probabilistic case
will be discussed in the next section. Specializing Lemma 2.5 a deterministic Quantum Network
R can be presented as a concatenation of N quantum channels C;; then the Choi operator of
RW) is given by the link product of the C;’s. This structure leads to a peculiar normalization
constraint for RN,

Theorem 2.5 (Normalization Condition) Ler R™YN) be a deterministic Quantum Network and
RN € £(®?§071 H;) (we use the labeling introduced in Lemma 2.5 and Remark 2.5) be its Choi
operator. Then R™Y) > 0 and satisfies the following condition

Tron_1 [RUV)} — Ly @ RV-D (2.56)
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B e T e T D I - _ L
Ci Co| -+ |Cn : C1 Co Cn_1| ® D

where RV-1) ¢ £(®?ivo_1 H;) is the Choi operator of the reduced Quantum Network with

N — 1 vertexes and Cn_1 is a quantum channel such that €(Cn_1) :== Cny—-1 = Tra,_,[Cn-1]-

Proof. Since R("N) is a quantum Network with N vertexes, we can express it in terms of a
concatenation of /N channels

RN =€y xCyx---%Cy (2.57)
Ci: L(Hai—2® HA,i,l) — L(Hz2i—1 ® HA,i) Ha, =Hay =C.
Let C; € L(Q)y,¢), Hr. be the Choi of C; where we introduced the set I; := {2i — 2, A;_1,2i —

1, A;}; we notice that I; N1, NI, = @ forall 4,5,k = 1,..., N and so, exploiting Lemma 2.4,
we have

R(N):CI*CQ*“-*CN. (2.58)

Since Cp is channel in L(L(Han—2 ® Hay_,), L(Han—1)) its Choi-Jamiotkowsky operator
satisfies Tran—1[Cn] = Ian—2 ® T4, _, then we have

Trony_1[RN)] = Cy % Co -+ % Cy_y % Trany_1[Cn] =
=C1xCo%-x(Cya*xby 2®Tay_,) =
=C1xCo%--xTray [Cn ] ® oy 2=
=C1#Cy%- % Cn_1 @ Ian_g =
=RV @ Iy o (2.59)

Ci | - | Cyot Cn = l¢ | - | Cnaa —

- Ci| - | Cyy

Corollary 2.2 Let RN € L(Hout ® Hin) ( Hin = @/, Hai—o and How = @', Hai—1) be
the Choi operator of a deterministic Quantum Network R™N) . Then R\N) satisfies

Trop_1[R™] = Ipj_p ® RFD, 1<k<N (2.60)

where R(O) = 1, R(k) € £(H0utk &® Hink), Hink = ®f:_01 Hgi, Houtk = ®f:_01 H2i+1.

Proof. Eq. (2.60) can be obtained by recursively applying Eq. (2.56). B
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Remark 2.6 We want to stress that Eq. (2.60) reflects the causal ordering of the Quantum
Network. This property translates the fact that information can be transmitted from system 1
to a system j if i < j but not to a system j' < i. Consider the Network R®) € L(L(Hy ®

Ho), L(Ho @ H2))
0 1 2 3

C1 Co

We will now prove that the condition that no information flows from 2 to 1 is equivalent to
Trs [R(()Ql)%] =DL® R((Jll). The condition that there is no flow of information from 2 to 1 can
be expressed by saying that upon application of the memory channel represented by R to
a general input state poz, the partial state in 1 does not depend on the local state in 0O i.e.

Trs[o1s) = Trs[Troa[(pf, ® T13) R3hsl) = A(Trolpon]) for a fixed channel A. If Tra[R{7h] =
I ® Ry we have Trs[o13] = Trs[Troo[(pf, @ T13)R3hs]] = Troa[(pf, ® I1s) RSy @ I
Tro[(Tra[pdy] ® 1) REYs] = A(Tro[poz]) if we define A := €~ L(RW),

On the other hand let us suppose that Tr3[Troz[(pds ® I13)R(()21)23]] = A(Tro[poz]) for a fixed
A . In particular if po2 = To ® wa we have Tr3[Troo[(7d @ wl) ® Ilg)R(()Ql)Qg]] = Tro[(7d ®
1) Tro[(wf ® Iio) Trs[RG)s)]] = Trol(nd @ 1) Aq] = A(Tro[ro)), where €(A) = Agy =
S(we)) and S = €_1(Tr3[R621)23]). Since A is a constant we have S(w2) = Ap1 for all w,
that implies €(S) = I, ® Ag1. The Quantum Network R\?) when considered as channel from

L(L(Hoz2)) to L(L(H13)) has the properties of a semicausal channel as discussed in Refs. [39,
40]

The recursive normalization condition (2.60) and the positivity constraint characterize the Choi
Operator of a deterministic Quantum Network. The following theorem tells us that a positive
operator satisfying Eq. (2.60) is the Choi operator of a deterministic Quantum Network.

Theorem 2.6 (Realization of deterministic Quantum Networks) Let RN € L(Houw @ Hin)
(Hin = ®f\;1 Hoi—o and Hout = ®;v:1 ‘Hoi—1) be a positive operator satisfying Eq. (2.60).
Then RWN) is the Choi operator of a deterministic Quantum Network R™N) given by the concate-

nation of N isometries followed by a trace on an ancillary space: for every state p € L(Hin)
one has

RN (p) = Tra, [V ...y Dy Wiy (D) 2.61)
0 1 2 3 2N -2 2N —1
Vi | A4 Vo | Ay -+ An-1| VN | An
R =

where Vi € L(L(Hak—2@Ha,_,), L(Har—1®@Ha,)) and H a, is an ancillary space, H 4, = C
(in Eq. (2.61) we omitted the identity operators on the Hilbert spaces where the isometries do
not act).

Proof. Define H 4, = Supp(R"*) and
VE = Iy @ ROZ*RED=3% 1) o1 1y k1) Tiak—2)— (2k—2) (2.62)
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where T, ., = >, |1),, (il,,-

Using Eq. (2.60) one has VTV () = (RO=1%) 72 Ty, [RID7] (R(’“*U*)_% =Dy ®
T4, , thatis V(®) is an isometry. Now consider W) = V(V) ... V(1) which goes from Hj,
t0 Hous @ Hay; From Eq. 2.62 we have W) = (Ioue @ (RY*)2) 1) (out) (out)y @ Tinsine
and Theorem 2.3 tells us that W) is an isometric dilation of R and so

RN (p) = Tra, W oW = Try [V .y @y Ty (i), (2.63)
|

Corollary 2.3 The minimal dimension of the ancilla space H 4, is diim(Supp(R™*))) in Theorem
2.6

Proof. Consider the isometries W*) = V) ... V(1) where V(%) are defined according to
Eq. 2.62. Theorem 2.3 tells us that W (¥) is an isometric dilation of R* with minimal ancillary

space; then it is not possible to choose an ancillary space H g, with dim(Hp,) < dim(Ha,) =
dim(Supp(R™)). m

Remark 2.7 The maximum dyax = maxi<i<nN da, provides an upper bound on the com-
plexity of the Network in terms of quantum memory. Indeed, the Stinespring dilation theorem
preserves coherence up to the last step; for example it can happen that some ancillary degrees
of freedom are used only up to a step k < N and then the isometries V*TD . VN gct only
trivially on them. In this case one can trace out some degrees of freedom before the last step. This
de(e;;er analysis of resources can be performed only by inspecting the structure of the isometries
V),

Remark 2.8 We stress that the set of the Choi operators is a convex set; indeed, imposing linear
constraints (like the one in Eq. 2.60) on a given convex set (like the set of positive operators)
does not spoils the convexity.

Theorems 2.5 and 2.6 provide a one to one correspondence between the set of deterministic
Quantum Networks (considered as equivalence classes of different implementations as pointed
out in Remark 2.3) and the set of positive operators satisfying the normalization (2.60)

N
RN) RV >0
N L o e such that ;
¢y Cy|l -+ | Cn Trop_1[R™)] = Iop_o @ RF—D

following the same terminology introduced in Refs. [22, 23] we call the Choi operators of a
Quantum Network Quantum Combs®. This result (and its generalization to the probabilistic
case) allows to represent every Quantum Networks in terms of a single positive operator sub-
jected to linear constraints. This is extremely relevant for applications. Indeed, optimizing a

SWhenever we want to stress the distinction between deterministic and probabilistic case we use the terms determin-
istic Quantum Combs and probabilistic Quantum Combs respectively.
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Quantum Network by separately optimizing each device is extremely demanding. Thanks to this
representation the optimization problem is reduced to an optimization problem over a convex
set of suitably normalized positive operators. Moreover we notice that through Eq. (2.62) we
are provided with an explicit expression of a Quantum Network that is represented by a given
quantum comb R,

This allows us to formulate an algorithm for designing optimal Quantum Networks for a
given task (e.g. cloning, discrimination, estimation):

1. Choose a suitable figure of merit F' for the task of interest.

2. Find the positive operator R(Y) satisfying constraint in Eq. (2.60) and optimizing F.
3. Set R =1and I4, = 1.

4. For k = 1to k = N do the following:

(a) Calculate [r- ® R = Trs5,[C], where I7; (Trz;) denotes the identity (partial

trace) over all Hilbert spaces but H;
(b) define V¥ as in Eq. (2.62).

5. The optimal network is given by the concatenation of the V(*)’s in Eq. (2.61)

2.6 Probabilistic Quantum Network

The aim of this section is to provide the equivalents of Theorems 2.5 and 2.6 for the case in
which probabilistic Quantum Network are considered. We remind that a probabilistic Quantum
Network R(N) is equivalent to a concatenation of N completely positive trace non increasing
linear maps’

RN =y %Cxn %+ %Cn.

Theorem 2.7 (Sub-normalization condition) Ler R™N) be a probabilistic Quantum Network.
and RWN) ¢ E(@fivo_ ! H;) be its Choi-Jamiolkowski operator; then there exists a Choi operator
SN of a deterministic Quantum Network such that

0< RN < gV, (2.64)

Proof. The proof is by induction. For N = 1 the probabilistic quantum Network is just
a quantum operation and we know that its Choi operator £(!) is upper bounded by the Choi
operator of a Quantum Channel, i.e. of a deterministic Quantum Network with 1 vertex. Now
suppose that the statement holds for N — 1. Since RWM) = ¢y xCn + -+ xCxn we have RN =
C1 % Cy % ---%Cy where C; < C; for some C; which is the Choi operator of a quantum channel.
Exploiting the induction hypothesis we have that C; x Cy * - -- % Cy_1 := D < D where is the
Choi of a deterministic Quantum Network. Exploiting Lemma 2.4 we have

RN =Dx«Cy <D*Cn <DxCy =85 (2.65)

that proves the statement. ll

"This definition includes deterministic networks as a special case.
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Theorem 2.8 (Realization of probabilistic Quantum Networks) Ler R(Y) ¢ L’(®?ivo_1 H;)
be a positive operator satisfying Eq. (2.64). Than this is the Choi-Jamiotkowsky operator of a
probabilistic Quantum Network RN, consisting of N isometric channels followed by an effect
on an ancillary space. For any p € L(Hiy,) we have

R(N)(p) =Tra, [(V(N) e V(l))p(v(l)T e V(N)T)E] (2.66)
0 1 2 3 2N -2 2N —1
Vi | A4 Vo| Ay -+ An-1| VN | An
- — D

where V' € L(L(Har—2®@Ha,_,), L(Hox—1®@Ha,)) and H a, is an ancillary space, Ha, = C
(in Eq. (2.66) we omitted the identity operators on the Hilbert spaces where the V*)’s and E do
not act).

Proof. Let S(V) be the Choi operator of a deterministic Quantum Network such that R(Y) <
SN Now we define H 4, and V) for S) asin Eq. (2.62) and E = S(N)*=2 R(N)* g(N)+—3
It is easy to verify that

Tra, (V) v p(v DTy (NN B =

= Tray [(Tour ® (S™)2) (o1 © 1) (Il (out) outy) Tous @ (SPV7))-

(Lony ® SN =3 RN (N4 )] =

= Tray[(Tou ® pij;l)R(N)} = R(N)(P)

Remark 2.9 Theorem 2.8 says that any probabilistic Quantum Network can be split into a co-
herent part (sequence of isometries) and a final effect on an ancillary space.

Thanks to theorems 2.7 and 2.8 we can represent any probabilistic Quantum Network in terms
of a positive operator i.e. its probabilistic Quantum Comb. We now introduce the Quantum
Network analogue of Quantum Instruments and POVMs; both of them will be exploited in the
applications.

Definition 2.3 (Generalized Instrument) A Generalized Instrument is a set of probabilistic
Quantum Networks {REN)} whose sum is a deterministic Quantum Network ’Rgv) => REN).
The index i represents the classical outcome of the Network®.

For Generalized Instruments the following analogue of Th. 2.4 holds:

Theorem 2.9 (realization of Generalized Instruments) Let
{REN), REN) € L(L(Hin), Hout) }, RgN) =3, REN) be a Generalized Instrument. Then there

8 As we did when we introduced the concept of Quantum Instrument, we restrict ourselves to the case of finite number
of outcomes. The generalization to an arbitrary outcome space {2 can be obtained by defining a measure R g that
associates to any event B C € a probabilistic Quantum Network R p such that R, is a deterministic Quantum Network.
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exist an Hilbert space H 4, a deterministic Quantum Network SN) € L(L(Hin), L(Hout @
Ha,)) and a POVM {P;, P; € L(Ha, )} such that for any p € L(Hin) we have

(N) _ (N) :
RN (p) = Tra, [(S P 2.67
Vl A1 VQ A2 e AN71 VN AN i

Proof. The Proof is the same as in Th. 2.8; we just define SW) = Vi % -+ - % Vp, where the
Ha,’s and V(s are defined as in Eq. (2.62) (now Rgv) plays the role of RV)) and

P = RN 72 g R (2.68)
It is easy to verify that

Tray (ST (p)Pi] = Tray (VW) ... v (v DTy p) =

N)*y L .
= T‘I'AN [(Iout ® (Ré ) )2)(pin/) ® |I>><<I|(Out)(0ut)/)(10ut ® (Ré2 ) )2)
(f & BRI R -
= Tray (Lo @ PR = RV (0)
(2.69)

|
A relevant class of Generalized Instrument is the the following

Definition 2.4 (Quantum Tester) A Quantum Tester is a Generalized Instrument {RN} such
that dlm(Ho) = dim(Hszl) =1

Theorem 2.10 (normalization of Quantum Tester) Let {REN)} be a quantum Tester. Then

STRM =R = Ry TV @ Ly

K2

Trzk_l[RS“)] =1y 2 ® Rgc_l), 2<k<N-1

Tri[RY)] = 1 (2.70)
Proof. Since dim(Hax—1) = 1 and applying Theorem 2.5 to RS(]N) we have R®Y) = Tron_1

[RM] = Liy_y ® R Y. Clearly Try[RY] = Iy = 1 since dim(H,) = 1.

Theorem 2.11 (realization of Quantum Tester) Let {REN)} be a quantum Tester. Then {RgN)}
can be realized by a deterministic Quantum Network {SU™)} with dim(H,) = 1 followed by a
POVM on Han_1

1 2 3 2N -2

—
) | Ay Vo | Ay oo AN1 (2.71)
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Proof.  This result comes immediately from theorem 2.9 by relabeling H4, = Han-_1.
Since dim(Hp) = 1 the first isometry is just the preparation of the pure state |¥)) := (I; ®

(1)*1 (D)*1
Ry *)[) = Ry 7). W

Remark 2.10 By making the substitution
2N — 2 2N -2

— ~

the realization scheme 2.71 can be rewritten as
1 2 3 2N —2

) | Ay Vo| Ay -+ AN (2.72)

A special class of Quantum Testers is the one in which N = 2; this class has been indepen-
dently introduced in Ref. [41] under the name Process-POVM.

Corollary 2.4 (characterization of Quantum 2-Testers) Let {RZ(?)7 R§2) €L(L(H1), L(H2))}
be a Quantum Tester with two vertexes. Then we have

S RY =pel (2.73)

where p is a state in L(Hy). {Rl(-z)} can be split into a preparation of a pure state |\/p)) €
H1 ® Hy and a POVM {P;} on the space Ha @ H1: (H1- = Supp(p))
1 2

NI - (2.74)

Proof. Eq. (2.73) comes from from Eq. (2.60) and Eq. (2.70). The realization (2.74) is just a
special case of (2.72) with A; = 1'.

2.7 Connection of Quantum Networks

A Network of Quantum transformations can be used to achieve many different tasks. We can
imagine to use it as a programmable device which implements different transformations on some
inputs depending on the quantum state of the program (see Fig. 2.4). Moreover, the program
itself of the Quantum Network can be a quantum channel rather then a state (Fig. 2.5): during
the computation the network call a variable channel as a subroutine. More generally a Quan-
tum Network can call several different channels at different times and even another Quantum
Network. These kind of situation occur for example when multiple round Quantum games are
considered; in this scenario the overall outcome of the game depends on the strategies chosen by
the players that can be modeled as Quantum Networks (Fig. 2.6).

Another relevant case are Quantum Algorithms: they can be thought of as Quantum Networks
calling N uses of a quantum oracle (Fig. 2.7). All the possible uses of a Quantum Network are
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programmed transformation

,,,,,,,,,,,,,,,,,,,,,,,

H1
/

program

Figure 2.4. A Quantum Network with two vertexes used as a programmable device.

programmed transformation
program i

,,,,,,,,,,,,,,,,,,,,,,,

X

Figure 2.5. A Quantum Network calls a quantum channel as subroutine.

then equivalent to the connection of the network to another quantum network. Connecting two
network R(Y) and S() means composing the corresponding graphs by joining some of the
free outgoing arrows of a network with free incoming arrows of the other in such a way that
the final network R(N) x S(M) is still a directed acyclic graph?; we adopt the convention that if
two vertexes i € R(N) and j € SM) are connected by joining two arrows, the two arrows are
identified with the same label (see Fig. 2.8). As we said in Section 2.4, a directed acyclic graph
is endowed with a partial ordering among the vertexes that can be extended to a total ordering.
Given two quantum networks R and SM there is a priori no relative ordering between the
vertexes of RY and the vertexes of SM . However, since we require that the final network is still
a directed acyclic graph, it is possible to define a total ordering among the vertexes in the union
set RN U SM. This allows us to sketch the composition of two quantum networks in the circuit
form

— Co Ce — * | Cs Cy —Cs | =

9 As pointed out in Remark 2.4 this condition is necessary in order to avoid time loops
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Bob's strategy

—

i
- )

——

Alice s strategy

Figure 2.6. A multi-round two party game: Alice’s strategy is represented by the Quantum Network A
and Bob’s strategy is represented by the Quantum Network 5. The outcome of the game can be seen as th
interlinking of the two networks.

cdls of the oracle

B

Figure 2.7. A Quantum algorithm realized by a Quantum Network in which /N uses of the oracle are
inserted.

1 10
— C2 C5 -
0 2 4 6 9 11 13
= 12 =
Cl Cg C4 ] CG
0 1 4 6 9 1012 13
= Cl CQ C3 C4 C5 CG . (275)
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We now want to determine the Choi operator of the composite network R(™) « S in terms
of the Choi operators R(Y) and S(*) of the networks R(Y) and S(™). From Eq. (2.75) it is
clear that the combined network can be obtained by combining the linear maps C;, then its Choi
operator will be the link product of all the C;. We have then the following

Theorem 2.12 (Link of two Quantum Networks) Ler R™N) and S™M) be two Quantum Net-
works and RN) € L(Q,cg Hi), SM) € L(Q);es Hj) be their Choi operators where we de-

fined R and S the set of the free arrows of RN) and S™M) respectively. If R NS is the set of
connected arrows then

¢(R(N) *S(M)) — RWN) . g(M) (2.76)

Proof. This result is an immediate consequence of Lemma 2.4.

Remark 2.11 A relevant case of composition is the one in which we connect a quantum network

0

H@\ 6
g e el
6—

\

Figure 2.8. The scheme represents the connection of two quantum networks; the arrows that we are going
to connect have the same labels.

\
5 1

@ @ ®/

R xS \

/
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RW) with a quantum tester {Ti(NH)} in this way:

T(N+1)

K2

P
wl o . o

C1 Co Cn

The composite network RIN) x 7;(N+1) has only a classical outcome, i.e. the the index i. The
link product R™N) T;NH) gives the probability to obtain output i:

p(I|IRM)Y = RV s 7NFD = qy[ RN (VDT (2.78)

Eq. (2.78) can be interpreted as a generalized version of the Born rule: R™N)

plays the role of a
quantum state while the set {Ti(NH)T} is the analogue of a POVM. A quantum tester represents
the most general measurement process we can perform on a Quantum Network, Eq. (2.78) tells
us that two Quantum Networks R and SN) that have the same Choi Jamiotkowski operator,
give the same probability distribution for all testers TNV : this means that R™N) and S™) are

experimentally indistinguishable.
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3 Quantum Tomography

Calibration of physical devices is the basis of any experimental procedure, especially in quantum
information, where the reliability of the processes involved in the computation is crucial. Quan-
tum Tomography is the complete determination of physical devices in a purely experimental
manner (by relying on some well established measurement instruments), without using detailed
theoretical knowledge of its inner functioning. Originally introduced for determine the quantum
state of radiation [42,43,44], Quantum Tomography soon became the standard technique in the
measuring the fine details of any quantum device. In this chapter we will present a systematic
theoretical approach to optimization of Quantum Tomography of finite dimensional systems, as
it was introduced in [24,25]. The optimization of a tomographic procedure involves two aspects:
i) optimization of the experimental setup and ii) optimization of the data processing, that is the
classical processing of the measurement outcomes. Our approach is based on the notion of infor-
mationally complete measurement [45]. The optimization of the data processing [46,47] relies
on the fact that the operators describing an informationally complete measurement are generally
linearly dependent, thus allowing different expansions coefficients. For state tomography the op-
timization of the setup consists in finding the best informationally complete POVMs. However,
when the more general scenario of quantum process tomography is considered, the optimization
problem involves the choice of the input state as well (we are in the framework of the so called
ancilla assisted process tomography [48,49]); for this reason we will take advantage of the gen-
eral theory of Quantum Networks that will allow us to optimize both the input state and final
POVM at the same time.

We will begin by introducing Quantum Tomography of states and the key concepts that are
needed in order to cope with the optimization. Then, thanks to the tools developed in Chapter
2 we will generalize this setting from quantum states to Quantum Networks. Finally, we will
provide the optimal scheme for Quantum Tomography of states, channels and POVMs.

3.1 State tomography

Tomographing an unknown state p of a quantum system means performing a suitable POVM
{P;} in such a way that p is completely determined by the probability distribution

pi = Tr[pP;]. 3.1

Completely determining a quantum state means being able to predict the expectation value (A) =
Tr[pA] for any operator A, in terms of the probabilities p;, i.e.

(A) = TelpA] = 3 _pif (i, A) - VA, p € L(H) (32)

where f(i, A) denotes suitable expansion coefficients'?. The function f : (i, 4) — f(i, A) is
called data processing since it represents the processing of the outcomes ¢ of the measurement
{P;} in order to recover (A)

10we assumed a linear reconstruction of the expectation value, that is we are considering linear quantum tomography.
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From Eq. (3.2) we get:
Tr[pA] = Zpifi[A] = ZTT[PPi]fi[A] =

=Tr lPZfi[A]Pi

that is it is possible to expand any A over the used POVM { P;}. When the expansion (3.3) holds
for for all the operators in £(H), we have that Span{P;} = L(H) and we say that the POVM
{P;} is informationally complete. Informationally completeness of the POVM is equivalent to
the condition [50,51]

Supp(F)=H®H  F =Y |P)(P (3.4)

VA,p & A=) f[AIP, VA (33)

where we exploit the isomorphism (2.2). A set of vectors |v;) € H such that Supp(F) = H,
F =3, Jvi) (v;] is called frame'! and the operator F is called frame operator. Given a frame
{Jv)} it is possible to introduce a set of vectors {|u;) }, called dual frame, such that

> Jui) (ui = 1. (3.5)

If the |v;) are linearly dependent the dual frame {|u;)} is not unique. The expansion (3.3) can be
rephrased in terms of the | P;)) in the following way:

|A) = Zf(i,A)\Pi»- (3.6)

and if we introduce a dual frame | D;)) (3, |P;))((D;| = I) we have

|A) = (Z | Pi) <<D7J|> [A) =D (Dl ANIPY) = filA] = (Di|A)

(A) = Tr[pA] = (plA) =Y _(Dil A)(plP:) 3.7
We requested that the POVM has to be informationally complete because we have no prior infor-
mation about the state p of the system, i.e. p can be an arbitrary normalized positive operator in
L(H). However, we can suppose that the state p belongs to a given subspace A C L(H); in this
case the only operators we need to expand are the ones in A since Tr[A’p] = 0 for all A’ € AL,
Then the set { P; } is required to span only .4. Exploiting the isomorphism (2.2),if p € A C L(H)
and Span{P;} = A, we have that |p)) € V4, where we defined H ® H 2 V4 := Span{|F;))}.
If we denote with @ 4 the projector on V4 then Eq. (3.7) becomes

|A) = (ZPZ-MDiI) [A) =D (DY) = filA] = (Di|A)

?

(A) = (DilQalAN(plQalPr)). (3.8)

i

'Tin this presentation we are restricting ourselves to the finite dimensional case.
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The condition that the POVM spans the subspace A can be rephrased in terms of the correspond-
ing frame operator; it is possible to prove that

Span{P;} = A < Supp(F) = V4. (3.9
First we notice that Eq. (3.9) can be rephrased as
Span{|P;))} = Supp(F); (3.10)

we will verify both the inclusions Span{|P;))} C Supp(F) and Span{|P;))} D Supp(F). Since
any vector | X)) € H ® H can be decomposed as | X)) = |Y)) + |Z)) where |Y)) € V4 and
|Z)) € Vi (Va4 = Span{|P;))}), we have

FIX0) Z\P (PRI ) +12)) Z|P (PIYY) =0=
=Y (RIYP=0=(PlY)=0Vi=[Y)=0=
= |X) € V4 = Ker(F) C (Span{|P,)})* = Span{|P;))} C Supp(F).

On the other hand, let F'~! be the inverse of F' on its support; since F'' = I we have F~'F =
Isypp(ry = FF~1; then it follows

X)) € Supp(F) = | X)) = FT'F|X)) = FFT'|X)) = Z<<Pi|F_1|X>>|Pi>> =

= ZCiIPz'» = | X)) € Span |P;)) = Supp(F) € Span{|F;))}.

We now need a criterion that quantifies how well our tomographic procedure estimates the
expectation (A) of an observable A. As we have previously shown, a tomographic procedure
involves two steps:

o the measurement process which is described by the infocomplete POVM { P, } or equiva-
lently by the frame |P;));

e the processing of the outcomes which is described by the dual | D, ).

That being so, the optimization problem consists in finding the best POVM {P;} and the best
dual |D;)) according to a given figure of merit. Suppose now that the POVM is fixed and that
every repetition of the experiment is independent; if the experimental frequencies are v; := 3
(n; is the nurll\b/er of outcomes 7 occurred, and [V is the total number of repetitions), the estimated

expectation (A) is then
=D fi, Avi~ (4) (.11

where the symbol ~» means that, by the law of large numbers, the left hand side converges in
probability to the right hand side. A good figure of merit for the data processing strategy is the
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statistical error in the reconstruction of expectations, i.e. the variance of the random variable

(A). Since the variance of the mean is proportional to the variance of the distribution [52], the
statistical error occurring when the processing in Eq. (3.11) is used, can be written as:

S(A) == |f(i, A) — (A) v (3.12)

%

Averaging the statistical error over all possible experimental outcomes we have

Z(ZU@A AP0 )mk:
=31 A) - (A (Z uf’“’m) Z|f i, 4) = (4)*p; (3.13)
7 k

where the index k labels different experimental outcomes (i.e. a possible set of frequencies) and
my, is the multinomial distribution

N! Ny®

——1]»
Hz”z( ! !

that gives the probability that the experiment gives the frequencies {ul(k)} for each outcome /. In
terms of p, P; and D; Eq. (3.13) becomes

5(4) = Zlf(i,A) A)*pi = ZI (DilA) — (el AN (ol Py =

my = (3.14)

= D_I(Di Aol Pl = 1Kol 4D (3.15)

where we used Eq. (3.7) in the last equality. In a Bayesian scheme the state p is assumed to be
randomly drawn from an ensemble S = {p,,, p,,} of state p,, with prior probability p,. If we
average the quantity §(A) over S we get

s :=Z< | |<<Di|A>>|2<<pnPz->>—|<<pnA>>|2> o =
= 2_ (Dl )P (psP) ZI (onl A) PP (3.16)

where ps = ). pnpn. Moreover, a priori we can be interested in some observables more than
other ones, and this can be specified in terms of a weighted set of observables G = {A4,,, ¢m },
with weight ¢,,, > 0 for the observables A,,,. Averaging over G we have

ng —Z<Z| (DilA) PS\P Z\ {pn|Am) |Pn>Qm=

=Y (Di|GID:)(ps|P:) Z|pn|A )*Drm (3.17)

[« %)
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where G = )" Gm|Anm)) {(Am|. Since only the first term of Eq. (3.17) depends on P; and D;,
the figure of merit is finally given by:

ni= Y _(DilGID:){(ps|P) (3.18)

7

If p,, € Aforall nthen Q4|pn)) = |pn)) for all n; then, reminding Eq. (3.8), Eq. (3.17) becomes
n=Y (DilQaGQa|D:)(ps|QalP:). (3.19)

Then, the optimization problem consists in finding the POVM PF; and the dual D; that minimize
7. In the following section we generalize this scenario from quantum states to quantum networks.



308 Quantum Networks: General Theory and Applications

4 Quantum Network Tomography

At the beginning of this chapter we said that Quantum Tomography consists in the determination
of a physical device by means of experiments that produce classical information. If the physical
device is a preparator of quantum system the experiments we can perform in order to determine
its state are described by POVMs; on the other hand, if the physical device is a Quantum Network,
the experiments are described by Quantum Testers, that are the generalization of the POVMs (see
Remark 2.11). In analogy with what we did for the POVMs in the previous section it is possible
to introduce informationally complete tester, that is a quantum tester {II;,II; € L£(®7Y Hy,)}
such that the probabilities p; = Tr[II7 R] are sufficient to completely characterize the (generally
probabilistic) Quantum Network R (equivalently, to completely characterize its Choi operator
R € E(@iﬁ 1 2’Hk)). This condition can be rephrased by saying that the probabilities p; =
Tr[17 R] allow to evaluate Tr[T'R] for all T’ € £(@2N72H,,):

Te[TR] =Y f(i,T)pi =Y _ f(i,T) Tr[TI] R]. (4.1)

Following the same line as in Eq. (3.3) we can say that a tester {II;} is informationally complete
when

Span{Il’} = L(®3 *Hy,) (4.2)
The following result proves that informationally complete testers actually exist

Theorem 4.1 (informationally complete quantum testers) Let {P;, P; € ﬁ(@if{ 27'{1«)} be
an informationally complete POVMs. Then the tester I1; = (dids - - - dQ_J%,_QPZ-T is information-
ally complete.
Proof. Since P; is informationally complete we have Span{ P;} = Span{Il} } = L£(®:~ *H,,).
Then the set II; is informationally complete. Moreover » . II; = (dids---d2 ~N_2) I and
clearly (dyds - - - dan_2) 11 satisfies Eq. (2.60). W

The condition that {II7'} span the whole £(®i£f *H,) can be relaxed if we know that the
Quantum Network R lies in a subspace A of £(®2", Hy,). A relevant case is the one in which
we know that R is a deterministic network; in this case the set {II;} is required to span only the
subspace D spanned by deterministic combs D := Span{ R|R satisfies Eq. (2.60)}.

If {II; } is an informationally complete tester the set {|II;))} is a frame and we can write the
expansion

IT) = (A T)I:) 43)
where we introduced the dual |A;)). Tt is then straightforward to generalize Eq. (3.18)

0= (Al GIA) (Rs|TL5). (44
where we introduced an ensemble of quantum network S := {R,,p,} and a weighted set of

observables G := {7}, ¢, }, and we defined Rs = >, pnRn. G =3 @m|Tim) (T
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If R,, € A for all n it is possible to write an analogous of Eq. (3.19)

n=> {(Ai|QaGQAIA)(Rs|QalTL)) (4.5)
where () 4 is the projector on V4 (|R,,)) € V.4 for all n).

The analogy between Eqgs. (4.4,4.5) and Eqgs. (3.18,3.19) tells us that the optimization of
Quantum state tomography and the optimization of Quantum network tomography consist in
minimizing the same figure of merit; the only difference is that {IL; } is tester instead of a POVM
and it must satisfy the constraint (2.70).

4.1 Optimal quantum tomography for states, effects and transformation

In this section we will show how to perform the optimization of quantum tomographic setups for
(finite-dimensional) states, channels and effects, according to the figure of merit defined in Egs.
(4.4,4.5). As we pointed out in Section 3.1, optimizing quantum tomography can be divided
in two main steps; the first optimization stage involves a fixed detector, and only regards the
data processing, namely the choice of the dual A; used to determine the expansion coefficients
f(i,T) for a fixed T. As we will prove in the following, the optimal dual A; is independent of
T, and only depends on the ensemble S. The second stage consists in optimizing the detector,
which is represented by a POVMs for the case of state tomography and by a Quantum 2-tester
when the more general case of transformation is concerned.

Remark 4.1 It is worth noting that the optimization of the 2-tester covers both the choice of the
best input state for the transformation and the choice of the best final measurement. Even if at a
first sight one could think to carry this two optimization separately, thanks to the general theory
developed in Chapter 2, they can be rephrased as a single optimization problem over a set of
suitably normalized positive operators.

4.1.1 Optimization of data processing

In this section we provide the optimization of the dual frames (i.e. of the data processing) for the
general case of quantum networks; this derivation is new and is a generalization of the one used
in [47].

Let us fix the tomographing device, which is described by the frame |II;)), and let us minimize
Eq. (4.4) over the possible data processing strategies, i.e. over all the possible duals {|A;)) }. We
notice that at this stage it is irrelevant whether II; is a quantum tester or a POVM. Let us introduce
the operator

= (4.6)
2 (Ao

Since |II;)) is a frame, F' = ", |II;))((II;] is invertible and then also X’ is invertible. We now
introduce the set {|A;))} defined as follows:

|T13)

(RsIL) @7

Az =
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It is easy to verify that {|A;))} is a dual:

ZI'A?>><<HZ-| = Z( RS|H ) XX =1 (4.8)

Before proving that {|&>>} is the optimal dual we need to prove the following lemma
Lemma 4.1 Ler {|I1;))} be a frame and {|,sz W} be defined as in Eq. (4.7). Then, for any dual
{|A;)} we have

Z«Rslﬂi»\&» (K| =0 4.9)

where |K)) = |A;) — |A;).

Proof. For any dual |A;)) we have ). [II,)) (A;| = I. Then, using Eq. (4.7) we have

Z«Rslﬂi»@»« il = Z<<R5|H>>\ >><<A\*Z«Rslﬂi»lﬁ»«gl

K2

7

:Xflzu—li Al_ IZ| :Xfl

RS|H

XXX =0

Theorem 4.2 (Optimal dual) Let {|IL;)} be a frame and {|A;))} be defined as in Eq. (4.7)
Then, for any dual {|A)} we have

S (AGIAN (Rs L) > S (AIGIA) (Rs /ML) (410

i.e. the dual {|A;))} minimizes Eq. (4.4)

Proof. From Lemma 4.1 we have:

0="Tr

G <Z<<R5|Hi>>|&>><<m|>] = > (KGN (Rs|TLs) =
= D (ACIK ) {(RsIL)-
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It is now easy to verify that

D (AIGIAN) (Rs L) = Z(«Kil + (KA + | K)) (Rs|TL) =

= D (AIGIAD (R + 3 (AIGH) (R T+
+ D (EGIGIAD (RslTLs) + D (GG ) (R L) =

= D _(AGIAN (RslTi) + 3 (|Gl (Rs ML) >

> 3 (&IGIA) (Rs|TL)

i
]

Corollary 4.1 If |A;)) is the optimal dual Eq. (4.4) can be rewritten as:

n= Z<<Ai\GIAi>><<Rs\Hi>> = Tr[x 1G] 4.11)

where X was defined in Eq. (4.6).

Proof. By making use of Eq. (4.7) we have:

(ZIA (Al (Rs11; >>>

|y )

Remark 4.2 It is worth noting that the optimal dual does not depend on the set of the observ-
ables {T,,,, Gm }- On the other hand, the optimal dual depends on the ensemble { R,,, p,, } through
Rs that appears in the definition of X.

> (A GIAN (Rs|TT) =

i

=Tr [X7'C]

Remark 4.3 We derived the optimal dual for the case in which the ensemble {R,,} spans the
whole £(®2N *Hy). When we consider the case R,, € A for all n, the inverse of X becomes
the inverse on its support and Eq. (4.11) becomes

n="Tr[X "' QAGQ.A]. (4.12)

4.1.2 Optimization of the setup

In this section we address the problem of the optimization of the tester {II;} that represents
the experimental setup performing the measurement process on the unknown device we want
to tomograph. We will analyze the case in which the unknown device is a Quantum Operation
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R : L(Ho) — L(H;) represented by its Choi operator R € L(Ho ® H1); within this framework
the experimental setup is represented by a Quantum 2-tester II; € £L(Ho @ H1)
0 1

]
1) A P;

I, . 4.13)

We notice that the special case dim(Hy) = 1 corresponds to tomography of states while dim (H1 )
= 1 corresponds to tomography of effects. In order to avoid a cumbersome notation we will per-
form the optimization for the case dim(Hp) = dim(H;) = d; however, the generalization to the
case dim(Ho) # dim(H;) is straightforward. We now need to make two assumptions about the
ensemble of quantum operations { R,,, p,, } and the weighted set of observables {7,, ¢, }:

e the average quantum operation is the maximally depolarizing channel Rs(p) = I for any
p, whose Choi operator is Rg = d'Iy® I;

o the weighted set G = {T,,,, ¢ } of observables is such that
G = >, 9m|Tm){Tm| = Io1; this happens for example when the set {7}, } is an or-
thonormal basis, whose elements are equally weighted.

With this assumption Eq. (4.11) becomes

n=Telx Y = T (Z d'gﬁ?') (4.14)

We now prove that we can impose the covariance w.r.t. SU(d) x SU(d) on the tester. Let II; be
the optimal quantum tester and A; the corresponding optimal dual; we define

L0,y = (U ® V)IL(UF ® V)
Aivy = Uy @ Vi) AU @ Vi) (4.15)

where Uy € L(Hy), V1 € L(H;) are unitary matrices with determinant equal to 1, i.e. they are
two instances of the defining representation of SU(d). It is easy to check that A; ;7 is a dual
of 1I; y v; in fact we have

Z/dUdV |Hi,U,V>><<Ai,U,V| = /dg dh WU,V (Z |Hz>><<AZ|> W(E,V
=d el (4.16)

where we defined Wy v € L(Hoio17), Wou,v = U@ V1 QUG @ Vi5. We now prove that IT; 1 v
and A; v give the same value of 7 as II; and A;:

/dU dvzd<<Ai,U,V|Ai,U,V» Tl vv] = Zd«AilAi» Te[IL] =7



Quantum Network Tomography 313

Because of this, we can w.l.o.g. optimize over the set of covariant testers; the condition
that the covariant tester is informationally complete w.r.t. the subspace of transformations to be
tomographed will be verified after the optimization.

Exploiting Theorem B.3 we have

Tr[IT;
ﬁU dVILpy = ﬁU AV(U e MILUT eV = Im%; (4.17)
A generic covariant tester is then obtained by Eq. (4.15), with operators II; becoming “seeds” of
the covariant tester and now being required to satisfy only the normalization condition'?

Z Tr[IL;] = d (4.18)
i
in such a way that
> /dU AVIL gy = d™ ' Ioy (4.19)
i
satisfies the normalization (2.73). Because of the normalization (4.19) we have that |p)) = ﬁ 7))

in Eq. (2.74) that is, % |T)) is the optimal input state for the quantum operations R,,.
With the covariant tester Eq. (4.14) becomes

n = Te[X7Y, (4.20)

where

S5 A\ pv ) (1,0, v | _/ §
X_Ei: /dUdV 0] = [dUdV Wyy XW], . (4.21)

Applying Theorem B.3 and exploiting the decomposition of U @ U* (see Section B.3.5) we have

X = PPP 4 AP 4 BPPY 4 CP%, (4.22)
Pre = Py ® Py, P = Pgo, @ Ppy, (4.23)
PPt =Py, @ Py, P = Py, ® Py, .
having posed P¥, = d~|I){({|ap, P, = I, — PP, and
ap 12
= Tr[X PP] _ 1 Z Tr[(Try [IL])*] 1%
Te[Per] — d®—1 Tr[IL;]
Tr[X PPY] 1 Tr[(Tro[I1;])?]
B= = -1 4.24
Tr[Prd] — d?2—1 {Z Tr[IL,] ’ (+.24)
Tr[X P99 1 ATY[I?]
C = = ———= —(d*—1)(A+B)—1,.
Tr[P44] (d2 —1)2 {; Tr[I1;] ( JA+B)

2this is the analogous of covariant POVM normalization in [1, 53]
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The identities in Eq. (4.24) can be obtained by making use of the identities (2.7) and (2.8)
We can now rewrite Eq. (4.20) as
1 1 (d? — 1)>

Te[X ) =1+ (d* - 1) <A+B+ &

(4.25)

Without loss of generality we can assume the operators {II;} to be rank one. In fact, suppose
that II; has rank higher than 1. Then it is possible to decompose it as I = > II; ; with
IT; ; rank 1. The statistics of II; can be completely achieved by II; ; through a suitable coarse
graining. For the purpose of optimization it is then not restrictive to consider rank one II;, namely
II; = ;| ;) {(P;|o1, with Y-, o = d and ||¥;))|? = 1. Notice that all multiple seeds of this
form lead to testers satisfying Eq. (4.19). Since IT; = a;|U;)) (¥;]|, exploiting Eq. (2.4) we have

Tr[(Trola| W) (Wil01))?] = o Tr[(W,9])?] = o2 Tr[W] 0, 0] W] =
o? Te[(U] 0, 0l w,)"] = a2 Tr[(WF7)%) = Te[(Try ou| W) (T:))2) = A=B

d?—1

Tr[(ou| W) (Wi))*] = o Te[[ W) (:])*) =0 = C= 194 (4.26)

Eq. (4.25) becomes then
~ 2 2

n=Te[X =1+ (d*-1) (i + M) (4.27)
where

0<Ae 1 Za-Tr[(\II'\I/T)Q}—l <L<1 (4.28)

= d? —1\ 4 ! ‘o Sd+1 2 ’

Since 7 is a differentiable function of A, the minimum can be determined by deriving Eq. (4.27)
with respect to A, obtaining

1
A= ——; 4.2
d?+1’ (4.29)

the corresponding value of 7 is

n=d®+d* - d°. (4.30)
This bound is achieved by a single seed Ty = d|¥)) (¥|, with

= [N B) + Bl () (4.31)
where 3 = [(d 4+ 1)/(d? + 1)]'/? and |+)) is any pure state; the optimal tester is then

oy = (U V)W) (¥|[(UT e VT (4.32)

0 =1 1
(R}

il A dIlo,u,v
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We now have to verify that the set Il ;7,1 is informationally complete. Exploiting Th. B.3 we
have that

F = /dUdV|H0,U,V>><<H0,U,V| = /dU dVWU,Vd2|‘IJ>>|\I/>><<\I/|<<\II|W[E,V =

_ Tr[W)H[W) (W[ (w]P]
= P 1we Ty[P] :

(4.33)
wve{p,q}

From the definition of ¥ given in Eq. (4.31) we have that Tr[| @ )| ) (U|{(¥|P**] # 0 for all
v, v and thus F is invertible.
We now consider two relevant cases in which R,, € V C L(Ho1):

e channels: C = Span{R € L(Ho1)| Tr1[R] = Iy} = {R € L(Ho1)| Tr1[R] = Mo, A =
d-'Tr[R] € C};

e unital channels: & = Span{R € C| Try[R] = I1} ={R € L(Ho1)| Tro[R] = M1, Tr1[R]
= My, A = d~! Tt[R] € C}.

It is easy to prove that
Ve := {|R)|R € C} = Ker(P?) (4.34)

exploiting Eq. (2.7) and Eq. (2.8):

- (I B |I>><<IOO/) L T

d d
TR — T o e = 0 & Ty [R] = 2o, 35

In a similar way we have

(P + PPOIR) = S D)ao Trol Ay + 51 T B oo Do — 270 Do Do

_ 1 ((Trl[R] - “C[ZR}I)O o6 +1® (Tro[R] _ HC[IR]I)I) © Tov [ Toronr =

d
_0@<TI‘1[R]—T‘TC[£‘R]I> ®11+I0®<Tfo[R]—Tr§R]I> =0&
0 1
o TlR = g, TR = T, (4.36)
that is
Vi = Ker(P + PP9). (4.37)

From Eq. (4.34) and Eq. (4.37) it follows

Q¢ = PPP 4 PPd 4 p9d Qu = PPP 4+ P%. (4.38)
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Inserting Eq. (4.38) into Eq. (4.12) we have
ne = Tr[X~'Qc] = Tx[PPP + B~'P%® 4+ C~1 P19
nu = Tr[X1Qy] = Tr[PPP 4+ C~1P1] (4.39)

(z’ifv ~1 is the inverse on the support of X). Reminding Eq. (4.26) the two figures of merit become

1 (d®—1)?
=14+ (-1 =+
e + (d ) (A MY
d? —1)?
@ (W . 4.4
mu=1+(d )(1—2A> (4.40)
and the minima can be determined by derivation with respect to A thus leading to
ne = d® + (2v/2 — 3)d* + (5 — 4v2)d®> +2(v/2 — 1) for A = m
= (d?> —1)2+1 for A=0.

The same results for quantum operation and for unital channels have been obtained in [54] in
a different framework. The optimal tester for the two cases under examination have the same
structure as in Eq. (4.32) where now in Eq. (4.31) we have 8 = [(d + 1) /(2 + v/2(d? — 1))]'/?
for channels and 3 = 0 for unital channels. Since 3 = [(d + 1)/(2 + v/2(d? — 1))]*/? implies
Tr[|[ON| ) (P|(T|PH] # 0, we have that optimal tester for channel tomography spans the
whole £(Ho1) (i.e. F is still invertible on the whole Ho10/1/).
In the case of unital channel we have |¥)) = d~2|T)) that leads to
Te[|[IN|I) (I|(I|P"] = 0if v # p. The frame operator becomes

F= [dUdV oy ) (Iouvv| = /dUdVWU,vd2|\I/>>I\I’>><<\I’I<<‘1’|W$,v =
= / AU AV W,y [INI) (I [(IIW; \, = PPP + P2 (4.41)

Since Supp(F') = Supp(P?? + P%9) =V, the optimal tester spans the whole U/ as required.

The same procedure can be carried on when the operator G in Egs. (4.11) (4.12) has the more
general form G = g1 PPP + go PP + g3 PP? + g4 P9, where PY* are the projectors defined in
(4.22). In this case Eq. (4.25) becomes

v—1l,1 _ 2 92 | 93 (d® —1)ga
Tr[X ™G] = g1 + (d 1)(A+B+ G ) (4.42)

which can be minimized along the same lines previously followed. G has this form when opti-
mizing measuring procedures of this kind: i) preparing an input state randomly drawn from the
set {UpU]} ii) measuring an observable chosen from the set {Uj, AU, ,Ji}

With the same derivation, but keeping dim(Hy) # dim(?;), one obtains the optimal to-
mography for general quantum operations. The special case of dim(Hy) = 1 (one has P, =
0, P}, = 1in Eq. (4.22)) corresponds to optimal tomography of states and gives

1 d?-1

n=-+

7 1 (4.43)
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d?—1 i Tr[P]
and the optimal value of 7 is

with A = ;1 (Z dTiP] ) If we assume w.l.o.g that P; is rank one we get A = d(d — 1)

n= é (&° —d*+1) (4.44)

(compare with Ref. [47]). This bound is simply achieved by a covariant POVM
Py =Vdlp) (VT (Yly) =1 (4.45)

1
Pn Pov

s

where |1)) is any pure state.
On the other hand the case dim(H;) = 1 (P}, = 0, P{}, = 1) gives the optimal tomography
of effects. The optimal value of 7 turns out to be

n=(d—-d*+1). (4.46)
and is achieved by a covariant tester {II ;7 } through following scheme

Moy =Uly) WIUT  (Wy)=1 (4.47)
1

1

Vil v

where |¢) is any pure state. It is worth noting that both in the case of effects and in the case
of states the derivation of the optimal tester is the same. The only difference is that for states
we assume the average state ps equal to I/d,while for effects we assumed Es = I. The as-
sumption Es = > pn,F, = I can be interpreted by saying that we are considering a set of
effects {E,, = p,En} that form a POVM; from this perspective the scheme (4.47) represents
the optimal tomography of a POVM.

4.1.3 Realization scheme for the optimal tomography

In this section we illustrate a possible realization scheme for the optimal tomography of transfor-
mation in Eq. (4.32) that can be useful for an experimental realization. The first step is to prove
the equality

1 1| dU){(U|

A ooy | = ) A : (4.48)

By dV) (vl




318 Quantum Networks: General Theory and Applications

we have

[UN (Y5, B, * dIUN(U|p,1 + dV)(V]pya =U @ VAN (V|UT @ VI = dllgy,y
(4.49)

Exploiting a result proved in [55] we also have that the continuous measurement |U)) {(U| can be
realized by applying a random unitary before a (discrete) Bell measurement, that is

1 1
—
4 | AU 4 | Bell| (4.50)

Combining the scheme (4.50) with the scheme (4.48) we get:

By
(U }
0 1 Bell
(R]
) i) A (4.51)
B, Bell
k)

Referring to Eq. (4.51) the bipartite system carrying the Choi operator of the transformation is
indicated with the labels 1 and A. We prepare a pair of ancillary systems By and Bs in the joint
state | ) ((¥|, then we apply two random unitary transformations U and V' to B; and Bs, finally
we perform a Bell measurement on the pair 1 B; and another Bell measurement on the pair
A Bs.

The scheme proposed is feasible using e. g. the Bell measurements experimentally realized
in [56].
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5 Cloning a Unitary Transformation

The no-cloning theorem [57] is one of the main results in Quantum Information, and it is the
basis of the security of quantum cryptography. Although the cloning of quantum states has been
extensively studied [58,59,60,61] the cloning of transformation is quite a new topic. This chapter
reviews Ref. [26] where the cloning of a quantum transformation was introduced and the optimal
network that clones a single use of a unitary transformation was derived. Cloning a single use of
a transformation 7 means exploiting a single use of 7 inside a quantum network, in such a way
that the overall transformation is as close as possible to two uses of 7°

0 1 2 3 0 3
— —
i Cl Al CQ i/ = 4 3/ (51)
R

Cloning quantum transformations can be used for copying quantum software with a limited
number of uses, and in other informational contexts, e.g. in the security analysis of multi-round
cryptographic protocols with encoding on secret transformations. We can consider for example
this alternative version of the BB84 [62] protocol. Bob prepares the maximally entangled state
272 |T)) of two qubits and sends one half of the system to Alice. Alice perform either a unitary
from the set A1 = {o,} (where oy = I and o1 53 are the three Pauli matrices) or a unitary
from the rotated set A, = {Uoc,}, where U is a unitary in SU(2). Then Alice sends back is
portion of the system to Bob that finally measures either the Bell basis {272 |ou)) } or the rotated
basis {272 |U o.) }. After they publicly announce their choice of basis and discarded the cases
in which they took different choices. they use the values of u as a secret key. A natural attack to
this protocol is the quantum cloning (see Fig. 5.1).

Cloning an undisclosed transformation is a challenging task not only from a quantum-theory
perspective but even classically. Indeed, the following result holds:

Theorem 5.1 (no-cloning for transformations) Let Oy and Oy be two quantum or classical
transformations and let p < 1/2 denote the minimum of the worst case error probability in
discriminating between them. Then Oy and Oy cannot be perfectly cloned by a single use unless
p = 0 (perfect discrimination) or p = 1/2 (i.e. O1 = Os)

Proof. The proof is simple: if perfect cloning is possible, we can get three copies, perform three
times the minimum error discrimination, and use majority voting to decide the most likely be-
tween O and O with worst case error probability p’ = p?(3—2p). Since p is the minimum error
probability, it must be p < p’, whose acceptable solutions are only p = 0 and p = 1/2. Vicev-
ersa, if O and Oy can be perfectly distinguished (i.e. p = 0), then they can be perfectly cloned
by a classical strategy based on discrimination and subsequent re-preparation of the correspond-
ing transformation. This result can be generalized to an arbitrary number of transformations:

Corollary 5.1 Let {O;},i =1,..., N aset of transformations. Then perfect cloning is possible
iff either O; = O foralli,j or {O;},i=1,..., N are perfectly discriminable by a single use
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to Alice

- —U o, —
Bob 2°1) = €1 | ;ff ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

2|1 )=

Eve Eve

Bob

= 2%| u 0@>

= 2%| u 0v>>

Eve

Figure 5.1. Alternative version of the B B84 protocol with a possible eavesdropping. a) Bob prepares the
state 27 2 |T)) and send one half of it to Alice. Eve prepares the same state as Bob, intercepts the portion of
system addressed to Alice and performs the channel C;. Then Eve send one half of the outcome to Alice.
b) Alice applies /o, to her portion of system and send it back to Bob. c) Eves intercepts the portion of
system addressed to Bob and performs the channel Cy; if the quantum network C; x C is a cloning network
Eve obtains a state which is the same that Bob has and that is as close as possible to 272 |Uo,.).

Remark 5.1 Iz is worth noting that this result for N > 2 is non trivial also for classical trans-
formations. Consider the following permutations of the set {1,2,3,4} 13

4

4 ) 3 (5.2)

(1 2 3 4 (1 2 3 4 (12
1=\ 2 134 ) 27124 3) 3711 2

there is no way to perfectly discriminate among them by evaluating the permutations on a single
element.

w w

The existence of a no-cloning theorem immediately rises the problem of finding the opti-
mal cloners: In the following section we will derive the optimal network which produces two
approximate copies of a completely unknown unitary transformation & € SU(d).

13we use the following notation: the first row contains the elements {1,2,3,4} , and the second row contains the

images under the permutation of the elements above.
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5.1 Optimal cloning of a Unitary transformation

Exploiting the general theory developed in chapter 2 the cloning network R (see Eq. (5.1) ) can
be represented by means of its Choi operator R that has to satisfy the constraint (2.60), that is

Tras[R] = L@ RV Tri[RW] = Iy,. (5.3)
When we insert the unitary channel I/ in the network R we obtain the network

Cu:=R+U (5.4)
whose Choi operator is

Cu = R+ [UN(U| = (U*|RIU*) (5.5)

As a figure of merit we use the channel fidelity (see Appendix A) between Cy;y and and the two
uses U @ U of unitary channel, averaged over all the unitaries in SU(d):

1 1
P [ aurCoust) =4 [ awuiwicdv)vy = 6
d* Jsu(a d* Jsu(ay

1 * *
= d4/SU(d) dUUUIUR[UTHIUNU)-

The following Lemma exploits the symmetry of Eq. (5.6) and simplifies the structure of the
optimal network:

Lemma 5.1 The optimal cloning network maximizing the channel fidelity (5.6) can be assumed
without loss of generality to satisfy the commutation relation

RVEZZQVF @Wa@ Wi =0 VV,W € SU(d) . (5.7)

Proof. Let R be optimal. Then consider the average
R= / AV AW (V2 @ V' @ W @ WS R(VE2 @ V' @ Wy @ Wi T, (5.8)
exploiting the properties of the Haar measures (see Definition B.7) we have

F= d*14/dU<<U|®2<<U*|E|U*>>\U>>®2 =

1

-
1

Tt

/ dU(VUWT |22V U WT | RV U WT) | VUW )2 =

AU (U= (U IRIU*)IU) (5.9)
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that is R and R give thg same value of F. From Theorem B.3 we have that R satisfies Eq. (5.7).
Finally, we verify that R satisfies Eq. (5.3):

Tras[R] =

— Tras [/ AV aw (VG2 @ V' @ W @ WiEHR(VG2 @ Vi @ Wy @ WilH)T| =
— [ avaw (Vi V7 o Wa) Tras [R] (V62 V7 00 W) =

= /dV AW (VE2 @ Vi @ Wa)l, ® RV(VE? @ V' @ Wa) =

=L® /dV(V(SQ VIRV V) =L o R (5.10)

Ty [BV] = Ty [/ AV (V2@ Vi) ROV @ vl*)} -
= [avvim [y ROV v = [avvig RO vig -
= / AVVPI04VE? = Ioa (5.11)

|
Exploiting Eq. (5.7) the figure of merit (5.6) becomes:

F = S QIIGTIRIDIIT). (5.12)

Thanks to the commutation relation (5.7), we can apply the decomposition (B.51) to the Choi
operator R:

R=> > 1rierrhieri (5.13)
v,HES 1,5,k l==+

where we notice that (7"

The decomposition (B.44) induces the following identity

) is a non negative matrix for any v, p.

HOHIH =Hotr DHo— D Hg- @ Hqy— (5.14)
that leads to

[TDos ) as| 1) 12 = 1)) (0a1)(352) =
=(T*TT@T* " & PP~ @ P"") ® I352|1)) (0a1)(352) =
= [T 4 [T ) + | TP+ 4 [T ) (5.15)
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Inserting Eq. (5.15) into Eq. (5.12) and reminding the decomposition (5.13) we have

F= d*14<<1|<<1|<<1|R|I>>|I>>|I>> =

d4zz Tuzz| Z Z Tuzj®Tukl®,rzk,jl ZZu—w,],]

Vil 5,k l==%

= Z Z dyry; (5.16)

where d, := dim(H,).
We now express the normalization constraint in terms of the )
in Eq. (5.7) we get:

ik il 'L, Taking the trace over Hss

0= [Trs5[R], Vi3 @ Vi @ W] = [, ® RY, VP2 @ Vi @ Wa] =
= RV e V)= RO =5=3 % 1" (5.17)

Reminding the decomposition (B.33) we have:
[Tr1[S], V3?] = 0= Tr [S] =t PT @ t_P~ (5.18)
Comparing Eq. (5.17) and Eq. (5.18) we get:

T]."l[S] = Trl[ZZTV’i’jsf;j] = t+P+ Dt_P =
[

=tid; =Y dysyt Q=+ (5.19)

The normalization constraint Try [S] = Ip4 becomes then
T[S =t PTot P =ly=t, =t_ =1 i== (5.20)

Comparing now Eq. (5.17) with Eq. (5.13) we have

TI‘35[R} =L®S5S="Trss |R= Z Z TV ® T#’k’l ® ri/;,jl =
v, 1,5,k,l

=LY Y T = s = Z Z Ba i (5.21)
Vo4,
Inserting Eq. (5.21) into Eq. (5.19) we obtain

tid; = Z Z d, —T;’f/k. (5.22)
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The normalization (5.20) becomes then
dd; = > " dyd,rifi* (5.23)

We are now ready to derive the optimal cloner:
Theorem 5.2 (optimal cloning network) For the fidelity (5.16) the following bound holds:
F<(d+Vd-1)/d, (5.24)
The bound (5.24) can be achieved by a network as in Eq. (5.1) with:
o C1: L(Hos) — L(H1a,) is given by:

p) = Try[P,pP;] @ i) (] (5.25)

0,
o Co: L(Haa,) — L(H35) is given by:

(ilo]j) ® Is] P . (5.26)

Z\/ﬁ

where Ha, = C% and {|+) ,|—)} is an orthonormal basis of H , .
The resulting channel Cyy = R U is then given by

Cu(p) = Cax (U La,)*Ci(p)

Z\/ﬁ

Proof. Consider the matrix (a; ;) := (3, 7i%%): (a; ) is non negative and the bound a; 1, <
/@i i@k k holds. Then we have

[U Trop [PpP U © 1] P; (527

Z Zdu 2 (Z Z il ) (5.28)

where 7 labels the irreducible subspace of U ® U ® U* with minimum dimension, thatis 7 = a.
Exploiting the constraint (5.23) into Eq. (5.28) we get

2
pel (z T ) <

1 1 1
<o <Z A /dadid> = @(\/Ejt Vdo)? (5.29)

Direct computation of Eq. (5.6) with Cy; as defined in Eq. (5.27) proves the achievability. H
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5.2 The optimal cloning network

In this section we discuss the inner structure of the optimal cloning network R = Co x C;. We
can extend C; to a unitary interaction between the input systems Hy, H4 and the memory H,, :
Ci(p) = Tror[V(p @ [0)(0))V1], where [0) = (|4) + |-))/v/2 € M, and V is the controlled-
swap V =1 @ |[+){(+|+ S @ |—)(—|, S|$)|1) = |)|¢). Such an extension has a very intuitive
meaning in terms of quantum parallelism: for bipartite input |¥)4 the single-system unitary U is
made to work on both B and E by applying it to the superposition |¥)p4 +S|¥)o4 and discarding
E.

On the other hand the channel C5 can be interpreted as an extension of optimal cloning of pure
states [59]: if Ca receives the state |1)2|+) 4, as an input, the output is Co(|¥) (¢| @ |+)(+]) =
d/dy [Py (J) (3| ® I)P], which are indeed two optimal clones of |¢)). This means that realiz-
ing the optimal cloning of unitaries is a harder task than realizing the optimal cloning of states:
an eavesdropper that is able to optimally clone unitaries must also be able to optimally clone pure
states. This suggests that cryptographic protocols based on gates (such the alternative B 584 pro-
tocol described at the beginning of the chapter) might be harder to attack than protocols based
on states.

Remark 5.2 It is worth notice that the optimal cloning network that we derived in the previous
sections, is not the optimal attack to the protocol in Fig. 5.1. We derived the optimal cloning
network for an arbitrary unitary of SU(d); an optimization for the restricted set A; N Ay of
unitaries involved in the protocol could in principle achieve better performances.
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6 Quantum learning of a unitary transformation

Quantum memory is a key resource for quantum information and computation and great exper-
imental efforts are in operation in order to realize it [63, 64, 65]. A quantum memory can be
used to store an unknown transformation; in this way Alice can transmit the transformation to
a distant Bob avoiding to send the physical device; Bob retrieves the transformation from the
quantum memory.

Quantum learning is an example of storing and retrieving of a transformation. Consider
the scenario in which Alice puts at Bob’s disposal N uses of a black box implementing an
unknown unitary transformation &/ = U - UT. Today Bob is allowed to exploit such uses at
his convenience, running an arbitrary quantum circuit that makes N calls to Alice’s black box.
Tomorrow, however, Alice will withdraw the black box and ask Bob to reproduce I/ on a new
input state |1)) unknown to him. Alice will then test the output produced by Bob, and assign
a score that is as higher as the output is closer to U|¢). More generally, Alice can ask Bob to
reproduce U/ more than once, i.e. to produce M > 1 copies of U.

Let us focus first on the case in which a single use of the black box is available today (N = 1)
and a single copy has to be produced tomorrow (M = 1). The only thing Bob can do today is
to apply the unknown unitary I/ to a known (generally entangled state) |¥)) thus producing the
state

W) = U @ I|W))

—u—
W) o = | %)

after that Bob can store the state |¥z;)) on a quantum memory. Tomorrow, when Alice will
provide the unknown state |¢), Bob can send both |¢) and |¥;,)) as input to a channel C whose
output state has to be as close as possible to U |¢):

When N > 1 uses of the black box are available, Bob has several option to encode the unknown
unitary into the state of the quantum memory: he can e.g. opt for a parallel strategy where U is
applied on IV different systems, yielding

Ty)) = (USN @ 1))

-

W) = | %)

—
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or for a sequential strategy where U is applied N times on the same system, generally alternated
with other known unitaries, yielding

W) :== (UVN—1... VoUVIU @ I)|¥))

) = | W)

I

The most general storing strategy is described by a quantum network in which the N uses of the
transformation {/ are inserted (see also Fig. 2.7):

[Wer)) = S+ [UPLU] # - -+ [UD(U]

[\I,» . - -

o] Co Cn-1 Cn = | W)

Quantum learning of a transformation can be seen as an instance of Quantum Programming
[9, 66,67, 68,69]: the retrieving channel is indeed an example of a programmable device that
uses the state |¥));, as a program. The following result [9] tells us that a universal programmable
quantum channel with a finite dimensional program state, does not exists.

Theorem 6.1 (No Programming) There exists no universal programmable channel, that is a
quantum channel C : L(Ho@Hp) — L(H1), where dim(Hy) = dim(H;) = dand dim(Hp) <
oo, with the following property:

Clp@oy)=UpUT (6.1)
for all state p € L(Ho) and all unitaries U € SU(d).
Proof. Consider an isometric dilation V' of C and suppose that p is a pure state |¢)); we have
TralV([v) (| © 00)VT] = U [v) (| UT (6.2)
Adding an auxiliary Hilbert space Hp/ = Hp we have the identity

Wielp]=

Te e [W [9) (6] @ [oE) (o2 W] = Teap [V @ Ip (1) (¢] @ |0 ) (ot
= Tea[V([$) (0] @ Teps [od ) (o d DV = TealV () (0] @ 00)V1]

where we defined Hy = Hpr ® H4 and W = V ® Ip/; then, w.l.o.g. we can consider a
pure program state |57). Since U |) (1| UT is a pure state we must have W (|¢) ® |Gp)) =
U |¢) ® |Ty) for some pure state |7¢7). First we prove that the state |77) does not depend on [¢));
we have

(Guleuy (@) = (Y| @ Gu)WIW(|¢) ® |6v)) =
= @@ (ru|UTU @) @ |7;) = (rulmi) (le)
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and so |7y) = |1(;) if if (p|¢") # 0. On the other hand if (1)|¢)") = 0 we have

UL (W) + 1)) ® lrr) = W( 5 (1) + ) ® [6v)) =
= W(L ') ® [50) + W (5 ) @ [60) =
= UL W) ® ) + U 1) ® ) = |7t} = o).

Now let U; and Us be two unitaries different up to a global phase; for arbitrary |i)) we have

w W}> ® ‘&U1> =U |/(/)> ® |TU1>
w |1/}> ® |5U2> =Us |1/)> ® |TU2> ;

if we take the scalar product of the previous two identities we get

(G0, 160,) = (| UJU2 [4) (| 707,)-
If {7y, |Tv,) # 0 we can write

<&U1 |5U2>
<TU1 |TU2>

= (Y| U{Us |v)

and since the left hand side of the equation does not depend on |1) we have that also ()| U] Us [4))
must not depend on |¢)). However, this is possible only if UlT Us = A for some A € C that
is U; is equal to U, up to a global phase which is contrary to the hypothesis. Then it must
be {1y, |Tv,) = 0 that implies (6¢,|oy,) = O that is, the programs of two distinct unitaries
must be orthogonal states; since there are infinite distinct unitaries in SU(d) we cannot have
dim(Hp) < co. B

The case in which the program state oy is the output of a fixed quantum network in which N
uses of the unknown unitary U are inserted, corresponds to the learning scenario; since Theorem
6.1 proved that perfect programming is not possible, quantum learning can be realized only
approximately.'* That being so, the search for the optimal learning protocol deserves interest.

Moreover, we can think of quantum learning as an instance of quantum cloning of a trans-
formation as presented in the previous chapter!®. In the learning case we have the additional
constraint that the N uses are provided before than the input states on which we want to apply
the M replicas. Let us focus on the N = 1, M = 2 case; the following two different scenarios

14Whether the optimal programming of unitaries coincides with the optimal Quantum Learning is still an open ques-
tion.
15Clearly this interpretation make sense only if the number of uses N is greater than the number of replicas M
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are possible:

0, L yai 3
L~ ]
0/ Cl Al C2 3/ (63)
&
2 3
0 1 2/ 3
u — R (6.4)
w o el o
I
L

The two networks in Eqgs. (6.3) and (6.4) differ in their causal structure: in the learning
scheme the input state |) cannot influence the state |¥)) which the unitary is applied to; on the
other hand, the general cloning scheme allows that the state |¢) can affect the input state of /.

As pointed out in Remark 2.6, different causal structures reflect into different normalization
of the Choi operators: for the the network £ in Eq. (6.3) we have the constraint (see Eq. (5.3))

Trgy [E] = I, @ ED T, [EM] = Iy, (6.5)
while for the learning scheme in Eq. (6.4) we have
TI‘33/ [L] = 122/ X Il [ P TI'O [p] = 1, (66)

(p is the partial state of |U))).
It is easy to prove that the constraint (6.6) is stronger than the constraint (6.5). Suppose that
the operator E satisfies Eq. (6.6); then we have

Trss [E] =L ® (po X 122/) =L ® E(l) TI‘()[E(I)] = Tl"o[po ® .[22/] = Iy (6.7)

that coincides with Eq. (6.5) if we relabel 2 — 0,1 — 2,2’ — 0/ and 0 — 1.

This proves that the cloning scheme is more general than the learning scheme and contains
the latter as a special case. As a consequence we will show that the performances of the learning
network are indeed worse than the performances of the cloning network.

6.1 Optimization of quantum learning

In this section, based on Ref. [27] we derive the optimal quantum learning of an unknown unitary
randomly drawn from a group representation. The search of the optimal learning process can be
divided into two steps:

e optimizing the storing network S, that is the device that encodes the unknown transforma-
tion U into the state |¥y,)) of a quantum memory;
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2N+3

N—
N S -

L=§*R

Figure 6.1. The learning process is described by a quantum network £ = & x R in which the N uses of
U are plugged, along with the state |¢). The wires represent the input-output Hilbert spaces. The output of
the network S is stored in a quantum memory M, later used by the retrieving channel R

e finding the optimal retrieving channel C, that receives |U;,)) and an unknown state |¢) as
input and emulates U/ applied to |¢).

An alternative to coherent retrieval is to estimate {4, to store the outcome in a classical mem-
ory, and to perform the estimated unitary on the new input state. This incoherent strategy has the
double advantage of avoiding the expensive use of a quantum memory, and of allowing one to
reproduce I/ an unlimited number of times with constant quality. However, incoherent strategies
are typically suboptimal for the similar task of quantum cloning, and this would suggest that a
coherent retrieval achieves better performances. Surprisingly enough, we find that the incoherent
strategies already achieve the ultimate performance of quantum learning. We analyze the case in
which U is a completely unknown unitary in a group G, and we find that the performances of
the optimal retrieving machine are equal to those of the optimal estimation.

We will show that the solution has the following structure:

e apply the N of the unknown unitary in parallel on a suitable entangled state;
e estimate the unknown unitary by measuring the state of the quantum memory

e produce the estimated unitary M times where M is the number of replicas that are re-
quired.

6.1.1 Considered scenario: M =1

We tackle the optimization of learning starting from the case M = 1.

Referring to Fig. 6.1, we label the Hilbert spaces of quantum systems according to the follow-
ing criterion: Hy;_1 is the input of the j-th example of I, and Hy; is the corresponding output.
We denote by H; = ®§V:1 Ho,;—1 the Hilbert spaces of all inputs and by H, = ®j\;1 Ho; the
Hilbert spaces of all outputs of the N examples. Alice’s input state |p) belongs to Hon 1o, and
the output state finally produced by Bob belongs to Hon 3. All spaces H; considered here are
d—dimensional, except the spaces Ho and Han1 which are one-dimensional, and are intro-
duced just for notational convenience.
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The Choi operator L € L(H; @ Ho @ Hanto @ Han3) of the learning network L satisfies
the normalization condition (2.60), that becomes

Trop 1 [L¥) = Lo @ LD k=1,2... N+2 (6.8)

where LV+2) = L, L(® = 1,and LW € L(H;)3% "
When we insert the /N example in the learning board we obtain the network

Cu=L*xU*---xU (6.9)
and then, according to Theorem 2.12, its Choi-Jamiotkowsky operator is given by

Cy=Lx*|U)(Ulig*---* |U>><<U|(2N—1)(2N) -
= Tri [L (Tonss @ Lovaz @ (UNUIPN)T)] = (U PVLIU) N, (6.10)

We now need to introduce a figure of merit that quantifies how close the resulting channel
Cy is to the original unitary transformation U/{. A reasonable choice is to maximize the channel
fidelity F (see Definition A.1 and the following lemmas) between Cy; and the target unitary
averaged over U:

1
F::/ dU]-'(CU,L{):d—z/ AU (U|Cy, [T)) ©.11)
e el
Inserting Eq. (6.10) into Eq. (6.11) we have
1 X «
F= E/GdU«U'(?N*g)@N”)«U ENLIUHENIUN o 4+3)2v+2)- (6.12)

The following lemma simplifies the search for the optimal learning network

Lemma 6.1 The operator L maximizing the fidelity (6.12) can be assumed without loss of gen-
erality to satisfy the following commutation relation

[L,USN @ VN @ Usnis @ Vawsal =0 VU,V € G. (6.13)
Proof. Let L be the Choi operator of the optimal learning network; if we define

L= /dZ AW (29N @ WEN @ Zonis @ Winio) L(Z*N @ WON © Z @ W),
exploiting the properties of the Haar measure (see Definition B.7), we have

= [ WOl exsaawsa (VST NN W) xsaansa =

= & | AUV v avsn (2 U WSV T2 U W) N | ZUWT)

= % /G AU (U|a2n+syen+2) (U ISV LIUHEN U 2n 43y 2n+2) (6.14)

that is L and L give the same value of F'. L, thanks to Theorem B.3, enjoys the property (6.13).
Finally, it is easy to verify that L satisfies the constraint (6.8).
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6.1.2 Optimization of the storing strategy
Lemma 6.1 allows us to look for the optimal learning network among the ones that satisfy Eq.
(6.13).
Using Eq. (6.8) with £ = N + 2 we have

Tranis[L] = Ianq2 ® LY, (6.15)
The commutation (6.13) can be rewritten as

(UsEN @ VEN @ Usnys ® Vo 2) 'LUSPN @ VPN @ Usn3 @ Vi = L (6.16)
Taking the trace over Han 43 in Eq. (6.16) and using Eq. (6.16) we get

Tron3[Us %N © V2N @ Usnis @ Vo) LUGEN @ VEY @ Usn 3 © Voo =
= Trons3[L] = UON @ VEN)T LWy eN @ yoN = LIV =

= [LVHD 0oV @ VN = 0. (6.17)
We now prove that the commutation (6.17) implies that the parallel storage is optimal.

Lemma 6.2 (Optimality of parallel storage) The optimal storage of U can be achieved by ap-
plying UEN @ I®N on a suitable input state | V) € H, @ H;.

Proof. According to Th. 2.6 the learning Network £ can be realized as a sequence of isometries,
followed by a measurement on an ancillary space.

1 2 3 2N 2N +2 2N +3

|L(1)*%>> Ay Vol| Ay o+ Ay | VN+1 | M VN2 |ANy2

S R

The storing network is then represented by the isometric channel S := W+ .= Jy(V+1) .

WONHDT Ghere WNHD — () y() = I, ® Lc(){vjl)*%\f»o o @ Ty and Hy =
>0<l . . . . .

Su pp(Lngjl) 2). The Choi Jamiolkowski operator of the storing network is then S = WV +1)

IIY (I WNDT = | LNy (LOV+153 | L When we connect the storing board with

the NV copies of the unitary the final state on space Hj; becomes

o) (Yol =S« [UN(Uliz* - = [UY(Ulen-1)en) =
= |L<N+1)*%>><<L(N+1)*% loiorir % [UN(Ulrz -+ = |U>><<U|(2N—1)(2N) =
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and exploiting Eq. (6.17) we have

(W) = (UFEN LAY o = (NEN UTSN @ L) LN i o =
QN * 5 wd QN
= (NENIUTS @ LD R = (IENILHVRUTT @ 1) =
= << ®N(U®N ® I]/)|L(N+l)*§>>o_ o il = (U®N /)<<I|g§iN|L(N+1)*%>>oi o
= (UGN @ L) [T)or .
where we defined |¥))o; o v = (I|SY |L(N+D#3Y) .. Then every storing board can be realized

applying (U™ @ I) to a suitable input state |¥)) € Hy . B

Remark 6.1 It is possible to prove that the optimality of a parallel strategy is a common feature
of all the problems involving estimation of group transformations. However, the only covariance
(6.17) does not imply that the Quantum Network can be parallelized; a crucial aspect of the prob-
lem is that we have access to the physical transformation U and that the scheme (USN @ I)| W)
is physically realizable. We will see (see Chapter 9) that there are cases in which the quantum
storing network is covariant but it cannot be parallelized because the set transformations Ry we
want to learn, even if they are orbit of a group representation (e.g. Ryy = UR;U'), do not form
a group; In this case, an analogous of Eq. (6.17) holds but since we do not have physical access
to the unitaries U, the optimal network cannot be assumed to be parallel.

Optimization of learning is then reduced to finding the optimal input state | ¥') and the optimal
retrieving channel R. The fidelity can be computed substituting L = R * S in Eq. (6.12),
and using the relation (U|{(U*|*N(R « S)|UN|U*HEN = (U|R|UY) = (U*|2NS|U*HON =
(UIR|U)) * |y ) {Pr|, which gives

1 * *
F= Z | (UKL RIU) W) dU. (6.18)
The following lemma further simplifies the structure of the optimal input state for storage

Lemma 6.3 (Optimal states for storage) The optimal input state for storage can be taken of
the form

D ~
W) =D/ 1) en, (6.19)
; j
J
where p; are probabilities, H= @j (H; ® H;) is a subspace of H, @ H; carrying the represen-
tation U = ®,(U; ® 1;), I being the identity in H;, and the index j labelling the irreducible
representations U; contained in the decomposition of U N,

Proof. Let us consider the local state
pi=Try [[UN (U] = Try (LGN L2 ) (LT3 g 005 [INEN] =
N+1 N+1 1
= T [LV (SN 1) (oo o INEN LTV 2] =

= Try [LV R 1) (o L)

o i’ o i’
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It is easy to prove that p € L£(H,) is invariant under U®:

N+1)1
UEN ptoN — eN gy, [Lg,-f>2|f>><<f|o~f:

(UN @ L)L VD) (Ll LISV (U19Y & 1)

0// o i’

]
LR WUON @ L)1) (] (UTEN © L)L)
1)

(N+1
(IN+Dzpten

= Try

i/
1 o’ i’ o’ i’

I
L
o [L0SVE Iy @ UTEN) | IV (UTON @ L)L, T%) =
[
[

=

T

Try (L,

= Ty [(Iy ® UTENY L0210y (7] ,Lf,fv,* Vs (gteN g 1,)] =
Tro L33 ) (v LV =

1 o’ i’

Decomposing U®¥ into irreducible representations (irreps) we have U = @ j(Uj ® Im;)s
where I, is the identity on an m ;-dimensional multiplicity space C™. Reminding theorem B.2,
p must have the form p = @, p;(I;/d; ® p;), where p; is an arbitrary state on the multiplicity

space C™. Since | W) is a purification of p, there exists a basis in which we have |¥)) = [p2)) =
1 . 1

®, V/p;/d; |1;))|p} ), which after storage becomes [Vy)) = €, \/pz/dj|Uj>>|pj? ). Hence,

for every U the state |¥;)) belongs to the subspace H = Gaj(Hj®2 ®|p;)) ~ €D, H;ZQ. [ ]

6.1.3 Optimization of the retrieving channel

In this section we optimize the retrieving channel R; exploiting some symmetries of R we can
prove that the optimal retrieval is achieved by a measure and re-prepare strategy.

Thanks to Lemma 6.3 we can restrict our attention to the subspace H, and consider retrieving
channels R from (Haon 2 ® H) to Han 3. The normalization of the Choi operator is then

Tron43[R] = Lni2 ® I . (6.20)

The following lemma tells us that the optimal retrieving channel can be chosen among the co-
variant ones:

Lemma 6.4 We can require without loss of generality that the operator R maximizing the fidelity
(6.18) satisfies the commutation relation

R U3 @Vin @ | EPU;@V) || =0  VUVEG. (6.21)

J
where P ;(U; ® V) acts on H.

Proof. The proof consists in the same averaging argument that was used in the proof of Lemma
6.1. &
According to Eq. (B.16), the representation U ® U can be decomposed as

Usnys @ U = @ (UK ® Im%')) (6.22)
KEirrepS(U@U;)
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and in a similar way we have
Vivi2@Vi= P (VL ® Img») : (6.23)
LeirrepS(V*®Vj)

Combining Eq. (6.22) and Eq. (6.23) we have

Uanis®@Vinypa ® |PUr Vi) | =P (UeU)) @ (V:aV;) =
J J
=P Uk @ VL@ Iny,) (6.24)
K,L

where I, , is givenby I,,,, = ®jEPKL (Im(_j) ® Imm), where P, is the set of values of j
K L

such that the irrep U ® V' is contained in the decomposition of Uan 13 ® Vi 1o @ Us @ V.
Inserting the decomposition (6.24) into Eq. (6.21) we have

REP Uk @ VL @ Iny,)| =0 (6.25)
K,L

that thanks to Theorem B.2, leads to the decomposition

RZ@(I}(@IL@RKL) (6.26)
K,L
where R, is a positive operator on the multiplicity space
(C"LKL — @jGPKL ((Cm(lé) ® (Cm(L])
The decomposition (6.22) induces the following decomposition of Hilbert spaces
(7)
HOH; = $H (HK ® C™x ) (6.27)
KGirrepS(U@UJ?‘)

that allows us to write

Iel;= @ (IK ®Img)). (6.28)

KEirrepS(U@U;)

From Eq. (6.28) we have

mely= @ (khel,o) (6.29)

KeirrepS(U®U;)

that leads to the following identity:

~@ =@ @ L)

7 KEII’I‘EPS(U@U;) J

=P b |IK Iy @lll{ Max)

K jePkk

(6.30)
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where |I)) € H%? and |ag) € C™*X is given by
lax) = D /pild;i 100D (6.31)
JEPKK

Exploiting Eqgs. (6.26) and (6.30) the fidelity (6.18) can be rewritten as

d
F=Y" d—;( (ak|Rkklak) . (6.32)
K

We now prove that the optimal retrieving consists in a measure and re-prepare channel; we
split the derivation into two parts.

Lemma 6.5 For the fidelity in Eq. (6.32) the following bound holds
0 —\°
(ZjEPKK mg pj)

F<y, = (6.33)
K

; i) . . o )
where we remind that m([?) is the dimension of the multiplicity space C™&" and that where P i

is the set of values of j such that the irreducible representation Ui ® Vi is contained in the
decomposition of U @ V* @ U ® V.

Proof. Taking the trace over Han 43 into Eq. (6.21) gives
TronislR], Vanse ® | U @ V) || =0; (6.34)
J

reminding the decomposition (6.22) and exploiting Theorem B.2 we can write

Tronis[Rl =PI @ (@ I ® r}”) (6.35)
7 L

i) . . . )
where r(LJ) is a positive operator acting on C™L".

Comparing Eq. (6.26) traced over Han 43 with Eq. (6.35) we have

@ @L@Tg) ®IL:@<®T1"2N+S[IK®RKL]>®IL:>
L J

L K

=@ ery =@ Trovsllx ® Ry (6.36)
J K

Let us now denote with P; the projector on H; with Px the projector on H g and with Pi((j ) the

projector on C™%’: we can then rewrite the decomposition (6.28) as P; @ I = Y, Px ® P[(g )
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Projecting both the two sides of Eq. (6.36) on H; ® e we get
Lery =P ePr?) @TI"2N+3[IK®RKL](P ®PY)) =

- @TTQNH[(PJ' ® Irn+3 ® P£ NIk ® Rxr (P ® Ianis ® Péj))]
K

=P Toones | > (Po@ PY © POk @ R Y (Pe @ PY @ PY)
K Q G

= @ Tron13[lx © Rlep)- (6.37)

where we used the notation R}, = (P(J) ® P(j))RKL (Pf((j) ® Péj)). Taking the trace over H;
in Eq. (6.37) leads to

’I‘I‘ [I ®,,,(J)] Trj @T}:’2N+3[IK®R%(L}
K

= dj?“g) = Trj 2N+3 l@ Ix ® RJKL
K

= Tr(GBKK@m(;?)) l@ Ix ® R%{L
K

where Tr(®KK® mi) denotes the trace over @, Hrx ® C"x = H; @ Hans.

Exploiting Eq. (6.35) into the normalization (6.20) we obtain

=Y dk T, [R;;L} (6.38)
K

TronsslR] = P L ® (@ IL® r?) =Ly @Iy =1 =1 o (6.39)

j L

that together with Eq (6.38) gives
I = Z —=Tr, ) [ KL} (6.40)

that for L = K 1mphes the bound
(4)

. d.

To[R ] < HE (6.41)
di
Reminding Eq. (6.31), for the fidelity (6.32) we then have the bound
dx Dby’

F= (I ) < 42

Z Z d;d; ()|RKK|I G’ H) (6.42)

7,3 €EPK K
() ’ @ —)\
Pl o IR, 00) (ZjEPKK my \/Pj)

d m m
I 23 | <X 7
K J

K
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having used the positivity of R i for the first bound and Eq. (6.41) the second. l
It is now easy to prove the following

Theorem 6.2 (Optimal retrieving strategy) The optimal retrieving of U from the memory state
|Wyr)) is achieved by measuring the ancilla with the POVM Py = |np) <(77U| given by |ng) =
@j v dj |U’ and, conditionally on outcome U, by performing the unitary U on the new input

system
.

R| = T (6.43)

Vo) o))

(the arrow represents the communication of the classical outcome of the measurement).

Proof. We now prove that the measure and prepare strategy described above achieves the
bound (6.33). First, the Choi operator of the measure-and-prepare strategy has the form R =

JeIOYUlanys)2n2) © I3 ) ) replaced by |n7)) and
applying theorem B.3 we have

Rest=/G|U>><<U|®\775>><<775\d(7=
= [ IOVIEVI® ) 140 AV =
:/U®VT®(7*®I7ﬂ[>)(<1|®|n})><<n}k|UT®V*®Iﬁ®XN/dUdV:
G
:/U®VT®L7‘®ﬁ@|Ik>>(<IL|\ﬁK> Bl UT @V @UT @ VdU AV =
G

KL

= @IK ® Ix ® |Br) (Br|
K
where U* ® Vi = EB U; @V, and |Bk) = gePKK \/d \I (]) . Eq. (6.32) then becomes

, @ —\?
est _ Z | OéK‘,BK N (ZJGPKK;ZK p]) . (6.44)

|

By making use of the above result it is easy to optimize the input state for storing. In fact,
such a state is just the optimal state for the estimation of the unknown unitary U [70], whose
expression is known in most relevant cases. For example, when U is an unknown qubit uni-
tary in SU(2), learning becomes equivalent to optimal estimation of an unknown rotation in
the Bloch sphere [71]. For large number of copies, the optimal input state is given by |¥)) =~

V4/N Z;V/fmm % |I;), with jmin = 0(1/2) for N even (odd), and the fidelity is
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F ~ 1—(27?)/N?. Remarkably, this asymptotic scaling can be achieved without using entangle-
ment between the set of N qubits that are rotated and an auxiliary set of [V rotationally invariant
qubits: the optimal storing is achieved just by applying U®?V on a the optimal N-qubit state [71].
Another example is that of an unknown phase-shift U = exp[iflo.]. In this case, for large number

of copies the optimal input state is |¥)) = 1/2/(N + 1) ZanfiN/z sin[r(m+1/2)/(N+1)]|m)
and the fidelity is F' ~ 1 — 272 /(N + 1)? [72]. Again, the optimal state can be prepared using
only N qubits.

6.1.4 Generalization to the M > 1 case

Our result can be extended to the case where the user must reproduce M > 1 copies of the
unknown unitary U. In this case, there are two different notions of optimality induced by two
different figures of merit, namely the single-copy and the global fidelity. In the following we will
examine both cases.

6.1.5 Optimal learning according to the single-copy fidelity

Let Cy be the M -partite channel obtained by the user, and Cg)ﬂ be the local channel CI(JZ,)Q( p) =
Tr;[Cu(p @ Q)], where p is the state of the i-th system, € is the state of the remaining M — 1
systems, and Tri denotes the trace over all systems except the i-th. The local channel C[(})Q
describes the evolution of the i-th input of C;y when the remaining (M — 1) inputs are prepared
in the state ). Since we can be interested in some replicas more than in other ones, we can
imagine to associate a weight ¢; (3, ¢; = 1) to each of the M copies; in this way the figure of
merit becomes:

Of course, the fidelity between C;; @ v.q, and the unitary U cannot be larger than the optimal fidelity
of Eq. (6.33); moreover the optlmal fidelity depends neither on g; nor on €2;. Therefore, the
measure-and-prepare strategy presented in Theorem 6.2 is optimal also for the maximization of
Eq. (6.45), which do not decrease with increasing M.

6.1.6 Optimal learning according to the global fidelity

The optimization carried on for the case M = 1 can be extended to the maximization of the
global fidelity between Cry and UM

F@ = / dUF(Cy, USM) = CPLM / AU UM U |V LIuEM U )EN (6.46)

just by replacing U with U®™ in all derivations. Indeed, the role of the target unitary U in
our derivations is completely generic: we never used the fact that the unitary emulated by the
machine was equal to the unitaries provided in the examples. Therefore, following the same
proofs for the case M = 1 it is immediate to see that also for the case of M > 1 copies with
global fidelity the optimal strategy for storing consists in the parallel application of the examples
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on an input state of the form of Lemma 6.3 and that the optimal strategy for retrieving consists
in measuring the optimal POVM P; and in performing U ®M conditionally on outcome U. Note
that in this case the coefficients {p; } in the optimal input state of Lemma 6.3) generally depend
on M.

Remark 6.2 Since we never used the fact that the N examples are identical, all the previous re-
sults hold even when the input (output) uses are not identical copies USYN (U®M), but generally
N (M) different unitaries, each of them belonging to a different representation of the group G.
For example, if G = SO(3) the N examples may correspond to rotations (of the same angle and
around the same axis) of N quantum particles with different angular momenta. Of course, the
same remark also holds when the M output copies.

6.2 Comparison with the cloning

Let us now focus on the optimal learning according to the global fidelity for the N = 1 and
M = 2 case Specializing Eq. (6.19) the optimal state for storage becomes ¥ = ﬁ|] ) and the
optimal learning board is

| . (6.47)

The maximum value of the fidelity is given by replacing @j(U; ® V;) with U* @ V' and
Uani3 @ Voyyo With Uan 13 @ Voo ® Uangs @ Vi, 4 in the previous derivation. From
the decomposition (B.44) we have that m, = 2,mg = 1, m,, = 1,(m, = 0if d = 2); inserting
these values into Eq. (6.44) we get

1
F](\?ll,]\/lz2 = at Z(mu)Q =

6 5
:ﬁford>2, or Eford:Q (6.48)

The learning with N = 1 and M = 2 can be compared with the optimal cloner 1 — 2 we
derived in chapter 5. The maximum value of the fidelity was (see Eq: (5.24))

F(clon) (d + \/ﬁ)/d‘3 (6.49)

which is much higher than F'(9). This result stresses the difference between cloning and learn-
ing: since in the learning scenario we have to apply the unitary to a fix input state, we cannot
exploit the full computational power of the unitary channel ¢/ and we cannot achieve the same
performance of the optimal cloner.
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7 Inversion of a unitary transformation

In this chapter we consider the problem of finding the Quantum Network that realizes the optimal
inversion of a unitary transformation. Let us suppose that we are provided with a single use of
unitary transformation i/ = U - U but we need to apply its inverse /' = U -U on an unknown
state |)'®. The most general strategy we can follow in order to achieve this task is to exploit the
single use of U/ in a quantum network such that the resulting channel is as close as possible to
target unitary U/ 1

0 1 2 3

o) = 0 3

Gl o4, |G

(7.1)

2
<
S

g

If the use of the unitary U/ is available only today while the state |¢) on which we need to
apply the inverse /! will be provided tomorrow, we cannot apply the scheme in Eq. (7.1) and
the best we can do is to apply a learning strategy (see Chapter 6):

0 1 2 3

) - 0 3
oy |4, |C| o [R] = U ut! (7.2)
| E—
L

We encountered the same situation when we compared the cloning and the learning of a
unitary transformation. The Choi-Jamiotkowsky operators of G and L satisfy the conditions:

Trs[Gl= Lo  Tr[GW) =1, (7.3)
Tolll=hLoh©p Tl =1, (7.4)

that coincide with Eqgs. (6.5) and (6.6) by defining Ho ® Ho := Hp and Hz ® Hs := Hs.

As we noticed when we compared the learning and the cloning strategies, the constraint (7.4)
is stronger than the constraint (7.3), and this means that the learning scheme in Eq. (7.2) can be
interpreted as a special case of the scheme in Eq. (7.1).

In principle, one could expect that the strategy (7.1) allows to achieve better performances
that the learning scheme (7.2). However, as we will see in the next sections, the optimal inversion
is achieved by a measure and re-prepare strategy which is a special case of quantum learning.

7.1 Learning scenario

In this section we show that it is possible to extend the results of chapter 6 to the optimal learning
of the inverse of an unknown unitary U. Then we can consider the more general scenario in which

16the generalization to the general case with N uses and and M replicas of the inverse is work in progress.
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N > 1 uses of the unitary are available and M > 1 replicas have to be produced. The figure
of merit is than the averaged channel fidelity between the inverses U/ 1M and the resulting
replicas LxU * - - - xU:

1 * *
= G<<UT\®M<<U [EN LUty MU ) e au (1.5)
as obtained by substituting U with UT® in the target of Eq. (6.12). From this expression the
commutation (6.13) becomes

[L, VM @ UM @ *®N o V&N = (7.6)

Therefore, the optimal inversion is obtained from our derivations by simply substituting Usn 3 —
VM and Von o — UPM . Accordingly, the optimal inversion is achieved by measuring the op-
timal POVM P, on the optimal state [V;)) and by performing UteM conditionally on outcome
U.

Focusing on the N = 1, M = 1 case the optimal network is:

\
| (7.7)
\
\

The maximum value of F" for this case is obtained by substituting P, (U; ® V;) with U* @V
and Uan 13 @ V5o With Van 13 QUS| 5 in the main derivation. Reminding the decomposition
(B.41) we have that m,, = m, = 1 and thus Eq. (6.44) gives

1 2
F=-> (m)?=25 (7.8)

Remark 7.1 The optimal “learning of the inverse” of a unitary transformation provides the
optimal approximate realignment of reference frames in the quantum communication scenario
considered in Ref. [73], proving the optimality of the “measure-and-rotate" strategy conjectured
therein. In that scenario, the storing state |U)) serves as a token of Alice’s reference frame, and is
sent to Bob along with a quantum message |¢). Due to the mismatch of reference frames, Bob re-
ceives the decohered state oy = [, |Vu ) (Vi |@U|p){(p|UT dU, from which he tries to retrieve
the message |p) with maximum fidelity f = [ d (¢|R'(0,)|p) dp, where R’ is the retrieving
channel and dy denotes the uniform probability measure over pure states. The maximization of
[ is equivalent to the maximization of the channel fidelity F' = [, (UT|(¥};|R'|UT)|¥},) AU,
which is the figure of merit for optimal inversion. It is worth stressing that the state | V) that
maximizes the fidelity is not the state Vi) = @, /d;/L|1;), L =3, dZ that maximizes the
likelihood [74]. For M = 1 and G = SU(2),U(1) the state |¥)) gives an average fidelity that
approaches 1 as 1/N?, while for |Wy;.)) the scaling is 1/N. On the other hand, Ref. [73] shows
that for M = 1 | Wy ) allows a perfect correction of the misalignment errors with probability of
successp = 1 — 3/(N + 1), which is not possible for |U)). The determination of the best input
state to maximize the probability of success, and the study of the probability/fidelity trade-off
remain open interesting problems for future research.
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7.2 Supermap scenario

In this section we will review the derivation of Ref. [28] of the optimal inversion of a unitary
transformation according to the scheme (7.1); since the quantum network G can be interpreted
as a supermap G : L(H1,H2) — L(Ho,Hs) that maps the unknown unitary transformation
U € L(H1,Hs) into another transformation G(U) := G xU € L(Ho, H3) we call the scheme
(7.1) the supemap scenario for the inversion of a unitary transformation.!”

In order to make a meaningful comparison, we choose as figure of merit the averaged channel
fidelity as we previously did in the learning scenario:

Fe / dUF(G.U)
SU(d)

1 ,
/ AU (U |50 (U* |21 G|U 30| U* N1 (7.9)
SU(d)

T2
The following lemma holds:

Lemma 7.1 The operator G maximizing the fidelity (7.9) can be assumed without loss of gener-
ality to satisfy the commutation relation

[G,U3®W2®U1 ®W0]=O VV,WGSU(d). (7.10)

Proof. The proof consists in the standard averaging argument (see e.g. Lemma 6.1): Let G be

optimal. Then take its average G = [dU dW (Us @ W2 @ Uy @ Wo)G(Us @ W2 @ Uy @ Wo)':

it is immediate to see that G satisfies Eqs. (7.10) and (7.3) and has the same fidelity as G. W
Thanks to Theorem B.3 and reminding the decomposition (B.33) G can be decomposed as

C= )Y a"PloPy, (7.11)
n,veS

where S = {+, —}, Pg is the projector onto the symmetric/antisymmetric subspace of H; ® H;
,and a*” > 0 Vu, v. Moreover, using Eq. (7.11) the fidelity (7.9) becomes

P %<<1|30<<I|21G|I>>3o|I>>21

1 vv v
== > ady,  d, =Tr[P"], (7.12)
ves
while the normalization (7.3) can be rewritten as » s atd, = 1,Vv € S. The last equality
implies the bound F' = % > pes @My, < 2/d?, which is achieved if and only if o = 6;”,
that is, if and only if
_ PfiePy N Py ® Py,
dy d_

- / 40 [0 (O a0 @ [0 (T s, (7.13)
SU(d)

G

17Clearly, also the learning network can be thought as a supermap; however, whenever in this chapter we use the term
supermap, we refer to the scheme (7.1).
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We have then proved that the learning and the supermap scenarios achieves the same value
of F'. Contrary to what one could expect there is no coherent strategy that achieves better perfor-
mances than the measure and re-prepare learning scheme in Eq. (7.7).
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8 Information-disturbance tradeoff in estimating a unitary transformation

One of the key features of Quantum Mechanics is the impossibility of extracting information
from a system without producing a disturbance on its state; this is the basis of the indeterminism
of Quantum Mechanics and of quantum cryptography. However, a quantitative expression of the
tradeoff between information and disturbance is generally a non trivial issue, and it has been the
subject of numerous papers [76,77,78,79,80,81,82,83,84] since Heisenberg’s y-ray microscope
thought experiment [75].

On the other hand, the case of extracting information from a black box without affecting
the transformation it is expected to perform, has not been considered yet. More precisely, we
consider the problem of both applying the black box to an arbitrary input state and estimating its
transformation within the same use. Similarly to the case of state estimation, the information-
disturbance tradeoff for channels is interesting for security analysis of two-way quantum crypto-
graphic protocols [85,86]. An information-disturbance problem in the estimation of the state of
a quantum system can be split into two parts;

e making a measurement which supplies information about the state of the system;

e comparing the state of the system before the measurement with the state after the measure-
ment.

Suppose we are provided with a system which is in an unknown state p,, randomly drawn
from an ensemble {p,, p, } (p,, is the probability of getting the state p,,); we want to estimate the
parameter n and compare the state after the measurement with the state before the measurement.
The right tool for describing such a process which has both a classical (the result of the measure-
ment) and a quantum (the final state) output is a quantum instrument {75 } (see Section 2.3). The
quantum instrument {75 } with probability p(7s|n) = Tr[Z;(p, )] outputs the classical outcome
fi (that is an estimate of n) and the quantum state p!, = 75 (pr)/ Tr[Za(pr)]: the closer 7 is to n
the greater is the information and the closer p/, is to p,, the less is the disturbance.

The previous framework can be generalized to the case of channels. Consider a quantum
network C that can be linked with a single use of an unknown channel &,, randomly drawn from
a set {&,}. We want the network C to provide us with an estimate 7 of n, but without affecting
the output £(p) on the input state p

-
" 203 (8.1)

C—n

We notice that the resulting map C x &, behaves like a quantum instrument; since &, is a
channel (i.e. a deterministic map) we have that C is actually a generalized instrument {C} (see
2.3).

Obviously, if we are interested only in gathering information on the unknown channel, the
optimal device is the one suggested by channel estimation [70]: we apply locally the channel to
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the best (according to some prior information) bi-partite state o and then we perform a suitable
measurement P;. In this case we neglect the action of the channel on the input state of the
circuit £(p). On the other hand, if we are not interested at all in gathering information about the
channel &, the best circuit board simply consists in applying £ to p. Between these two extremal
situations one can ask what is the maximum amount of information that is possible to gather
without violating a disturbance threshold.

In this chapter we review Ref. [29] derived the best generalized instrument which achieves
this task when the unknown channel is a unitary transformation, for any possible information-
disturbance rate.

8.1 Optimization of the tradeoff

We now address the information-disturbance problem in the unitary case. Suppose we are pro-
vided with an unknown unitary gate V € SU(d) picked randomly according to the Haar dis-
tribution; we now look for the best generalized instrument {Ry € L(L(Ho2) ®i_yHi)},
JdAVRy = Rq (V € SU(d)) which performs the best estimation of the group parameter V'
without affecting too much the performance of the unknown gate.

We now introduce two figures of merit in order to quantify the disturbance and the informa-
tion gain. Minimization of the disturbance can be expressed by maximizing the channel fidelity
F (defined in Eq. A.1) between the average resulting channel [ dVRy U = R U and the
input unitary U:

1
f(RQ *M,U) = E«U'OB <<U*|12RQ|U>>03|U*>>12 (82)

A reasonable choice for the figure of merit is the group average of the fidelity (8.2):

F(Ro) = / AUF (R + U, U) = % / AU (U o5 (U |12 Ral U Dos| U Do 83)

Now we need an expression to evaluate the amount of information gathered. The probability
of outcome V' when the input state of the network is p € B(H) has the following expression

p(V|U, p) = Trs[Rv xU(po)]. (8.4)
In our derivation we assume pg = d~!Ij since this condition arises in two relevant cases:

e when the input system is prepared in a maximally entangled state with some ancillary
system; this is the scenario in the protocols of Ref. [85]

e when the input system is prepared at random in one of the states of an ensemble (p;, p;),
with the property ps = >, p;p;. This is the case of the protocol of Ref. [86]

With this assumption Eq.(8.4) becomes

PVIU) = 5 Tasl(Ry =) To] = 5 Tros (0 | Ry U] )
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Now we need a payoff function ¢(U, V') which quantifies the error of estimating V' when the
unknown unitary is U: taking inspiration from the previous definition of disturbance, a good
choice is again the channel fidelity, that is

1 1
o(U,V) = FUv) = 5 {UV) = | Tr[UVT % (8.6)
Then the information gain is given by

G(Ry) = /dUdvp(vw)c(U, V) =

= % /dUdV Troz[(U* |12 Ry |U N 12] [(U V) |2 8.7)

The following lemma allows us to restrict to a specific class of generalized instruments.

Lemma 8.1 For any generalized instrument {Ry+}, f dV'Ry = Ry there exists another gen-
eralized instrument {Ry }, [ dVRy = Rq such that

Ry = (Vo @ Vi ® Ioz)Rr(Vo @ Vi @ Iog)"

= (In ® Vol @ Vi) Ri(Ipn @ Vik @ Vi) (8.8)
F(Rg) = F(Ry) (8.9)
G(Ry') = G(Rv) (8.10)

Proof. This result is a straightforward application of the averaging argument for covariant
POVMs [1]. Let RQ/ be optimal; then let us consider

Ry := /dW(WO ® Wi ® Ins) Ry (Wi @ W @ Ing) (8.11)

exploiting the properties of the Haar measure dW it is easy to verify that Ry enjoys the properties
(8.8), (8.9) and (8.10). W
Since R = deRV, and reminding Eq. (8.8) we have

Rq = /dV(‘/E)@Vl* ®123>R1(‘/0®‘/1* ®123)T. (8.12)
Applying Theorem B.3 we get [Rq, Wy ® W; ® Vo ® V5| = 0 and the normalization conditions
Tr3[Ro] = Réll) ® I, Try [R(l)] = Iy become trivially

Tr[R;] = d*. (8.13)

Theorem B.3 and decomposition (B.42) allow us to rewrite the two figures of merit in the
following way:

F = Tr[RrRp], G = Tr[RgR/] (8.14)
1
Rr = m(fmzza +d*Fgy @ Pyy — Pg) © Ins — Ion ® Pyy)

1

2
Rg=——5——= 1—— )1 1 I P
G B 1) (( d2> 03 @112 + o3 @ 12)
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where P, = d~'|I){(I|;; is the projector on the one-dimensional invariant subspace of V; @ V;".
Clearly we cannot independently optimize the two figures of merit. What we can do is to fix
a value of G and then maximize F. We now prove that this approach is equivalent to fixing a
disturbance-gain rate 0 < p < 1 and maximize the convex combination:

pG+ (1 —p)F = Tr[(pRc + (1 — p)RF)Ry] (8.15)

Let fix the value G = G now let us suppose that R;(p) maximize the combination p'G + (1 —
p')F with p’ such that p’ Tr[R;(p')G] = G. Clearly R;(p') achieves the maximum value of F
since any other greater value of F' would increase pG + (1 — p) F'. This explain why the optimal
information disturbance tradeoff can be obtained by maximizing Eq. (8.15).

Since the only restrictions on R; are positivity and the normalization given by Eq. (8.13), the
optimal choice for the operator R; is to take it proportional to the projector on the eigenspace of
pRa + (1 — p) Rp corresponding to the maximum eigenvalue; this projector can be shown [80]
to be

R = |x) (x| (8.16)
Ix) = x| I)os| I )12 + y|INo1|I)2s z,y € RT

Reminding Eq. (8.8) we get Ry = |xv) (xv| with [xv) = z[V)os|V" )12 + y[L)o1[]))2s.
Normalization condition (8.13) implies that  and y obey

d*z? + d*y? 4 2xyd = d* (8.17)

We notice that we correctly have just one free parameter which will depend on the tradeoff ratio
p. Fidelity and gain can be calculated in terms of the parameters « and y, getting the following
expressions
d?—2 2 —

7 z? G= dzy
We note that when = 0,y = 1, we have Ry = |[I){(I|o1 ® |I)){(I|23 for all V, that is the
generalized instrument is the identity map. In this case the performance of the unknown unitary
is not affected at all and the channel fidelity reaches its maximum F' = 1. On the other hand
the information gain takes its minimum value G = d% which corresponds to random guessing
U. The opposite case x = 1,y = 0 clearly gives the minimum value I’ = d% and the maximum
G = d%, which is the same given by the optimal estimation.

Using Eq. (8.17), we can easily express G as a function of x; then, upon eliminating x, we

can express I’ as a function of G:

F=1-

(8.18)

V(@ =2)2-d?G)=+/(>-1)F-1-V1-F. (8.19)
It seems useful to introduce the variables 0 < I, D < 1:
G - Gmin Fmax - F
[=—— —— D= —"——— 8.20
Gmaz - szn Fma:v - szn ( )

where Grae = 2d72, Gnin = d72, Fpuin = 2d~? and F,,,o, = 1. Expression (8.19) can be
rewritten in terms of D and I:

d*(D—1)>—4D(1 - 1) = 0; 8.21)
the plot of Eq. (8.21) is reported in Figure 8.1.
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Figure 8.1. Plot of the lower bound D(I) of the disturbance, corresponding to Eq. (8.21), for various value

of d: solid line, d = 2; dashed line, d = 3;dotted line , d = 4.

8.2 Realization scheme for the optimal network

We now inspect the structure of the optimal network. Theorem 2.9 tells us that the generalized

instrument can be realized by

e a deterministic network S : B(Hg2) — B(H1zs @ Ha,);

e aPOVM {Py = R, Ry R,?} on the ancilla space Ho1/2/5:.

The deterministic network S can be realized, according to Theorem 2.6, as a product of two
isometries W) : Ho — Hoa, and WP : Hoa, — Hzn,,S=2-21,Z=WwOWO,

Inserting Eq. (8.16) into Eq. (8.12) we have

1
Ro=AP), @ Ph,+ BP, ® P§;, = Tras[Ra] = R"Y = aP} +bP

d
2
.2 2, 2 2 2 2 __ =z
A=a"+dy* +2dey =d° — (d* — 1)z B @@=
2 _
a:%b:ddlB a+(d>—1)b=d

The explicit expression of W is given by specializing Eq. (2.62)
1)L«
WO = (I @ R0 ) (I @ Tomo) =

1
= i YIN1o @ Tom1 + x| )11 @ To—or)

(8.22)

(8.23)

(8.24)

(8.25)
(8.26)
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If we input a pure state |t) in the first isometry, we will have as the output the superposition
Z7 WD) vo @) )1+ z[ D @ [$)g)-
The explicit expression for the second isometry is given by:

1-3

W(2) = I3 ® RQ%/1/2/3/R§/0/ 2 |I>>33’T2~>2’ (827)

Thanks to Eq. (2.68) the POVM on the ancilla space (0'1'2’3’) can be written as

Py=Inv) vl ) =Rg? xv) (8.28)

Isometry W (2 together with the POVM {|ny') (ny|} can be rewritten as a quantum instrument
{Tv : B(Ha1/) — B(Hs3) where the maps {7y } are defined as Ty (p) = (1y | W@ pW ) |5y)}.
Explicit calculation gives:

(v | WP = VdVy _s(V a1 (8.29)

we notice that the final instrument {7y, } does not depend on the parameters = and y.
Summarizing, the quantum network realizing the optimal information disturbance tradeoff in
estimating a unitary transformation is as follows:

0 1 —— 2 3
R Z/{ -
o dV)(V|
wm (8.30)
1/
]
LV ]

e The first isometry (1) prepares a coherent superposition

ﬁ (WI)1o@(|¥) )1 + z|I)11 ® [¥),,) which is tuned by the parameters x and y (that

is by p in Eq. (8.15));
o the unitary U acts locally on system 1;

e at the end the instrument {7y } is applied: {7y} can realize either an estimate-and-
reprapare strategy, or a teleportation protocol.

We now give a look to the complete action of the optimal circuit when the input is a pure
state |¢):

o) — % Do ®(10)) + )i ® 1)) —

- % Do (U [9))a + U2 ® [)o) —
— yU([¥))3 + 2 Te[VIUIV ([4))3. (8.31)

We remark that the optimal device essentially combines two strategies:
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1. applying the unknown unitary U to the state |I)), measuring the state |U)), and then per-
forming the estimated transformation V' on the input state ). This is a measure and re-
prepare strategy which is optimal if y = 0,z = 1 (that is we are interested only in the
information gain)

2. Applying U on the input state and then outputting U |¢)) (in our scheme this last step
involves a teleportation protocol). This is clearly an optimal strategy if x = 0,y = 1, that
is if we are interested only in leaving the action of U unaffected.

Surprisingly, the analytical expression of the tradeoff curve given in Eq. (8.21) is the same
as the one for the estimation of a maximally entangled state [80]. It is worth noting that this is
not a trivial consequence of the isomorphism 272 |U)) < U; indeed, this mathematical corre-
spondence cannot be implemented by a physical invertible map. Once a unitary U is applied to
the maximally entangled state 272 |T)) it is possible to retrieve the transformation U only proba-
bilistically (this is the problem of the quantum learning discussed in chapter 6). Because of this
reason there is no operational relation between the information disturbance tradeoff for unitary
transformation and for maximally entangled states (the former is not a primitive of the latter and
viceversa).

Besides its fundamental relevance, the information disturbance tradeoff for transformations
is interesting as a possible eavesdropping for cryptographic protocol in which the secret key
is encoded into a transformation. However this is not the case of the protocols [85, 86] where
orthogonal unitaries are used and the security of the protocol is not based on the information
disturbance tradeoff studied here. On the other hand the tradeoff we considered is an effective
attack to the alternative B B84 protocol introduced in chapter 5. However, this alternative version
of the BB84 protocol just involves two nonorthogonal unitaries; in principle, the tradeoff curve
for a restricted of unitaries could be more favorable to the eavesdropper.
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9 Learning and cloning of a measurement device

As we stressed in the introduction the recent trend of quantum information is to consider transfor-
mations as information carriers. Unlike what we did in all the previous chapters, in the present
one we will not deal with unitary transformations but with measurements. We will consider
quantum networks that, upon the insertion of /N uses of an undisclosed measurement device,
reproduce M approximate replicas of it.

When a measurement is an intermediate step of a quantum procedure its outcome can influ-
ence the following operations. This feed forward of the classical outcome can be conveniently
described using a quantum system into which the outcome is encoded into perfectly distinguish-
able orthogonal states. In this sense a quantum measurement with only classical outcomes can
be seen as a channel, which first measures the input system and based on the outcome prepares a
state from a fixed orthogonal set.

In order to achieve this task different scenarios can be considered:

N — M cloning'®: The measurement device and the states we want to measure are available
at the same time;

1
10 .
' 9
‘]
8
| ~ ©.1)
7 0 1 2 34 5 .
o E R Y 6
-

(the double wire carries the classical outcome of the measurement).

N — M learning: we can use the measurement device N times today and we want to
replicate the same observables on M systems that will be provided tomorrow
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18The term cloning of observables has been used in Ref. [87] referring to state cloning machines preserving the
statistics of a class of observables.
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N — M hybrid: we have to produce the replicas at different times
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In the following we will consider some specific scenarios and compare their performances.

9.1 Formulation of the problem

In the following we will restrict ourselves to von Neumann measurement, i.e. sharp non degen-
erate POVMs:

E; = [i) (i O

where {|i)}¢_, is an o.n.b. of the Hilbert space . We notice that all the POVMs of this kind
can be generated by rotating a reference POVM {|i) (i|}¢_, by arbitrary elements of the SU(d)
group as follows

EY =uUli Ut U esU). 9.5)

The classical outcome ¢ of the POVM will be encoded into a quantum system by preparing the
state |¢) from a fixed orthonormal basis, which is the same for each POVM {Ei(U) }. Within this
framework the measurement device is modeled as the following measure-and-prepare quantum

channel £V) : L(H) — L(H)

W (p) = > T(E ol i) il (9.6)

that measure the POVM {Ei(U)} on its input state and outputs the state |¢) (¢] if the outcome is ¢.
The channel £(U) is represented by its Choi operator

EW) — ZEZ(U)T ® i) (i| = > _ U™ i) ()| U" @ i) (il 9.7

The N uses of the measurement device are then represented by the tensor product EélU) @ ®

Eé%)_Q on—1 Where the input and the output space of the k-th use of the measurement device are
denoted by 2k — 2 and 2k — 1 respectively. We introduce the following notation:

N N
Hor = QHok-2, Mo = Q) Han-1. (9.8)
k=1 k=1
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Since we want the replicating network R to behave as M copies of the POVM {Ei(U)} upon

insertion of the N uses £(U), we have that R is actually a generalized instrument {R;} where i
is the M -tuple of outcomes (i1, ..., ipr). The overall resulting POVM is then

GEU) = (R; E((Jllj) Ko Eé%)—z av-1)" ©-9)
M
Ri = E(Hor ® Hcl ® Hre) Hre - ® H2N+k¢—1
k=1

where Han -1 denotes the input space of the k-th replica.
Our task is to find the network R; such that GEU) is as close as possible to to M uses of
U)y -

{E;7’}. ie

(G =B 0B 00 B} = (B}, 010

M

In order to quantify the performances of the replicating network, we need to introduce a criterion
which quantify the closeness between two POVMs. the following lemma provides such a tool:

Lemma 9.1 (distance criterion for POVM) Let & := {1,...,d} be a finite set of events and
{P;, € L(H)} and {Q; € L(H)} be two POVMs. Consider now the quantity

1
F = 8;%[3@] 9.11)

and suppose that either {P;} or {Q;} is a von Neumann measurement. Then ¥ = 1 < P, =
QiVvi
Proof. If { P;} is a von Neumann measurement we have P; = |i) (i| where |4) is an orthonormal
basis of H. Then we have Q; = P, = Q; = |i) (i| and
1 1 N
F= 7 ZH[PiQi] =3 ZTY[W (i] =1 9.12)

On the other hand if F = 1 we have

d= ZTr[PiQA =D (ilQiliy =D (1)) =D (ilQ;li) =

i ij i#]
=Tr (> Q| =Y (iQ;liy =d=> (ilQ;li) = (ilQ;li)=0
J i#£] i#£] i#]
Since Q; > 0 2, (i Q; i) = 0 = (i[Q;|[i) Vi # j which implies Q; = a; |j) (j| with
a; > 0. Finally the condition ), a; [j) (j| = I implies a; = 1 and thus Q; = P;. W

Assuming that the unknown POVM {E,L-(U)} is randomly drawn according to the Haar distri-
bution, we choose the quantity:

F = / AUF{GIHEDY (9.13)
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as a figure of merit.
After fixing one of the possible scenarios (N — M cloning, learning or hybrid) our task is to

find the optimal generalized instrument R ; maximizing the quantity F:=[dUJ ({GEU) }{El(U) 1.
9.2 Symmetries of the replicating network

Here we exploit the symmetries of the figure of merit (9.13) to simplify the optimization problem.
The first simplification relies on the fact that some wires of the network carry only classical
information, representing the outcome of the measurement.

Lemma 9.2 (Restriction to diagonal networks) The optimal generalized instrument {R;}, with
> i Ri = Rq maximizing Eq. (9.13), can be chosen to satisfy:

R; = ZR ® |5) ( (9.14)

where j = (§1,--.,JN),
>_; is a shorthand for 3¢

J) = |j1>1 - ® |jN>2N71 € He, 0 < R;,j € L(Hor ® Hre) and

JisenJN=1
Proof. Let {R;} be a generalized instrument. Let us define { R;} as

Ri= Y GIRD @) Gl i@ @ lindays ©.15)
J

We now prove that {RZ} is a generalized instrument: reminding Eq. (9.7), we have

ZRi:ZZ<j|Ri 17) @ 17) (4 :Z<j|RQ 9) @ 13) (Gl =

= Ro* | D _1i) Gil @) Gal | x| D lin) (nl @ lin) Ginl | =
J1 J1
= Ro*EW «...x« B (9.16)

where the link is performed on the space H . The operator in Eq. (9.16) is the Choi-Jamiotkowsky
of a deterministic quantum network with the same normalization of Rq. Finally we show that

4+ b an Ni when linked with the IV uses o roduce the same replicas s
R;} and {R;} when linked with the N f E) produce th plicas {G\"
U U U T
GE ):(Ri*E(()l)*"'EéN)—22N—1) =

= (X Ul U Gl RV 1) i) =
= (Wl U Gl R U ) )

~ T
= (R« EBY 5 B v ) 9.17)

T
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|
We now exploit the form of Eq. (9.14) to simplify the expression of the fidelity in Eq. (9.13) as
follows:

Fim [UsHEHED)) -
1 . N . N « . .
:d—M/dUZ(z\reUT Gl UTEN R U (i), UN 1) ©.18)
2,7

The following lemma exploits the symmetry properties of Eq. (9.18) and simplifies the struc-
ture of the R; ;:

Lemma 9.3 (Restriction to covariant networks) The operators R}, j that maximize Eq. (9.18)
can be chosen to satisfy the commutation relation

UEN o U*EM =0 (9.19)

,Jr Jor

(R

Proof. The proof consists in the same averaging argument we used in proving lemmas 5.1 , 6.1
and 8.1 W
The commutation relation (9.19) allows us to rewrite the figure of merit has:

1 L N s
F= dw/dUZ<Z\re (Glor Rij 18)re |9)or (9.20)
K2V

Another symmetry of our figure of merit is related to the possibility of relabeling the out-
comes of a POVM. We shall denote by o the element of S;, the group of permutations of d
elements as well as the linear operator that permutes the elements of basis {|) } according to this
permutation (o |i) = |o(1))).

Lemma 9.4 (Relabeling symmetry) Without loss of generality we can assume that the opera-
tors R;’ j that maximize Eq. (9.18) satisfy the relation

/_ pl
R j = Ro(s).00) 9.21)

where we shortened o (i) = (o (i1),...,0(inm)), 0(3) = (6(41), ..., o(GnN))

Proof. Without loss of generality we can suppose that the R/, (1)
then define

— 1 ,
Rig =32 Roirot) 9.22)

o€Sy

o) S satisfy Eq. (9.19). Let us

This corresponds to a valid instrument {ﬁi}, because it is a convex combination of instruments
obtained from R, ;) +(5) by relabeling the outcomes of the inserted and replicated measurements
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by permutation o. Let us now evaluate the figure of merit for this new instrument:

F(R'; 5) T am Z (G Ri g 1) del Z <Z Rg(z)’g(3)> |3) 13) =

aGSd
1 L o
~ aigl Z (el 1 ( Y N @ MR ;0N @ 0'®M> j4) [4) = (9.23)
T i J o€Sy
= Z DBy o) lo@) 10(5)) = F(R'; 5) (9.24)
c€Sy .3

where the identity (N9.23) follows from the commutation relation (9.19) with U = U* = o. It is

easy to prove that I?/; ; satisfies Eq. (9.21).
|

Remark 9.1 It is worth notice that the properties (9.14), (9.19) and (9.21) induce the following
structure of the replicated POVMs:

¢ = (Uo)* M) (oM (9.25)

() —
The advantage of using the above symmetry is in the reduction the number of independent
parts of the generalized instrument. Let us define the equivalence relation between strings ¢ and
i as
i~i & i=o(), (9.26)
for some permutation o. Thanks to Eq. (9.21) there are only as many independent R; ; as there
are equivalence classes among sequences ¢, j. For the simplest case M = N = 1 and arbitrary
dimension d > 2, there are only two classes, which we denote by xx and xy. The reason is that
for any couple ¢/, j’ there is a permutation o such that o(1) = ¢’ and (2) = j’, thus the classes
are defined by the conditions ¢ = j or i # j, respectively. For all the cases where M + N = 3
(eg. N=1,M =2or N =2, M = 1), the vectors ¢z and j have three components. Then,
there are four or five equivalence classes depending on the dimension d being two or greater than
two, respectively. We denote these equivalence classes by xxz, zxy, xyx, xyy, ryz and the set
of these elements by C3. In the general case, it is clear that the cardinality of classes is given by
the number of disjoint partitions of a set with cardinality M 4 N, with number p of parts p < d.
For M + N > d, this number is known as Bell number By, n, and is recursively defined as
follows

Mk
Bjg1 = Z < ‘)Bj. 9.27)

=0 M

In the case M + N < d the solution is provided by the sum for £ = 1,...,d of numbers of
disjoint partitions of a set with N + M elements into k£ subsets, which is the sum of Stirling
numbers of the second kind S(M + N, k). The Stirling numbers are given by the following
formula

k
Stnk) = 1 S(-1 (’“) k- )", 9.28)
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thus providing the following expression for the cardinality of classes C’fl” N
11 k
CYHN =3 " =N (—1) k—j)". 9.29
a ;k!;o()j(ﬁ 9.29)

Exploiting Lemma 9.4 we can write the optimal generalized instrument as follows

Sz = R; j = Ry;) (9.30)

’
i, 0(3)°

where (x,y) is a couple of strings of indices that represents one equivalence class. We will

denote by L the set of equivalence classes L := {(z,y)}. The figure of merit can finally be
written as follows

1
F=—r > (@, y)(Say), (9.31)

(z,y)€eL

where n(x,y) is the cardinality of the equivalence class denoted by the couple (x,y), and
(Sa,y) = (i (4| R; ;%) |7) for any string ¢, j in the equivalence class denoted by (z,y). As
a consequence of Schur’s lemmas, the condition of Eq. (9.19) implies the following structure for
the operators Sy , (see Appendix B for the details)

Sey =EP P @1Y,, (9.32)

where v labels the irreducible representations in the Clebsch-Gordan series of USM © U *%N ,

and P¥ acts as the identity on the invariant subspaces of the representations v, while r;;, ,, acts
on the multiplicity space of the same representation. In the simplest case M + N = 2 we have

Ray = PPr%, + Prd (9.33)

where PP and PY are defined in Eq. (B.42). and rﬁyb and rgﬁb are non-negative numbers. In the
case M + N = 3, with M, N # 0 we have two different decompositions, depending whether
d > 2ord=2. When d > 2, we have (see Eq. (B.51))

Rey=P*®13, +PPrl  + P}, (9.34)
When d = 2 we have that dim(7.,,—) = 0 and the decomposition (9.34) becomes
Rey=P*®18, + Pl . (9.35)

9.3 Optimal learning

In this section we derive the optimal quantum learning of a von Neumann measurement; we will
consider the following scenarios:

e 1 — 1 learning
e 2 — 1 learning
e 3 — 1 learning

e 1 — 2 learning
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93.1 1 — 1case

Consider the case in which today we are provided with a single use of a measurement device, and
we need a replica to measure a state that will be prepared tomorrow; this scenario is described
by the following scheme

' EU) — (9.36)

Using the labeling as in Eq. (9.36) and exploiting the results of Section 9.2 for the case M + N =
2, we have

L= {(IE, 'T)v (Iay)}v
Riyio = 10) (tly @ R ayy + (I = i) (i[)1 @ Ray,,
Rap = PPry , + Pr] (a,b) e L (9.37)

a,b’

Exploiting the identity (i| (j| P? |i) |j) = 0;;1/d, and considering that n(x, z) = dand n(z,y) =
d(d — 1), the figure of merit in Eq. (9.31) for the can be rewritten as

F=(Rez) + (d = 1)(Ryy) =

> (LAY +(d=1rY ALY, (9.38)
ve{p,q}
where AP = i AP =0,and A? | = 1-AP . Letus now write the normalization conditions

for the generalized instrument in terms of operafors R; ;. We have that that R := Zi R; has to
be the Choi operator of a deterministic quantum network and must satisfy Eq. (2.60), that is

Ro=L&elLI®p Tr[p] =1, p=0. (9.39)

The commutation relation (9.19) implies [p, U*] = 0 that by Schur’s lemmas gives
1
=, 9.40

P=7 (9-40)

Now, exploiting Eqgs. (9.37) and (9.40), Eq. (9.39) becomes
I

L®Ry,+(d—1)11®Ryy= p (9.41)

Substituting the expression of Eq. (9.33) in Eq. (9.41), we obtain
1
e+ d=1)8  =rl +(d-1)rl, = 7 (9.42)

From the constraint (9.42) the following bound follows
F=Y (rf Ay, + -1k AL )<
—v y d+1
S A (Y, +d-1rh,) = = (9.43)

ve{p,q}
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where A" := max;; AZ i The bound (9.43) is achieved by

1 1
T =Tey =0 Tae =g T = gy
which corresponds to generalized instrument
Ri =i} {il, @ 2P + (1~ [i) i) @ =P
i = (1) (2 — — [7) (2 3
19 YA —1)

that replicates the original Von Neuman measurement as follows

. T
GV =R +EY =
2—d—1

Uliy (i, Ut + 1.

d(d— 1) 2(d—1)

The optimal learning strategy can be realized by the following network
2

O} i

D] A,

9.3.2 2 —1case

We now consider the case in which we have two uses of EU) at our disposal
4

é =50

Exploiting the symmetries introduced in Section 9.2 we have

L = {(z, zx), (z, zy), (z,y2), (z, yy), (z,yz)}
Ry =Y 15) (jls ® |k) (kl, @ R},
7.k
(R jx, Us®@Us @Uy] =0
vwe if i=j=k
ey i i=jAk
ege i i=k A
ey i J =k A
v iAjERA

I
Rk =

ijisvlisii=viiy

(9.44)

(9.45)

(9.46)

(9.47)

(9.48)

(9.49)

(9.50)
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The figure of merit (9.20) becomes

1
F=- > n(a,be)(Rape). (9.51)

(a,bc)€eL

Let us now consider the normalization condition of the following generalized instrument R

ZRi =1, ® I3 ® Sa10 Tro[S] = I1 ® po. (9.52)

i

Exploiting Eq. (9.48) we have

S R =Y 1) ils @ k) (kl; ® R} j, = I1 ® Is ® Saxo
A 4,5,k

Z k) (k|, ® R} jp = 14 ® S210, Vj

ZR e =11® (k| Sao |k),, Vi k (9.53)

Exploiting the property (9.21) we have

Iy ® (k| S210 | k), ZR”k =Y R otiyot) =

= I, ® ((k| 0)Sa210(0 |k>1) Vi, k. (9.54)
This finally implies
SR =L®Tw Y.k TrylT] = 1. (9.55)

Eq. (9.55) implies that the optimal strategy can be parallelized

(9.56)
Eq. (9.56) induces a further symmetry of the problem:
Lemma 9.5 The operator R; jk in Eq. (9.48) can be chosen to satisfy:

where S is the swap operator S k), 7)o = |7)4 [k) -
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Proof. The proof consists in the standard averaging argument. let us define R; jj, := %(R; ikt

SR} ;;S). Itis easy to prove that {R; ;i } satisfies the normalization (9.55) and that gives the

same value of F'as R} ;.
Eq. (9.57) together w1th the decomposition (9.34) gives

_ . 8 _ B YooY
er(%bco—z =Taedb Tape = Ta,eb Tape = Ta,ch (9.58)

where 0, = (é 01> and we used the property (B.47).

Considering that n(z, zz) = d, n(x, zy) = n(x,yz) = n(x,yy) = d(d—1), and n(z, yz) =
d(d —1)(d — 2), and that SR, ;,S = Ry ., the figure of merit in Eq. (9.31) can be written as

F =(Rezz) + (d = 1)(Rayy) +2(d = 1) (R zy)+

s

(d— 1)(d - 2)<Rw ve) =

T,TY xzy

where
Ay = Ty, [ligk) (igk|], (9.60)

and ¢, jk is any triple of indices in the class denoted by a, bc. Notice that in the case d = 2 the
last term in the sum of Eq. (9.59) is 0. In particular, by direct calculation we have

2 1 _1 1
st = (%7 ). Azmy—rz( T “d> AL, = 0.08,,0.
V=T a1
AS =A% =0,

s T,Yyz
d 1 d
AB — AP
1
[C R 8 _
Ayy=1 A,.=3,
d—2 1
AY =AY AY — AY = 9.61)

T, TT zyy_07 mmy 2(d_1)7 m,yz*2
The commutation relation (9.19) implies [I4 ® Tao, U; ® Us ® Up] = 0 and taking the trace on
H4 we get

[T20,Up ® Ua] = 0, (9.62)

which by theorem B.2 and the decomposition (B.33) implies 7oy = ¢, P + t_P~. The nor-
malization Troo[T] = 1 becomes dyty + d_t_ = 1 and Eq. (9.55) becomes

b
Z n(z,20)(abc®Pa+rabcP —|—T’ P’Y>_
(a,bc)eL
L@t Pt +t_P7)=
to(|4) (| @ P* 4+ PP) +t_(|-) (-] ® P* + PY), (9.63)
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independently of j, k. This in turn implies that

n(a,be) o n(a,be)
t+ = Z 42 <+| Ta7bc |+> = Z d2? Tf,bc

(a,bc)el (a,bc)el
n(a, be) o n(a,be)
o= Z 42 <_| Ta,bc |_> = Z 42 T(’zy,bc
(a,bc)el (a,bc)el
n(abe) | o ]
0 :( %;EL T (sl T) (9.64)

where we exploited the decomposition (B.44). Let us now introduce the notation

Sg,ww = T;,ww Sg,wy = (d -1 rlm/,xy

s;,yz = (d - 1)71; yx S;,yy = (d - l)rg,yy

Spyz = (d=2)(d=1)r .. (9.65)
Exploiting Eq. (9.50) and Eq. (9.58) the constraint (9.64) becomes

t 0

Sg’m + Sgyy = (g t_>

sg,zz + Sg,yy - t+

slm + s;yy ={_

o o o d—1)t 0

Sz.ay =+ 0254 2y0z =+ Spyz = <( 0 ) + (d B 1)75)

283,11/ + Sg,yz = (d - 1)t+

28;,1y + Sl,yz = (d - l)t* (966)
and the figure of merit (9.59) becomes

F=Y" " T[AL,sh,] 9.67)

v (a,bc)EL

We are now ready to derive the optimal learning network; we will proceed as follows: i) first we
will maximize the value of F for a fixed value of ¢, (remember that¢_ = (1 — d;t4)/d_) and
then ii) we will find the value of ¢ that maximize F'. The figure of merit can be rewritten as:

F=F,+Fz+F, (9.68)
where

Fy= Y Tr[AY,.sh - (9.69)
(a,bc)eL
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We now maximize Fg and F’, for the case d > 3. Reminding the expressions (9.61) for the A}
we have:

Fg = Z Tr[Ag,chf,bc} <

(a,bc)el
maX<A§,a:m7 Ag,yy)tJr + maX(Ag,wyﬁ Ag,yz)(d - 1>t+ =
Ag,yyt"r + Ag,yz(d - 1)t+ =
d—1 d+1
tJr + t+ = ; t+ (970)

and

F, = Z ’I\r[AZ,bCSZ,bC] <
(a,bc)el
max(A) .., AT )t_ 4+ max(A7

z,xr) ST,yy T,y
d—1 d—1
Ag’szt, = Tt,. 9.71)

Az,yz)(d - 1)t— =

where we used the normalizations constraints (9.67). The upper bounds (9.70) and (9.71) can
be achieved by taking

e N s e
Sx,mc - Sx,xy - S;c,ya: - Sx,:cx - Sw,zy - Sx,yw - 0’
8 _ 8 _

Sm,yy - t-‘rv Sm,yz - (d - 1)t+a

Y — 2 — —

Spyy =t— sp,.=(d-=1)t_.

For d = 2 the irreducible representation denoted by v and the x, yz class do not exist and the
optimization yields s ,, = 431t
Let us now consider F,, (in this case there is no difference between d > 3 and d = 2);

reminding the expression of the A{,; we have:

Fa = Z Tr[Ag,bcsg,bc] =
(a,bc)eL

Tr[AY .85 ]+ Te[2AS .88 .. ] =

z,xx°T,TT z,xy°T,ry

2
O)
il Sg Tx + 1
( 0 0 ’ < d2—1 d—1

1 1
( T di—1> s;{wy] , 9.72)
d2—1 d—1

o (te 0
siu_( 0 t). (9.73)

Tr

IS
e
—
IS%
| =
|
-
N~
v
L
8
<
| I
/

2
2 4t 4T
dr1T
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s& ). The normalization constraint (9.66) for

3 [e3%
Let us now focus on the expression Tr[A$ | s .

« 1 .
the operator s3; ., can be rewritten as:

a,+,+ a,+,+ a,+,—
<2smmxyffmyz e a___) (d1)(t+ 0) (9.74)
Salys 281,:30?’; + 5302 0 t_

which implies

o,+,— Sa,*# —
z,yz z,yz

gt + 254t — (d _ 1)t+

z,yz z,zY

Sarys Tt 28y, = (d—1)t_. (9.75)

T, Yz

S

Then we have

st gt

« « _ x,ry xT,xryY
Tr[Aw,xySw,my] - d+ 1 + d2 1

a,—,+ o, —,—
SJ/’@?J + SW@H

<
Va&Z—1 d—-1

[ o+, + o, —,— R

Sg’i_y’+ Sg,my Sg,ry Sg’wy’
) + 2 + k)

d+1 d? -1 d—1

(d—1)ty (d—Dtgt_  t-
2(d+1) Vad+1 2

where we used the positivity of the operator s;; ., for the inequality (9.76) and the normalization

(9.75) for the second inequality (9.77). The upper bound in Eq. (9.77) can be achieved by taking

< (9.76)

(9.77)

o« _ (d=1) ty N
Sm,zy - T <\/t+7t t (978)

We can now write the figure of merit as:

F=F,+F3+F, =
C(d—1)ty d—1)it- t. d+1, d—1

= — 4+ —t -t =
2(d+1) Vit 2t Tt
d*+3d (d—1Dtyt_ d
= i+ + —t_ 9.79
20d+1) " Vd+1 2 ©.79)
The last step of the optimization can be easily done by making the substitution t_ = d:l(l —

dyty) in Eq. (9.79) and then maximizing F' = F(t). We will omit the details of the derivation
and we rather show a plot (Fig. 9.1) representing the value of F' depending on the dimension
With the optimal learning network the replicated POVM has the following form:

1-F

W) _ =1t
G, = 71 Uliy (1| U +d—1 (9.80)



366 Quantum Networks: General Theory and Applications

1.0

0.4r

0.2r

00 1 1 1 1
0

Figure 9.1. Optimal learning of a measurement device: we present the value of F' for different values of
the dimension d. The squared dots represent the optimal learning from a single use (1 — 1 learning) while
the round dots represent the optimal learning from two uses (2 — 1 learning).

9.3.3 3 — 1case

In this section we consider a learning network exploiting 3 uses of the measurement device and

produces a single replica:
6

0 1 2 3 4 )

| B0 )= EO)= HEOD)= | (9.81)

In order to simplify the problem we restricy ourselves to the qubit case, that is we set d = 2. The
derivation of the optimal learning network turns out to be very cumbersome althogh it follows
the same lines as for the 2 — 1 case. The 3 — 1 scenario deserves interest because the optimal
strategy does not allow for a strategy using the 3 uses of the measurement device in parallel.

Let us consider the normalization condition for the generalizd instrument {R; }:

> 1kl (k531 © R gy = Ies @ Sis210

ijkl

TI‘4[S] = I3 ®Th1o (9.82)
This implies

ZR;JM = Is ® (kl| Suzo10 |kl)5, V7,

(kl| Try[S) K1) = (1| T |1), k. (9.83)
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From the relabeling symmetry Rgvjkl:R;(i),U(j)g(k)o(l) we have (kl| S |kl)=(c(k)o(1)| S|o(k)
o (1)), and consequently

1 ~
(k1| Tra[S) kD) 3y = 5 Trasa[S] =: Tao, kL. (9.84)

This fact along with Eq. (9.82) allows us to conclude that

TI‘4[S] :TI'4 Z |kl> <k’l|31 ® <k” 543210 |k’l> =
kl
> |kl (kl|yy, ® Tao = I3y ® Tao (9.85)
kl

that implies that we can exploit the first two uses in parallel. We notice that in general (kl| S |kl)
= (o(k)o(1)| S |o(k)o (1)) does not imply that (k| S |kl) = S is independent of k, I, but only
that (ki| S |kl) = Sup, where a,b denotes the equivalence class of the couple (k,1). Conse-
quently, we cannot in general assume that all the examples can be used in parallel. In fact, the

optimal learning network has the following causal structure
0 1 6

(E0)= g
2 4
EO=  ED | ©.:56)

where the state of system 4 depends on the classical outcome on system 3 and 1. The optimal
fidelity achieves the value F' ~ 0, 87 (we remind that for the 1 — 1 case we had F' = 0, 75 while
for the 2 — 1 case we had F' = 0, 81).

Remark 9.2 One can wonder whether without assuming any symmetry it is possible to find a
non-symmetric parallel strategy { R; } that achieves the optimal value of F. However we remind
that for any strategy {R;} we can build a symmetric one with the same normalization, that
is without spoiling the parallelism, and giving the same fidelity. Since the optimal symmetric
network cannot be parallel, we have that any other optimal network has to be sequential as well.

As we pointed out in Remark 6.1 the optimality of the parallel strategy is a common feature of the
tasks involving group transformation. On the other hand, if the set of transformation considered
is covariant under a group representation but does not form a group, the parallelism cannot be
proven: the set of channels in Eq. (9.7) falls in the latter case. A similar situation arises in the
Grover algorithm [17], that can be rephrased as the estimation of an unknown unitary from the
set {U,, = I — 2|n) (n|}; also in this case the unitaries {U, } do not a group and the optimal
algorithm, as it was proved in Ref. [89], cannot be parallelized.

Quantum channel discrimination is a typical example of a task in which the optimality of
sequential strategies easily arises. In Ref. [7] it was found that discrimination of unitary channels
can be optimally performed in parallel, but as shown in Refs. [8, 90], there exist examples of
non-unitary channels that can be better discriminate by sequential strategies.
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934 1 — 2case

Our goal in this scenario is to create two replicas of the measurement after it was used once
(1 — 2 learning).

0 1 (9.87)

Using the symmetries we introduced in Section 9.2 we have

L= {(xxv .%'), (xxv y)? (xy, x), (xy, y)7 (l‘y, Z)}
Rij =Y _|k) (k|, ® R}, (9.88)
k

[Rijr, Us@Us @ Uy] =0 (9.89)

Repn if i=j=k
Rewy if i=j#k
k= Raye if i=k#j (9.90)
Ruyy if j=k#i
Roy. if i#j#k#i

and the figure of merit becomes
F = — Z n(ab, ¢)(Rap.c) 9.91)
(ab,c)€L

The commutation relations of R, . with Uz ® Uz ® Uy is very similar to the one in Eq. (9.49)
for the 2 — 1 case, because U* ® U ® U has same invariant subspaces as U @ U* @ U*. This
enables us to write

Rape =P @1, .+ Pﬂ?"fb,c + P7r) (9.92)

ab,c
The following lemma introduces an additional symmetry property of the generalized instrument
{Rij}.
Lemma 9.6 The operators Ry in Eq. (9.92) can be chosen to be satisfy

Rape = SRpa.cS Va,b,c (9.93)

where S is the swap operator S |k), |7)5 = |7)5 k)

Proof. See Lemma 9.5. W
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Remark 9.3 The symmetry (9.93) translates the possibility to exchange the inputs of the two
replicas (Hilbert spaces Ho and Hs) together with exchanging the measurement outcomes cor-
responding to these two replicas.

Inserting the decomposition (9.92) into Eq. (9.93) and reminding Eq. (B.47) we have
TZb,c = Tga,c ifv=p, Y
T'abe = O=Tha,c0% (9.94)

Let us now consider the normalization constraint for the generalized instrument R;;; since
2_i; Itij has to be a deterministic network we have

> Rij=Isn ®po, Ti[p] =1 (9.95)
ij
where p has to be a positive operator. The commutation relation (9.89) implies [p, U] = 0 and so
we have p = 1. Writing 3019 as >, |k) (k|; ® (I, ® P* 4+ PP 4+ P7) we can rewrite the
normalization condltlons as follows

1
> Rk = Tm, (9.96)
ij
If we use the following definitions
ng,z = T:rz T S;z,y = (d - 1)r;m,y
Sgy,m = (d - 1) Tzy,ax S;y,z = (d - 1) d— 2)Tchjy, ©57

the normalization becomes

1
1% 174 v v N 1 J—
Sa:z,:r + Smm,y + 2szy,:1: + Smy,z - E’ ifv = ﬁ7 Y

1
Soww T Sepy T Soyx T 0285y 202 + S5y, = Elm“ (9.98)
where we used the relabeling symmetry. Let us now express the figure of merit in terms of the
SZb,c:
F=F,+ Fy+F, (9.99)

F, = STHAY, &0 oA s

v v v v
d TX,T wm x TY,T :E’L/ T + Aww Y Spa Y + Awy,z wy,z”

where A7, . are the same as the AY ;. in Eq. (9.61) taking into account the change of Hilbert
space labelhng from Hg, Ho, H4 to Hg, ‘Hs, Ho. The maximization of Fg and F, is simple and
yelds

Fy=m Fi=gn (9.100)
Stw = Stya = Soyy = Sy =0

Stza = Stey = Sayax = Styy = 05

Lo =1pe = 5

(9.101)
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Let us now consider the maximization of F,,. Inserting the explicit expression of the A%, _ into
Eq. (9.99) we have

504,+7+ SOLHry* % 0
dFa —Tr ﬁx,z TT,T + +
=t Q,—,—
Szz,m sz,m 0 0

o, — 1 1
Tr Smy,z Smy,w d+1 Vd2—1 _
gt g — 1 1 =
TY,T TY,T VdZ=1 d—1
a,+,+ a,+,+ o, —,— a,+,—
Zwa,x Szy,2 Szy,@ 2Sxy,x

<
d+1 ' d+1 " d-1  J&-1

2 1 s+ P ten Sa’+7+8a"_’_
< - (= =2 a,+,+ xTyY,T Y, T 9 TY,T xY,T <
(d+1)(d Sm‘”>+d+1+d_1+ \/7

5d —3 35% T+ Sf)f,’f?+
< — 2 ik kg 9.102
2@ -1 d+1 2\ 2@ -1 ©-102)

where in the derivation of the bound (9.102) we used the positivity of s7, . and the constraints
(9.98). The upper bound (9.102) can be achieved by taking

1
(PR O
zT,T Y, T 1 1 )

2d% 24
Say,z = Sgay =0 (9.103)
where we defined a := sg‘i}fgf Eq. (9.102) gives the value of F}, as a function of a; the
maximization of F,,(a) with the constraint 0 < a < é is easy and gives
4(2d — 1) d+1
Fo=——+- = —\ 9.104
322 —1) T 1Rdd-1) 0104
and then for d > 3 we have
3d>+4d+4Vd2 —1-3 3
F=Fyt FytF, =20 10F ~ (9.105)

2P 1) 3
For d = 2 the invariant subspace H., does not appear and the fidelity becomes F' = F,, + Fj3 =
7+2/3
2 -
In the next section we consider a different scenario which is less restrictive than the learning
scheme we have considered up to now. Similarly to what we had when comparing the optimal

cloning and the optimal learning of a unitary, relaxing the constraints of the network allows to
achieve better pefomances

9.4 Optimal cloning

In this section we turn our attention to the cloning scenario. As we previously discussed, this
scheme is less restrictive than the learning one, since we allow both the M states to be measured
and the IV uses of the measurement device to be available at the same time.
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We consider the case in which we are provided with a single use of the measurement device
and we want to produce two replicas:

0 2 3

. (9.106)

We can require for the optimal 1 — 2 cloning network the same symmetries we had for the 1 — 2
learning network. The set L in this case is L = {(z, zx), (x, 2y), (z, yz), (z,yy), (x,yz)}. Then
the figure of merit becomes

F=Y" Y T[AY,s:,] (9.107)

v (a,bc)EL

where A;bc, Sgybc are the same as in section 9.3.4. The normalization condition for the 1 — 2
cloning scenario is different from the 1 — 2 learning. Instead of Eq. (9.96) we have

Z i) (ils ® R; i, = I3 ® Saio Tr[S] = 1o (9.108)
i,jk
which implies the following
Ip =d Tro [R:v,za: + Rz,yu]+
d(d — 1) Tra[Ry zy + Ry + Ra y2)- (9.109)

From the commutation [Rg pc, Uy ® Uy ® Up] it follows that [Tra[Rg pc], U @ Up] and then,
exploiting the decomposition (B.33) we have

t+P+ +t_P~ =dTry [Rx,xz + Rmyy]+

and finally by Eq. (9.109) . = ¢t_ = 1. Exploiting the decomposition R,y = >, PV ® o be
along with Eq. (B.49), the normalization constraint (9.110) becomes

PE=P*Y " Y TolP'@s,]=

v (a,bc)EL

1

o ST (dasti® +ds, 504, PE, 9.111)
(a,bc)el

where 6 = [ and §_ = . Exploiting the relabeling symmetry (9.21) and the permutation
symmetry (9.93) we have

dp=do Y siptads Y sk (9.112)
(a,bc)eL (a,bc)elL
do=do Y st T Hdy > sl (9.113)

(a,bc)eL (a,bc)eL
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If we introduce the notation

B
e — sa,bc 0 2l — 0 0
Sa,bc . < 0 0> Sa,bc . <0 S;/,bc

L (10 _ {00
() om0 ) o114

the normalization constraints (9.112) and (9.113) can be rewritten as

I | > dysy, |TF =dy

v,(a,bc)EL
- Z dys(y ey | T =d_. (9.115)
v,(a,bc)EL

In order to solve the optimization problem we have to find the set r := {r}/, ¢ := (a,bc) € L,v €
{a, By}}, vy € L(C?),rY > 0 subjected to the constraint (9.115) that maximizes the figure of
merit (9.107); we will denote as M the set of all the r satisfying Eq. (9.115). Since the figure of
merit (9.107) is linear and the set M is convex, a trivial result of convex analysis states that the
maximum of a convex function over a convex set is achieved at an extremal point of the convex
set. We now give two necessary conditions for a given r to be an extremal point of M. Let us
start with the following

Definition 9.1 (Perturbation) Lets be an element of M. A set of hermitian operators z := {z} }
is a perturbation of s if there exists € > 0 such that

s+hzeM  Vhe[—eé (9.116)
where we defined s + hz := {sj] + hz|h € [—¢, €] }.

By the definition of perturbation it is easy to prove that an element s of M is extremal if and only
if it admits only the trivial perturbation z; = 0 V/, v. We now exploit this definition to prove two
necessary conditions for extremality.

Lemma 9.7 Let s be an extremal element of M. Then s} has to be rank one for all , v.

a

. / b Lo .
Proof. Suppose that there is a s}, = ¢ d € s which is not rank one; then there exist €

such that z := {0, ..., 0, ZZ,/, 0,...,0}, z}f,/ = ( 0 is an admissible perturbation. ll

1
10
This lemma tells us that w.l.o.g. we can assume the optimal s to be a set of rank one matrices.
Let us now consider a set s such that s} is rank one for all £, ; any admissible perturbation z of

s must satisfy

zy =cysy c €R (9.117)

I | > dycysy | I =117 (Z d,,chZ) I~ =0. (9.118)

vl
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where the constraint (9.117) is required in order to have sj + hzy > 0, while Eq. (9.118) tells
us that s + hz satisfies the normalization (9.115). Let us now consider the map

f:L(CH =C*  f(A):= ( Efﬁgf >

f(ea)=(3)

exploiting this definition Eq. (9.118) becomes

;ch(sZ) = ( 8 ) (9.119)

Suppose now that the set F has N > 3 elements; then {f(7})} is a set of N > 3 vectors of C?
that cannot be linearly independent. That being so, there exists a set of coefficients {c} } such
that 3, ,c/f(sy) = 0 and then zj = ¢;5] is a perturbation of ¥. We have then proved the
following lemma

Lemma 9.8 Ler s be an extremal element of M. Then s cannot have more than 2 elements.

Lemma 9.7 and Lemma 9.8 provide two sufficient conditions for extremality that allow us to
restrict the search of the optimal s among the ones that satisfy

s={sy,sh} rank (s, ) = rank(sy, ) = 1

(D dysy | T =d; i=+,— (9.120)
v,

The set of the admissible s is small enough to allow us to compute the value of F' for all the
possible cases. It turns out that the best choice is to take

_ a a
S = {Sa:x,:w smy,x}
9d —1 0 1 \d—
s = 9d s — 9d 3d .
xTT,T 0 0 zY,T \/di d_ ’
3d

the corresponding value of F' is

4

F=—
3d

(9.121)

which is much higher then the maximum value (9.105) achieved by the 1 — 2 learning scheme.
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10 Conclusion

The aim of this work was twofold. The first part was devoted to present a unified description of
Quantum Networks in terms of their Choi operators. The core result of this approach are Theo-
rem 2.5 and Theorem 2.6 that prove the isomorphism between the set of deterministic Quantum
Networks and a set of suitably normalized positive operators. This result can be then generalized
to probabilistic Networks. The second key ingredient of the theory is the notion of link product
(see Definition 2.1) that allows us to express the composition of quantum networks in terms of
their Choi operators (Theorem 2.12).

In the second part of the work, we made use of this formalism to solve some relevant opti-
mization problems. The representation of Quantum Networks as positive operators is extremely
efficient in handling tasks that involve manipulation of transformations like process tomography
(Chapter 3) and cloning, learning and inversion of transformations (Chapters 5, 6 and 7).

Even if the tools provided by the general theory of Quantum Networks simplify a lot many
scenarios, it is also true that in order to analytically carry on the optimization we had to make
a clever use of the symmetries of the various problems. The full power of the general theory
reveals itself when combined with the techniques provided by the group representation theory
(Appendix B): this happy marriage lies at the core of the results achieved in the optimization
problems involving unitary transformations.

However, in many problems in quantum information theory like for example in channel dis-
crimination [6,7, 8], we cannot exploit such strong symmetry properties; the general theory of
quantum network is still powerful [7] but the results from group theory cannot be applied. A
possible way out (in some cases the only one) is the numerical approach. The set of the admis-
sible Choi operators of Quantum network with fixed causal structure, is a convex set of positive
operator. It is then possible to implement computer routines [96, 97] that solve the semidefinite
program corresponding to the optimization problem in exam.
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A Channel Fidelity

This short appendix has the purpose to introduce the channel fidelity as a notion of distance
between quantum channels. This definition was introduced in [32] and discussed in [91] In
the following we will review the definition of channel fidelity and some of its most relevant
properties.

Definition A.1 (Channel Fidelity) Ler C € L(L(H)a, L(H)p) and D € L(L(H)q, L(H)p) be
two quantum channels and C' and D be their Choi-Jamiotkowsky operators. We call channel
fidelity the following expression

C D
F(C,D):=f <d7d) (A.1)

where f is the state fidelity f(p, o) = \Tr[\/U%p?]\Z.

The channel fidelity enjoys many properties inherited by the state fidelity:

Lemma A.1 (Properties of channel fidelity) The channel fidelity F defined in definition A.1
enjoys the following properties:

e 0 < F(C,D)<1,and F(C,D) = 1ifand only if C = D.
e F(C,D) = F(D,C) (symmetry).

e For any two isometric channels V and W (i.e., V(p) = VpVT and W(p) = W pW T with
isometry Vand W), F(V,W) = (1/d?)| Tr (UTV)|%

o Forany0 < A <1, F(C,AD1+(1—=N)D3) > M\F(C,D1)+(1—N)F(C,Ds) (concavity).
o F(C; ®Co,D1 @ Dy) = F(Cy1,D1)F(Co, Do) (multiplicativity with respect to tensoring).

o F is invariant under composition with unitary channels, i.e., for any unitary channel U,
FUxC,U*D)=F(C,D).

o F does not decrease under composition with arbitrary channels, i.e., for any channel R,
F(R+xC,R+D) > F(,D).

Proof. See Ref. [32] W

The following lemma provides a physical interpretation of the channel fidelity 7 (A, B) between
two channels .4 and B (one of them unitary) as the fidelity between the output states of .4 and B
uniformly averaged over all input pure states.

Lemma A.2 Let A € L(L(H)a, L(H)p) and B € L(L(H)a, L(H)p) be two channels and let
us define d = dim(H,,). If either A or B is a unitary channel we have

1

1 (A2)

Fim [ dor(Alle) (o). Bl (o) = 5 F(AB) +

where |p) € Hq, Ay is the normalized ( [ dp = 1) Haar measure over the set of pure states and
f is the state fidelity.
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Proof.  First we notice that we can parametrize each vector |¢)) € H, as U |0) where |0)
is a fixed vector and U is a unitary operator on H,; with this parametrization the measure dy
becomes the usual Haar measure dU of SU(d). The left hand side of Eq. (A.2) now becomes:

F= [ QU AW o) 0]U"), B 10) 01U, (A3)
Now suppose that 3 is a unitary channel B = V - V1. Eq. (A.3) becomes:
F= [ QU FAW o) 0]U"), B 10) 0]U1)) =
= [ausA@ o) 01U, VU o) 00V =

. /dU O UTVH( T ® (0| UTYA(I @ U* [0) VT |0) =

Ty {(V* @ DAV @ 1) (/ AUT @ U*(/0) [0) (0] (0T (0] UTH (A4)
Reminding Theorem B.3 and the decomposition (B.42) we have
1 1
* T T _
[ AU S U (010 0100 0107 = G I+ gy (AS)

that leads to

1
F:d(dJr)Tr[(VT@I)AV@I\I 1] + (d+1 Tr (Vi@ DAV ®1)] =
1 1 d 1
= MTT [AV) V] + dri d+1 F(A,B) + ] (A.6)
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B Elements of Group Representation Theory

This Appendix is an introduction to the basic tools of group representation theory that are needed
in this work. The key results of the appendix are the Schur’s lemma B.2 and the Theorem B.2
that allow us to decompose an operator that commutes with a unitary representation of a group.
The last section of this appendix is devoted to the decomposition of some relevant tensor product
representations. All the results in this appendix are presented without proofs; a more exhaustive
presentation can be found for example in [92,93,94,95].

B.1 Basic definitions

Definition B.1 (Group) A group G is a set of elements with a law of composition that assigns
each ordered couple of elements g1, g2 € G another element g1 g2 of G. This composition law
has to satisfy the following requirements:

91(9293) = (9192)93  V91,92,93 € G (B.1)
deecG:ge=eg=g VgeG (B.2)
VgeGIgleG:gg =g lg=ce. (B.3)

If G has a finite number of elements we say that G is a finite group.
Typical examples of groups are

e GL(n,R): the set of n X n real invertible matrices with matrix multiplication;

e S,,: the group of permutation of n objects (the composition is the successive operation of
permutations);

e U(1): the set 1 x 1 unitary matrices with matrix multiplication;

e SU(d): the set of d x d unitary matrices with determinant 1 with matrix multiplication;
A relevant class of groups are Lie groups
Definition B.2 (Lie Group) A group G which is a differentiable manifold and such that the
maps
(91:92) — 9192, g =g (B.4)
are smooth, is a Lie group. If G (as a manifold) is compact, we say that G is a compact Lie
group.

GL(n,R), U(1), SU(d) are Lie groups but only U(1) and SU(d) are compact. From now on
we restrict to the case of finite group and compact Lie groups.

Definition B.3 (Unitary Representation) Let G be a group and 'H a Hilbert space. A unitary
representation of G on 'H is amap g — U, from G to set of bounded linear operator B(H) such
that:

U, is unitary Vg € G (B.5)
UgUp = Ugp¥g,h € G (B.6)
U.=1. (B.7)
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Definition B.4 (Equivalent Representation) Let {U, | g € G} be a unitary representation of
G onH and {V, | g € G}be a unitary representation of G on K. We say that {U,} is equivalent
to {Vy} if there exists an isomorphism T : H — K such that

TU,=V,T VgeG (B.8)
' =1, TT'=1I¢ (B.9)

The isomorphism T is often called intertwiner.

Remark B.1 The notion of representation makes a bridge between group theory and quantum
physics. Indeed, the action of a group on an Hilbert space induces a transformation on the set of
quantum states S(H)

p—UypUl  peS(H). (B.10)

Definition B.5 (Invariant Subspace) Ler {U, | g € G} a unitary representation of G on H
and let K C 'H, be a subspace of H. We say that IC is invariant with respect to G if

U, K)CH VYgeG (B.11)

Definition B.6 (Irreducible Representation) Ler {U, | g € G} a unitary representation of G
on 'H and let K C 'H, be an invariant subspace. We say that {U,} is irreducible in K if there
exists no proper subspace V of K that is invariant with respect to G. A subspace carrying an
irreducible representation is called irreducible subspace.

Lemma B.1 (Subrepresentation) Ler {U,} be a unitary representation of G on H and IC be an
invariant subspace of H. The restriction {Ugy|xc} of {Uy} on K is still a representation and it is
called a subrepresentation of {U,}.

Finite groups and compact lie groups share a very relevant feature that is called complete
reducibility, that is, any representation can be decomposed as a discrete sum of irreducible rep-
resentations.

Theorem B.1 (Complete Reducibility) Let G be a finite group or a compact Lie group and
{Uy} a unitary representation of G on a Hilbert space H. Then there exists a discrete set of
irreducible unitary subrepresentations {Uyg| 1, } such that

Up=PUgln,, EPHi=M (B.12)
k k

Let {U,} be a reducible, as opposed to irreducible, representation of a group G on a Hilbert
space H. Suppose now that there are only two invariant subspaces H; and Ho (H = H1 & Ho)
with dimensions n and m respectively. Then Theorem B.1 says that for all ¢ € G, U, can be
written in a block diagonal form

(1)
U 0
U, = 9 B.13
’ ( 0 Ué”) B
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1) . . 2) . .
where U, g( )is an x n submatrix and U,g )is a m x m submatrix.

It can happen that in the decomposition U = @, Uj, (we omit the index of the group element)
Uy, is equivalent to U; for some k # [; that being so, it is usual to rewrite the decomposition in
this way:

v= @ ®u. (B.14)

pEirrepS(U) i=1

where irrepS(U) represents the set of equivalence classes of irreducible representations con-
tained in the decomposition of (U) and i labels different representations in the same class; m,,
is the number of different equivalent irreducible representations in the same class and it is called
multiplicity. Likewise we write:

my

PH.=H b PH.. (B.15)
k

peirrepS(U) i=1

There is an isomorphism between the spaces @Z’;"l H,.: and H,, ® C"+ where H,, is an abstract
Hilbert space of dimension d,, (dim(%,, ;) = dim(H,, ;) for all i and j). If we denote with T};
the intertwiner connecting the equivalent representation U, ; and U, ; it can be written in the
simple form T}; = I, ®|i) (j| where {|i)} is an 0.n.b. for the space C™+ and I,, is the identity
on the abstract space H,,. Thanks to this isomorphism it is possible to rewrite the decomposition
B.12 in this way

U= @ Uvtel,, H= @ H,eC™ (B.16)
p€irrepS(U) pEirrepS(U)

It is customary to call H,, representation space and C"*» multiplicity space.

B.2 Schur lemma and its applications

Lemma B.2 (Schur) Ler {U,} and {V,} two irreducible representations of the same group G
on Hilbert spaces H and KC respectively. Let O : 'H — K an operator such that such that
OU, = V,0 forall g € G. If {Uy} and {V,} are equivalent then O = XT', where T is the
isomorphism defined in Definition B4 and A € C. If {U,} and {V,} are not equivalent, then
0=0

The Schur lemma is a powerful tool for inspecting the structure of operators commuting with a
group representation.

Theorem B.2 (Characterization of the Commutant) Ler {U,} be a unitary representation of
a group G and O € B(H) an operator such that [O,Uy] = 0 for all g € G. Then

0= @ 1,20, (B.17)

peirrepS(U)



380 Quantum Networks: General Theory and Applications

A typical example of operator in the commutant of a representation is the group average of an
operator. Suppose that {U,} is a unitary representation of a finite group G on an Hilbert space
H and O € B(H). Then we can define

— 1
0= > U,0Uf (B.18)
geG

where |G| is the cardinality of G. Eq. (B.18) can be generalized to the case of Lie groups but to
do this we need a preliminary definition

Definition B.7 (Invariant measure) Let G be a Lie group. A measure uy,(dg) on G is called
left invariant if iy, (gB) = pr(B) for any g € G and any region B C G. A measure u,-(dg) on
G is called right invariant if py,(Bg) = pur(B) for any g € G and any region B C G.

Any Lie group can be endowed with a right invariant measure and a left invariant measure.
When this to measures coincide the group is called unimodular; in this work we consider only
unimodular group so we can talk about invariant measure without any misunderstanding. When
the Lie group is compact (as it is always the case in this presentation) the invariant measure can
be normalized in this way

/ dg = 1. (B.19)
G

Now we can define the group average for the case of (compact unimodular) Lie groups:
0= / dgU,0U] (B.20)
G

As a consequence of Theorem B.2 we have

Theorem B.3 (Group average of an operator) Let {U,} be a unitary representation of a finite
(compact) group on an Hilbert space H. Let O be an operator in B(H) and O its group average
(as defined in Eq. B.18 for the finite case and in Eq. B.20 for the compact case). Then we have

0.U]=0 VYgeG (B.21)
_ Try, [PHOPH
O=P1a, ® 7%] (B.22)

where P" is the projector on H,, © C™+ and Tryy, denotes the partial trace over H,,.

B.3 Relevant decompositions

In this section we will give some results about the decomposition into irreducible representations
for
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B.3.1 The symmetric group S,,

S., is the group of permutation of n objects. It can be proved that the number of inequivalent
irreducible representation of S,, is given by the number of partition of n.'° It is useful to associate
each partition v = (1;) of n with a Young diagram. A Young diagram is a collection of boxed
arranged in left aligned rows, the row lengths not increasing from the top to the bottom; as an
example consider the partition

n=11 v=(4,331) (B.23)

The corresponding Young diagram has the following shape

- (B.24)

The usefulness of this pictorial representation will be more evident in the following section

B.3.2 Decomposition of SU(d)®"

At the beginning of this chapter SU(d) was defined as the group of d x d unitary matrices U with
determinant equal to 1. This definition identifies SU(d) with its smallest-dimensional faithful
irreducible representation: this representation is usually called the defining representation.
Then SU(d)®™ will denote the unitary representation {U®™} over the Hilbert space H®™ where
dim(H) = d. In this section we will use both SU(d)®™ and U®" with the same meaning.

Let now consider the action of S,, on factorized vectors:

s (|9) @@ W),) =) o101y @ @ V) -1y 5 € Sp; (B.25)

this action can be extended by linearity to the whole H®" leading to a representation of S,,
over H®™. This representation of S,, commutes with the representation SU(d)®™ and it can
be proved?” that the irreducible subspaces of these two representations are the same. Each irre-
ducible representation U, in the decomposition U®" = @, U, ® I,,,,, is then in correspondence
with a Young diagram v.

From a Young diagram one can obtain a Young tableaux filling the empty boxes with the
integers numbers from 1 to n; a standard Young tableau is a tableau in which the numbers in
each row grow from left to right and the numbers in each column grow from top to bottom e.g.

1]2]5]7] 1[3]4]7]
3]4]8 2[5]6
6]9]11 8 [10[11
10] 9]

19 A partition of an integer n is a way of writing 7 as a sum of positive integers.
20This result is the Schur-Weyl duality. The aim of this section is to introduce (without claiming to be rigorous) some
consequence of this theorem that are exploited for proving many results of Quantum Information Theory.
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Given an irreducible representation U, in the decomposition of SU(d)®", the dimension m,,
of the corresponding multiplicity space is given by the number of admissible standard Young
tableaux associated to the Young diagram corresponding to U,,.

The following combinatorial procedure gives the dimension of H,,:

e Given the Young diagram v number the rows and the columns with integer numbers
1,2,...,n from top to bottom for the rows and 1,2,..., m from left to right for the
columns;

e associate each box b of v with the expression }lTbb where:

lh=d+j—i (B.26)

d = dim(H), j is the column which the box b belongs to and 4 is the row which 7 belongs
to;

hy =1+r+s (B.27)

r is the number of boxes to the right of b in the same row and s is the number of boxes
below it in the same column;

e Finally we have

dim(H,) = ]| ;L—l; (B.28)
b

We notice that when the number of rows is greater than n there will be at least one box b for
which we have hy, = 0; such diagrams correspond to the mapping g — 0 for all ¢ € SU(d) and
can be discarded in the decomposition of SU(d)®™.

Since each irreducible representation of SU(d) appears in the decomposition of U®™ for
some n, then it is possible to establish the correspondence

Irreducible representations of SU(d) « Young diagrams

with at most d — 1 columns

A relevant example is the defining representation which corresponds to the Young diagram made

of a single box I:I

This 1 to 1 correspondence allows to deal with decomposition of tensor product of irreducible
representation of SU(d) in a diagrammatic way. If {U, } and {Ug} are two irreducible represen-
tations of SU(d) we associate their tensor product representation {U, ® Ug} with the product
a x [ of the corresponding Young diagrams « and (3. The following procedure provides the
expansion of the product of two Young diagrams as a sum of Young diagrams.

Expansion algorithm for Young diagram
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e Write the product of two Young diagrams « and [ labelling successive rows of 3 with
indexes a, b, . . . as follows:

L] [afala] 29

e At each stage add boxes EI . @ s EI . .Elfrom [ to a one at a time checking that:

— the created diagrams v have no more than d columns
— boxes with the same label must not appear in the same column

— when the the created tableaux is read from left to right and from top to bottom the
sequence of letters a, b, . . . must be such that any any point of the sequence the num-
ber of b’s occurred is not bigger than the number of a’s, the number of ¢’s occurred
is not bigger than the number of b’s etc.

e Two diagrams v, u of the shame shape are considered different only if the labeling is
different.

Finally we can write the expansion
axﬁzzzm (B.30)
v %

where v labels diagram with different shape and ¢ labels different diagrams with the same shape.
It is worth noting that the product of Young diagrams, as defined by means of the previous
expansion, enjoys the following properties:

axfB=08xa (axfB)xy=ax(fx7) (B.31)
Each diagram v; in the expansion (B.30) corresponds to an irreducible representation in the
decomposition U, ® Ug = ), >, U, ;; diagrams with the same shape represent equivalent

representations and the number of diagrams with the same shape but with different labeling
gives the dimension m,, of the multiplicity space. Finally we have the following correspondence

axﬁ:ZZyi o Ua®U5:ZUy®Cm" (B.32)
v i v
The following examples will clarify the previous discussion

B33 U®U
The admissible Young diagrams for SU(d)®? are

v = [T H
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with dim(H4) = % and dim(H_) = @. The admissible standard Young tableaux are

1

thus we have m = m_ = 1 and the decomposition becomes:
UU=ULU_ Uy € B(Hy), U- € B(H-). (B.33)

‘H4 and H_ can be proved to be the symmetric and the anti-symmetric subspace of H ® H
respectively. If {|i) ¢ = 1,...,d} is a basis for H it is possible to find a basis for H and H_;
we have

e = Span { ) i= (1)) +13) ), 1 =1...d} (B.34)
H_ = Span{|n_> - %(m ) = 1)18)), 4,5 = 1. ..d}. (B.35)

Exploiting Eqs. (B.34, B.35) it is easy to check that Hy and H_ are invariant subspaces of
SU(d)®2. We introduce

Pr=> gyl P = |n)(n| (B.36)

PT is the projector on the symmetric subspace and P~ is the projector on the antisymmetric
subspace.

‘We notice that the expansion of the product I:I X I:I would lead to the same decomposition
forU®U.

B34 UU®U
The admissible Young diagrams for SU(d)®? are

A T e I I [

with dim(H,,) = M, dim(Hg) = W dim(H,) = W. We notice

that for d = 2 dim(,) = 0 and the representation labelled by  does not appear in the decom-
position. The admissible standard Young tableaux are

112 113
=D - 5o O
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thus we have m, = 2, mg = m, = 1 and the decomposition becomes:

Ua € B(Ha), Ug € B(Hg), U, € B(H,), I, € C™ =C2 (B.37)

An equivalent way to decompose U ® U ® U is through the expansion of the product|:| X

L]

B35 U®U”
Let us start with a preliminary definition

Definition B.8 (conjugate representation) Ler {U,} be a unitary representation of a group G.
Then it is possible to define its conjugate representation {U, g } in this way:

Us=U s VgeG (B.38)

It is straightforward to notice that the conjugate of the defining representation U of SU(d) is the
one formed by the complex conjugate matrices U*. The Young diagram corresponding to the
representation U™ is the one corresponding to a column of d — 1 boxes

=

U* < . d — 1 boxes (B.39)
It is worth noting that for d = 2 both U and U* are represented by the Young diagram made of a

single box. This agree with the fact that the defining representation U of SU(2) and its conjugate
U* are equivalent; Indeed for all U € SU(2) we have
% 0 1
CU =U"C C= 1 0 (B.40)

The easiest way to the decompose of U ® U™ is exploiting the Young diagrams formalism
and the expansion algorithm:

= @ |
veUr — [ ] x . = o o U,eU, (B4l

m -

where U, € B(H,) and U, € B(H,) dim(H,) = 1, dim(H,) = d* — 1. An explicit form for
the projectors on H,, and H, can be given:

PP =d Y I)(I| P!'=I®I— PP (B.42)
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B3.6 UxU®U"

We can decompose the representation U ® U ® U as follows. First, as we showed previously,
U ® U can be decomposed as Uy @ U_ andsowehave U @ U@ U* = (U dU_)U* =
(U @U*)® (U- @ U*). We now further decompose Uy @ U* and U_ & U*:

0 O -

v,evt - 1] x = & — o Upy ®Uay
0o 4

H |

U_-@U* < H x . = = | o Uy ®Uq

i R

(B.43)
Then the following decomposition holds:

URUQU* =Upy ®Ua,_ ® U,y _ ®Us (B.44)

dim(Hq,+) = dim(Hq,—) =d,

2 9 2 _d—2
SRS AR L B

We notice that for d = 2 the subspace dim(H,,—) = 0 Since U, 4 and U, _ are equivalent

,—

representations the decomposition (B.44) can be rewritten as

UQURU* =Up®@ Ipe ®U, ®Us I, € B(C? (B.45)

where we relabeled Hp + = Hg, H,— = H~ and Ho 4 & Ho, - = Ho @ C2. We now provide
two basis for H,, 1 and H,, -

Has = sPan{ka,+> s 2<;+1> 7)oz Ik, + 1)1 |k>o>}
Ha, = Span{ka,_> = 2(;_1) (ID)o2 1K), — 1T |k>o>} . (BA6)

where we introduced the labeling H ® H ® H := Ho ® H1 ® H and |k), means |k) € H;. We
notice the properties

S |ka,+> = |koz’+> S |ka,7> = ‘ka,7> (B.47)
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where S is the swap operator S [1), |¢); = |$), |1), In terms of these two basis the isomorphism
between H,, 4 and H,,_ has the following form:

T =3 |kaq) (ka,-| - (B.48)
k

From Egs. (B.43) and (B.46) we can derive the expression for the projectors on Hg and H.,:
PP=pPteL-T*"" P =P QL-T% " (B.49)
T = ko) kol T 7 = |ka) (ko |- (B.50)
k k
T+ is the projector on H, 4 and 7%~ is the projector on H,, .

Exploiting Theorem B.2 any operator O satisfying the commutation [0, U ® U ® U*] can be
decomposed as

O=> > 1"} o) eR (B.51)
veS i,j==+
where S = {a, 3,7}, TPt~ = TH—+ = Th—~ =0, TVt =T7 >+ =TV T+ =,

TB:++ — pPB and T8+ + = pPB,

B.3.7 U® U ® U ® U (2-dimensional case)

Expanding the product |:| X |:| X |:| X |:| X |:| leads to the decomposition

(T e e o oo

U =U, U @ Iy, @U@ Iy, (B.52)
dim(H,) =5 dim(H) =3 dim(H.) =1
Cme — (C3 CMe = (CZ

Since we are considering the case d = 2, U and U* are equivalent and the decomposition (B.52)
can be generalized to the cases in which one or more U is replaced with U*. For example we
have:

U'oUeUeU=(CoI®*®*NU,aU,® I, @U@ I, (CoI%%) (B.53)

where C' was defined in Eq. (B.40).
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