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QUANTUM INTERACTION OF FERMIONS WITH THE “FAR FIELD” OF A KERR
BLACK-HOLE
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Using the S-matrix formalism and Feynman’s diagram technique, the gravitational scatter-

ing of the zero-rest-mass and massive 1/2-spin and 3/2-spin particles on the “far field” of a
Kerr black-hole is studied. The calculations have been made in the first order of the Born
approximation, but taking into account the contribution brought by the covariant derivative,
according to the principle of minimal coupling in Quantum Gravity.

PACS: 11.80-m, 04.25.-g, 04.60.-m

1 Introduction

The problem of the interaction of particles of various spin values by a gravitating body which
generates an axisymmetric gravitational field has been considered in many studies (see for exam-
ple [1-5]). In the present paper we develop an unified approach for the description of scattering
processes for the massless and massive half-integer spin particles (more precisely, for the mass-
less and massive 1/2-spin (Dirac) and 3/2-spin (Rarita-Schwinger) particles), in the frame of
Quantum Gravity (QG). The concrete results (scattering cross-sections and the basic characteris-
tics of the process of interaction between the half-integer spin particles and the static gravitational
field described by Kerr geometry) generalize all the results previously obtained in Refs. [4,6,7],
in the long-wavelength, weak-field limit (wavelength corresponding to the incident particles “size
of body/radius of scatterer” gravitational radius/mass of scatterer).

As a difference from the method of other authors, in order to determine the interaction La-
grangians between the gravitational field and the considered fields we will use the principle of
minimal coupling in QG, that is equivalent with considering the Lagrangians of the studied fields
on a curved space-time. In fact, this implies replacing the usual derivatives in the expressions
of the Lagrangians with the corresponding covariant derivatives. As we will see, this fact deter-
mines the appearance of some correction terms in the expressions of the interaction Lagrangians
even in the first-order of approximation.

We have to underline that unlike the big majority of the authors that usually use Gupta’s
interaction Lagrangian (in the so-called "Gupta coupling formalism”; see for example [8]):
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Lg;:pta = 1 skhu,TH”, we obtained the interaction Lagrangians using the above-mentioned

method in the form: Ly, = LE4P" 4 LT (1), where LET™ (k) is the first-order correction in
the coupling constant k.

2 General conventions and notations

By ¢*¥, n*¥ and y*¥ we denoted the metric tensor, the Minkowski tensor - diag (+1, -1, -1, -1)
- and the tensor of the weak gravitational field, respectively. Following Feynman [9] and since
we require that |y"”| < 1 everywhere, we expand the gravitational field as follows: /—gg"” =
N — ky"¥, where g = det (g,,) and x = v/ 167G (in natural unit system, G being the Newton
constant).

In the Boyer-Lindquist coordinates, the geometry of a Kerr black-hole is described by the
line element:

ds> =% (dT + d92) (T2 + a2) sin? 0dg? — 2dt® + QMGT (a sin” 0dy — cdt) )
Y =r2+acos?f,A=r2—2MGr+ da’.

For large and very large r it goes over to the line element of a flat space-time. Thus, if in
the “far field” one passes in the metric (1) to Cartesian coordinates: z = rsinfcosp, y =
rsinfsin ¢, z = r cos 6, then one obtains:

s = [1 = 2 10 ()] de + [12 0" + O (%) ddo -

MG 5 gravitational radiation terms )
(1+ 27 )5k+( that die out as O (1) x

xdzida®, (j,k,1=1,3).

Here § = M@ is the angular momentum and M is the mass of the body that creates the
gravitational field, so that

goo = 2 2905 = gjo = %zﬂakxl, 3)
gik =— (1+2L9) 50, (j,k, 1 =1.3).

Taking into account the relations: g, = Ny + Khpw, by = Yo — %ynw, y = yo, we find

2MG MG 2MG . -
hoo = _T7h0j =hjo = 2€jkzr—3akl’l7hg‘k = —— Ok (j.k,1=1,3), &

and the Fourier transform for the y,,,, is given by

Yoo (q) = Y44 (q) = W%ayﬂc (q) = 07 (]akvl = 173) .

*)

If the angular momentum per unit mass @ vanishes in the above expressions, we recover
the linearized Schwarzschild geometry [10]. In the following the components of 3-vectors are
labeled by Latin indices, while components of 4-vectors carry Greek indices. Also, comma
denotes the usual derivative, whereas semicolon denotes the covariant derivative with respect to
the space-time coordinates.
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3 Gravitational scattering of the spinor and spin-vector particles

The problem of the scattering of particles of various spins “propagating” in a slightly curved
space-time may be treated by quantizing both the gravitational background and the scattered
field. In such scenario the two fields couple according to the Feynman vertex rules. How-
ever, since our interest is restricted to a gravitational background geometry generated by energy-
momentum distributions which are not appreciably affected by the scattering process, we may
replace the virtual graviton by an external gravitational field, i.e., we may use the external field
approximation for stationary gravitational field described by Kerr geometry.

In this paper we shall limit ourselves to interactions proportional to 2 (single graviton ex-
change), calculating the scattering cross-sections in the first Born approximation. As one knows,
the matter field theories in a fixed curved background are in general non-renormalizable. It is
not even clear, so far, up to which extent the semiclassical approximation, i.e., quantized matter
in a classical background geometry, can provide reliable results. However, the processes stud-
ied in this paper prove to be finite, that is, the concrete calculus can be done to the end without
obtaining divergent terms, at least in the first order of the Born approximation.

3.1 The case of zero-rest-mass particles

In order to obtain the first-order Lagrangians expressing the interaction between the gravitational
field and the massless spinor and spin-vector fields, we use the principle of minimal coupling
in QG. According to this principle, for massless spinor field we must add to the expression of
the gravitational field Lagrangian, the massless spinor field Lagrangian written in the curved
space [11]:

Lspinor = LO,1/2 = i\/jg [E’}/# (1 + 75) 1/’;# - E;M’}/# (1 =+ ’75) ’l/)} . (6)

We have preferred to use the two-component massless neutrino theory, instead of four-
component one, i.e., for this field we have used the classical expression of Dirac Lagrangian
in which (taking into account the Landau & Lifschitz’s ideas [12]) there were made the follow-
ing substitutions: ¥ — % (1 + 75) W, p — %E (1 - 75) , where 7% = —iy0y192~3 (= 45 =
Y1Y27Y37Y4, When we pass to the flat space).

For the zero-rest-mass spin-3/2 field, by analogy with the spin-1/2 case, we considered the
classical expression of the massless Rarita-Schwinger Lagrangian in which the analogous substi-
tutions have been performed: ¢, — 3 (1+7°) ¢, ¥, — 31, (1 —°) . For this field, besides
the principle of minimal coupling we also used the vierbein formalism, so that the Lagrangian of
this system can be written as follows (see also [13]):

Lspinfvector = L0,3/2 = i.\/ —ggh” x

RSP x5 7 SA 5\ 1 )
X [, Dx 3 (1+7°) ¥y — ¥, 3 (1+7°) Da ¥y,
where 7# are the generalized Dirac matrices: 7* = L* (a) 7 () , ¥, = L, () 7 (o) ; L* ()
are the vierbein coefficients, 4 («) are the usual Dirac matrices in (-2) hyperbolic representa-
tion of Minkowski space-time and D1, is the covariant derivative of the spin-vector ,,. It’s
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worth mentioning that exactly the same results are obtained if, in order to describe the zero-
rest-mass spin-3/2 particles, we use the appropriately spin-3/2 massless part of the supergravity
Lagrangian:

L3S = $v/=9e"9 (B, D AsTutbs — $o¥sTn Do Us) -

This fact was already proved by us [3, 7] for the Schwarzschild geometry, the choice used
here being justified by reasons of calculus simplicity. in addition, we notice that the gravitational
scattering of Rarita-Schwinger particles is rarely studied in concrete applications, even it exist an
outstanding rigorous general approach by use of extended supergravities (see for example [14]).

Taking into account the de Donder-Fock gauge: (1/—gg"") , = 0, developing all quantities
in series in terms of x and passing to the flat complex Minkowski space-time, the first-order
interaction Lagrangians are:

1

Lff’ff)z(l) (k) = —3¥ [0 (L 475) o — 0 (L4 75) ] 50, ®)
and
Lffgj)z(l) (k) = 26 [ (L475) Yy — 70 (14 75) Yun] yaw— ©

— 3359, Yo (L4 95) + 9 (14 75) 1] Y (Rune — hiprs)

where: h*¥ = y* — %n“”y, Sy = Yuv + %5Wy, y = yo . We also have taken advantage of the
massless Rarita-Schwinger field equations: i7* (1 4+7°) ¢, = 0, i), ,7* (1 +7°) = 0 and
the well known anticommutation relations:

() = 3 7 = 2.

The processes are described by the Feynman’s type diagram in Fig. 1, where p and () and
also p’ and (s) are the four-momenta and polarizations of the initial and final particles, respec-
tively, and ¢ is the four-momentum of the virtual graviton. The spatial orientation of the angular

!/

momentum @ and the scattered direction P relative to the incident direction P are shown in
Fig. 2. Using the S-matrix formalism we deduced the Feynman rules for diagrams in the external
gravitational field described by Kerr geometry, which allowed us to calculate the matrix element
(p" |S| p) in the mentioned approximation. Thus we find that

vt (4) =o,

— —
ext ext 1 kM
Yau (q) =Y (q) = 3/2 = 2
(2m) |q|
_
ext 1 1 kM
56 (Z) =3 573 oz Ok
ik ( 2(271')3/2 |q|2 Ik
— — — —
ext ext 1 1 kM
S q)=s q) =3 a X q
J J CORENP j
—
ext 3 1 KM
S44 (q):§ EyC i
2
(2m) lq]
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(s} P

{r) P q

kM

Fig. 1. The (fermionic field) - graviton - (fermionic field) vertex. The wavy line represents a graviton. The
solid lines represent either spinor or spin-vector quanta.

BN
ext _ _1 1 kM s
h’jk (q) = "3 (27‘_)3/2 ‘H‘z(sjk;
—

ext _pext (o) _ 1 1 kM
hja ( )_h4j (q) EICOREN (a % q)j’

—
t 1 1 kM

sG% (Q) =3
44 2 (2m)3/2 =2
( ) |q|

We specify that any derivation with respect to the z,, is equivalent with the appearance of
a supplementary factor ¢q,. Taking into account the above relations, the matrix elements - in
the external field approximation - corresponding to the diagram in Fig. 1 can be expressed as
follows:

(=) — [/,
Sp/p = <p

where the superscript symbol (*) takes place for each the 1/2 and 3/2, depending on which field
is considered (i.e., the spinor or spin-vector field respectively). In relation (10), qo = pé) —po=20
states for the energy conservation law. The differential cross-section is given by the well-known
expression:

do = ( <Z|Fp p)| > PyaL, (11)

fesp 1.8p.

()

p) = F (0',0)6 (a0), (10)

where d) = sin6 df dp, 0 being the scattering angle. After a lengthy but straightforward
calculation, for differential cross-sections of the two processes we obtained:

do (1/2) = (GM)? 4 T cos? £ — (GM)? apo (2ctg cosa + sinf esc? € x

xs1nacos<p) (GM) a’pd [0052 g+ 1csc?d (4+30059+cos 0) x (12)

x sin® v + % sin @ sin 2a cos ¢ — 4ctg? g sin? a cos <p] dQ,
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o
o

— —/
Fig. 2. The spatial orientation of the angular momentum a and the scattered direction P relative to the

incident direction P .

da(3/2) (GM) d?g cos? § 812 (GM) apocthQ (sinatang cos o+

+ cos @) + (GM)? a2p? [cos? & + Lesc? & (44 3cosf + cos? 0) sin® a+ (13)

+ % sin @ sin 2a cos ¢ — 4ctg? stmzzoz cos <p] dQ,

3.2 The case of massive particles

In this case we have started with the following actions describing the massive Dirac and Rarita-
Schwinger fields:

Lspznor = Lm ,1/2 = \/ [1/)7#1/) H M ;ﬁ#l/}] \ m%/”/% (14)
and
Lspin—vector = Lm13/2 = \/—gguu |:% (Eﬂ Dx A’Y'AQ/JV - EMA'Y'A D 1/11/) + (15)
+m¢u¢u} =! Ly 372 +2 Ly, 32,
where
7 S ~ — J—
Lz =+v— 99" [5 ( u ,\7/\1% - 1/;“7*1/11,7/\) + ml/’,ﬂbu] ) (16)
and
’L L, 3/2 = \/ g (?p;/\ﬁpﬁ)\ + V%;ﬁp) Uy, a7

1, being the usual derivative of the Rarita-Schwinger field function. Obviously there is a
big difference in studying the interaction of massless and massive particles, that means of a
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system described by a Lagrangian containing no mass-term in comparison to one that contains
such a term [15]. The presence of a mass term in the Lagrangian seriously affects the physical
content of the problem. Even if gravitino is considered at the moment to have no mass, it can
have a non-zero rest mass due to the cosmological constant, as shown by Deser and Zumino
[16-18]. Concerning the Rarita-Schwinger field we used the mass term proposed by Deser,
Kay and Stelle in [19], that means: im@ 0", a term that for reasons of simplicity has been
written under the more convenient form: mg“”1/1 1, , this fact being perfectly possible because
of the following constraints: ¥#1), = 0 and @ﬂb” = 0. The above expressions for 'L,, 3/2
and ?L,, 3 3/2 have been obtained msertmg the expression of the covariant derivative of the spin-

vectors: D w WV =Yy, —Tuthy, w D = 1/} 1/} I, , where I, are the Fock-Ivanenko spin
coefficients of the affine connection. It is very 51mp1e to show that the 2L ,3/2 term in (15) gives
no contribution in the first-order approximation, so that for the first-order interaction Lagrangian
between the weak gravitational and the massive Rarita-Schwinger fields reads

L&"é}é” (k) = =2k (D At — DyFu),) B — drx

af T (18)
X (a3 M0y — M) Y — Emap byt

Taking into account the previous considerations and passing to the flat Minkowski space-
time, the first-order interaction Lagrangians between the weak gravitational and the massive
1/2-spin and 3/2-spin fields are

wm 1 —_
LW (k) = ——H [Dthar = B 70] S0 = 5Emipy, (19)
and
n 1 — —- 1 —
LEDOW () = 15 (Pawutbo = o Vutboow) Y — HmPaay. (20)

We also have taken advantage of the massive Rarita-Schwinger field equation: v,%q,,, =
—ma),, and its adjoint. After the same steps as in the case of zero-rest-mass particles, for the
differential cross-sections of the massive 1/2-spin and 3/2-spin particles we obtained:

2N 2
Aot/ = = (GM)? z?g [(1;@3 ) ?’JZJZ sin? ] + (GM)? a?p? x
x [f1(0) + f2 (v,0) sin® a + f3 (0) sin2a cos o+ @D

+ f1(0) cos® o + f5 (v,0) sin® acos? ] de2,

361)4(117712)2 [(15 — 41U2+

+5v% + 210 ) v sm2 ‘9 +4 (3 6v% — 51)4) v*sin? g +8 (3 + 1)2) X (22)
x v0sin® £} + (GM)2 a?p3 [ f1 (v, 9) + f2 (v,0) sin® a + f3 (v, 0) x
x sin2a cos ¢ + f4 (v,6) cos? & cos? p| dS2,

202

a2 — oy 0 { (52’

where we denoted by v the % ratio. The corresponding expressions for f; (v,0),i = 1,5

appearing in the above relations are given in Appendix A.
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4 Special limit cases and integral cross-sections

Allowing @ to vanish (linearized Schwarzschild geometry) for the massless fields we arrive at

1/2)massless 3/2)massless 2 aQ 0
dogiu™ " = do G = (GM)? =g cos” 5 23)
Sin 5

i.e., both massless neutrino and gravitino are scattered in the same manner by a slightly curved
Schwarzschild background, while for the massive fields we get

2\ 2 2
() - 2and), o

202 402

dQ

n49

1/2)massive 2
dog """ = (GM)

S1

and

2
doGihen™ " = (GM)? ;22 {( 55°) — Semrim [(15 — 4102 4 5t

—|—21v)v sm29+4(3 602 —5v)v sin* ——|—8 (3+v )’U smﬁ‘g}}.

(25)

If, supplementary, we ask for the angle 6 to take small and/or very small values, then, for the
massless fields both the differential cross-sections are of this form:

ssless dQ masstess
dogncfﬁul‘ smalld (GM) 4 9 =do O Ruth : (26)
Sll’l
and for the massive fields we have
2
massive 2 dQ 1 + U2 — massive
oSenm - Nsmaig = (GM) sin’ g 202 = AORuth s 27)

result which in the ultrarelativistic limit (v — 1) coincides with that obtained for massless par-
ticles. As one can see from relations (26) and (27), for @ = 0 the differential cross-sections are
all of Rutherford type. This result coincides with that obtained for the massless 0-, 1- and 2-spin
particles in the same approximation [1] and also for the massive integer spin particles (when
supplementary, the ultrarelativistic limit is supposed) [10, 20], proving that in this special limit
case the gravitational particle scattering is spin independent.

The method we have used in order to determine the differential cross-sections allows us to
study the backward scattering limit case, since the obtained results (concerning dﬂ) are valid for
any value of the scattering angle. Thus, the massless 1/2-spin and 3/2-spin particles have finite
values for the differential cross-sections that depend on the squared angular momentum per unit

2

mass a and also on the angle « :
do (/2
dQ

do (3/2)
T dQ

=

2
= (GM)* @ p?sin’a. (28)

0=m
The massive 1/2-spin particles have also finite value for the differential backward cross-

-2
section that depends on the squared angular momentum per unit mass a and also on the angles



Quantum interaction of fermions. .. 315

a and . It’s interesting to point out that the angular dependence of this differential backward
cross-section still appear and for the UR limit case, when

do /2) 2 —2 9 .
0 = (GM)* a p} (5 cos? ¢ + sin? a) . (29)
O=m,v=1
Concerning the massive 3/2-spin field, as it can be easily to check up, it has « - depending
differential backward cross-section, and in the UR limit case this scattering cross-section has di-
verging expression. This fact can be better seen from Fig. 7, that represents the integral scattering

cross-section as function of the both ratio 1Pl — = v and angle . As this figure shows, for the UR

case the graph tends asymptotically to the straight-line v = 1.

Because of the fact that in the & — 0 limit the differential cross-sections are all of Rutherford
type, there appear to be problems in computing the integral scattering cross-sections. To be more
precisely, in the § — 0 limit there are obtained diverging terms due to a dependence in ﬁ

of the differential cross-sections on the diffusion angle, so the integral scattering cross-sections
tend to infinity due to the infinite action range of the gravitational interaction. We overpassed
this difficulty using a cut-off procedure based on the Leibniz-Newton formula. The computations
give the following expressions for the integral cross-sections:

—2 —2
oM (a,0) = dn {i [a p3 (1 —2cos2a) — 4ap0cosa} cosf — & a pgx

massless 6

2 (30)
x cos2acos 20 — csc? & +2 (2 a pgsin® a — 2apg cos o — 1) In [sin §|},
(3/2) 1 {22 2 1 =2
O tess (@, 0) = 4 {Z [a pg (1 — 2 cos2ar) + 4apg cos a} cosf — £ a pgx
‘ 2 (31
x cos2arcos 20 — csc? § — (1 —2appcosa —2 a  pgsin? a) In [sin §|},
2 2
o2 (v,0,0) = Za pd(3+20%sin®a— 7cos2a) cos — 75 a p§x
x (14 2v%sin® a — 3 cos2a) COSQQ—U—(l-i-’U) csc? - (32)
2 2
—2r {3+v2 (1 —13a pi+4a pocos2o¢)} In [sin &,
afiﬁlwe (v,a,0) = m {Gfl (v, @) cos b + 6 f2 (v, ) cos 20+ 7 pax
2
X (f (v,a) cos30 + 3 fa (v,0) cos40)] — gy @ pRos® § x (33)
212
X cos 56 — ﬂ(l;iv) csc? § — mﬁq (v,a) In|sin g

where the corresponding functions f; (v,«), i = 1,5 are given in Appendix A, and the graphs
for these integral cross-sections are given in different cases in Figs. 3=-8. We have to say that in
relations (30)+(33) we disconsidered the factor (GM )2 which, as a constant, does not affects the
shape of the surfaces and curves, and for convenience, in numerical calculations we considered

2
a p3 = 1. Therefore the numerical values appearing in all the figures do not have quantitative
significance, but only qualitative one.
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o

Fig. 3. Variation of integral cross-section o («) with respect to the angle «, for massless spinor particles.
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[ea?]

S0zann

502700
502600
502500
502400
502300 Spin=3/2 | ¢[rad]
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=
—_
(o5
(A5}
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Fig. 4. Variation of integral cross-section o (o) with respect to the angle «, for massless spin-vector parti-
cles.

Fig. 5. Variation of integral (total) cross-section oo, (v, ) with respect to the both ratio v = ‘LO and
angle o, for massive spinor particles.
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Fig. 6. Variation of integral (total) cross-section oo¢. (o) with respect to the angle «, for massive spinor

particles in the UR case (v = 1).

Fig. 7. Variation of integral (total) cross-section oot. (v, ) with respect to the both ratio v =

angle o, for massive spin-vector particles.
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Fig. 8. Variation of integral (total) cross-section oot. () with respect to the angle «, for massive spin-
vector particles in the quasi-UR case (v = 0.999).
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5 Summary and Conclusions

We develop an unified approach to the description of scattering processes for the massless and
massive spinor and spin-vector (Rarita-Schwinger) particles in the frame of QG. The basic
method we used here is that offered by the principle of minimal coupling in QG. The calcu-
lations have been made in the first order of approximation but also taking into account the con-
tribution given by the covariant derivative, according to the principle of minimal coupling in
QG. Consequently comes a greater generality of the results, referring to the values scale of the
scattering angle, which thus is not forced to take only small enough values. This fact allows
us to approach the special backward scattering limit case. The differential cross-sections for
the weak-field gravitational scattering of spinor and spin-vector particles have been calculated
using Feynman perturbative methods. The expressions giving the differential cross-sections for

massive half-integer spin particles are of the form: (%) Kerr = (%) senw T terms which

are proportional to 82 pg, whereas for the massless particles the contribution of the angular
momentum to the differential cross-section includes a term proportional to apg. For a = 0and
6 < 1 they exhibit a Rutherford-type dependence. We have studied the backward scattering
limit case and we also determined the integral scattering cross-sections as §— indefinite integrals
of the differential cross-sections. The graphical representations of these integral cross-sections
were done.

Finally it’s worthwhile to point out that for a =0andf < 1 the scattering cross-sections
of massless half-integer spin particles and also of corresponding massive particles have the same
form, and in UR case they coincide with those corresponding to the massless scalar particles, pho-
tons and gravitons, i.e., the gravitational particle scattering in this limit case is spin-independent
in agreement with other authors’ results (e.g. [21,22]) obtained by different means in few partic-
ular cases.
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Appendix A
Below we enlist the explicit expressions appearing in relations (21), (22) and (33).
1. In relation (21)
f1(0) = —sm 9(35(32 g,
f2 (v,0) = 2 csc? £ (9 + 6cosb + cos? 6 — v? sin® 0) ;
f3(0) = % 1n9
fa(0) = %CSCQ 2;
f5 (v,0) = 2 csc? £ (=9 — 8 cosf + cos? 6 + v?sin” ) .
2. In relation (22)
f1(v,0) = § csc? B g {82 —v? (129 — 68v? + 3v?) + 2cos 6 (31 — T0v>+
+ 27v*) — v? cos? 0 (19 141)2 —v?) + 20 cos® 0 (4 4 v?cos ) — [T7—
—v? (123 — 6502 + 3v*) + 2 cos B (31 — 68v% + 27v*) + cos? 0 (5 — 250%+
+15v* +v ) — 42 0053 0 (1 — 2112) + 20% cos* 0 (1 + 1)2)} } (1 — 1)2)_2 ;
f2 (v,0) = 3= csc? § {82 — v? (129 — 68v% + 3v*) + 2 cosd (31 — T0v>+
+ 27v%) — v cos2 9 (19 — 14v% — v*) + 20t cos® O (4 4 v? cos )] x
x (1- 1)2)_2 — f1(v,0);
f3(v,0) = 1z sinf (5 — 60 + 3v — 4v? cosf + 20t cos? ) (1 — 1)2)_2;
f1(v,0)=—2cos? 8 (1—v ) [77 — v? (123 — 6502 + 3v*) — cos 0 (5 + 250+

+50t —30%) + 202 0052 0 (2 + 7v? —v*) — 20" cos® 0 (1 — 1)2)} (1 — v2)
3. In relation (33): ,

fi (v,a) =48 (1 —v?) — 64v*+ @ p3 [(531 — 112102 + 5660* + 405) +

+ (303 — 51302 + 268v* — 100°) cosa — (268 — 664v? + 3260* + 140°) x

X cos2a];

fo (v, ) = —4v? (3 + 1)2) + 32 3 [(67 — 15502 + 84v* + 4116) +

+ (72 — 14602 + 66v*) cos o — (5 — 2902 + 260" + 40°) cos 2a];

f3 (v,a) = =10 — 3402 + 27v* + 90° — (10 + 4202 — 15v* — 50°) cos a+
+ (8v? — 20v* — 4v%) cos 2q;
fa(v,a) =2+ 50 + v + (24 60?) cosa — v? (1 + v?) cos 20
2
f5 (v,a) = 15 — 2602 — 21v* — 14402 @ p3 (1 — v?)sin® .
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