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AN INVESTIGATION OF SYMMETRY OPERATIONS WITH CLIFFORD ALGEBRA
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After presenting Clifford algebra and quaternions, the symmetry operations with Clifford
algebra and quaternions are defined. This symmetry operations are applied to a Platonic
solid, which is called as dodecahedron. Also, the vertices of a dodecahedron presented in the
Cartesian coordinates are calculated.
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1 Introduction

The geometric algebra produces the new fields of view in the modern mathematical physics,
definition of bodies and rearranging for equations of mathematics and physics. The new mathe-
matical approaches play an important role in the progress of physics.

Wessel, Argand and Gauss used the complex numbers in the solutions of two-dimensional
problems. The exponential form of complex numbers is useful in the theory of rotational motions.
The quaternion algebra, which was defined by Sir W. R. Hamilton, was generalized for the three
dimensional complex numbers [1]. The quaternion algebra is the Clifford algebra of the two-
dimensional anti-Eucliedean space. Quaternions in the three-dimensional spaces have more use-
ful appearances for the subalgebras of Clifford algebra. We know that Grassmann was affected
from Hamilton. This can be easily understood from Grassmann’s studies. In the n-dimensional
spaces, Grassmann carried on the studies for the multi-dimensional bodies and defined the central
product, which includes the both interior and exterior products. The Grassmann’s central product
is the Clifford product of vectors. This result was found by Grassmann independently from Clif-
ford. Later, Clifford tried to combine the Grassmann’s algebra and quaternions in a mathematical
system. Then this study, which was entitled "Application of Grassmann’s Extensive Algebra",
was published [2].

Today, Clifford algebra has an important role in the investigations of the symmetry properties
of systems, crystallography, molecular and solid state physics.

The method of point groups in the multi-dimensional spaces is derived by transforming in
to the parameters of the reflections and possible rotational operations. In the three-dimensional
spaces, Altmann showed that the Euler’s angles are not useful for the rotational operations but
the Euler-Rodriques’ parameters are more advantageous [3]. To know the rotational pole and
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angle for each rotational operations is necessary and enough. So, there is a similarity between
the proper and improper operations in R3.

The rest of paper is organized within 4 sections. Section 2 reveals the quaternions and sym-
metry operations in R3. In section 3, the Clifford algebra and symmetry operations are showed.
An application of the symmetry operations with Clifford algebra is given in section 4. Conclu-
sions are drawn in the last section.

2 Quaternions and Symmetry Operations in R3

A quaternion is a quantity represented symbolically by A and it is defined through the following
equations

A=al+Ai+Aj+ Ak, (1)
or
—. —
A=[a,A], A=(4, A, A.), )

where all a, A,, A,, A, coefficients are the real numbers. The unitary quaternions i, j, k satisfy
the multiplication rules as follows:

ij=k, ji= -k, jk=i, kj= —i, ik= —j, ki=j. A3)

Also i, j and k can be written as e, e and eg, reciprocally. The vector quaternion A with com-
—

ponents [0, A, Ay, A.] and a vector A of the Euclidean tridimensional space with components
(Az, Ay, A) are reciprocally associated [4].
If A and B quaternions are

A =al+Azer + Ayes + Asesz = [a, X], ()

and

B =bl1+B,e; + Byes + B.es = [b, B), (5)

the product of two quaternions, namely A and B, is given by

— - - =
aB+bA+AxB], (6)

AB=(ab—A,B, — A,B, — A,B,) + e1(A;b+aB, + A B, — A,B,)+
ex(aB, + Ayb—A;B,+A.B;) + e3(aB, + A,b+A, B, — A,B;), @)
where the result is a quaternion. It must be noted that the product of quaternions is not commu-

tative, but associative. The product of A and B quaternions in the matrix form can be written
as
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a A, A, —A, b
A a —A A B
AB = (l,e;,es,e ¥ z Y ¥
(123)AyAza—Az B,
A, -4, A, a B.
!
C
= (1,e;,eq,e I (8)
(1,eq,e2,€3) c,
C.

We can calculate the quaternion product of A, B and C quaternions,

ABC =

a —A, —A, —A,

o

-B, -B, -B.

C
A, a -A. A, ||B v -B B ||C
(Levexnes)| ' 4 & 4, ||B B b -B ||C |©
A. —A, A, a B. -B, B, b C.
1
D,
- (1781,62,63) Dy 3
D,

where D is equivalent to a quaternion. Also, each quaternion matrix is determined by the first
column (or row) alone, which simplifies the construction of the corresponding (4 x4)-matrix
algebra considerably.

For each quaternion A, its conjugate is [5]

A*=al—-A,e; — Ayes — Ases. (10)

The rotation of arbitrary points on an unit sphere (R(yk)) can be defined by ~ angle around
of the definite k-axis (0< ~ < w). The poles of rotational operations are defined on the every
half-sphere. In general, the rotations (counterclokwise) are accepted to be positive direction. If
R(A1) and R(am) are the rotations with 3 and « angles around of 1 and m axes, respectively,
then the result of two rotational operations has to be equal to a new rotation with y-angle around
of k- axis, i.e.

R(1) R(am) = R(7k), an

where k, 1, m are the axial vectors that correspond to the k, 1, m rotation axes, respectively.
Rodriques [6] defined the geometrical structure and algebra for the angles v, 3, « and the axes
k, 1, m in the following forms

cos% :cosgcosé—sin%simgm-l7 (12)

2 2
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B

sinzk:singcos émfcosgsin —l+singsin ém x 1. (13)
2 2 2 2 2 2 2

The rotational operations with the normalized quaternions can be written as

R(am) = [cos %,sin%m} ) (14)
R(p]) = {cos g,sin gl] . (15)

In the similar way, from egs. (11, 14, 15), R(7k) can be defined by the following equations

R(vk) = [cos %,sin%m} [cos g,singl} , (16)
_ Y sinY
R(vk) = [cos 5 5i 2k} . (17)

Any point represented by R quaternion transforms to the a new quaternionic point at the end
of a rotation defined by A unit quaternion. This new quaternion is

R'=ARA* (18)

where A* is complex conjugate of A .

3 C(lifford Algebra and Symmetry Operations

Clifford algebra in physics is used for the studies of symmetry. There are three basic units e;
(i=1, 2, 3) in Clifford algebra such that

eie; + eje; = 20,5, (19)
which are equivalent to

€;e; = 1, (20)

€;e; = —€ €. (21)

Using e, ez and e3, which are the terms of second and third rank, e;e; and e;ejey, can be
defined as follows [7]:

eie; = 1, (22)

(e2e1)(eze1) = esejeze; = —ezejejep = —1, (23)

(6162€3>(618263>:71. (24)
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Fig. 1. Directional area with e; and e
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The result of ejeq product is neither scalar nor vector. This product is called bivector. The
ey e product is represented by eqo that shows the oriented plane area of the square with sides e

and es.

1,e1, e, e1o form the basis of the Clifford algebra CI, of the vector plane R?. An arbitrary

element of Cl5 is

u =up+uie; + uze; + uizeis,

(25)

where u, uj, ug, uj2 € R. The Clifford algebra Cls is the four-dimensional linear space and its

basis elements have the multiplication Table 1 as follows:

Table 1. The basis of Clifford Algebra
The basis of Clifford Algebra | e1 e erp

(S3] 1 €12 €9
() e 1 -e
€12 -€9 (3] -1

The Clifford product of two vectors, namely a and E}, with components

N
a = aje; + azeo,

and

N
b = bie; + baey,

is given by

(26)

27)
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Fig. 2. The geometrical meaning of a A b.

E}E}ZE}-E)—}—E)/\B):albl +a2b2+(a1b2—a2b1)e12, (28)

where "A" is called as the wedge product [7].
—
The bivector @ A b represents the oriented plane segment of the parallelogram with sides
— —
a and b . The magnitude of the bivector @ A b is the area of this parallelogram, i.e.

‘?/\B)‘ :|a1b27b1a2|. (29)

The bivectors a’ A b and b A a’ have the same magnitude but opposite senses of rotation.
This can be expressed as

— —
aAb=—bAa. (30)
The reflection of T across the line @, namely the mirror image T of T with respect to a,

is given by

T=aT1Ta (€19

Equation (31) can be directly obtained from using the commutation properties of Clifford
algebra [7]. The composition of two reflections, first across a and then across b, is given by

F=bTb l=b(@aTa )b l=(ba)T(ba) (32)

N
The composite of these two reflections is a rotation by twice the angle between a and b .
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F
K

—
Fig. 3. The rotation and reflection operations of @ and b vectors.

Now, the symmetry operations in the three-dimensional space must be mapped on the ele-
ments of the Clifford algebra, Cl3 [8]. The Clifford algebra Ci3 of R3 is the real associative
algebra generated by the set of e, e2, e3, which are the eight-dimensional with the following
basis

1 the scalar
e, €g, €3 vectors (33)
ejes, e1e3, €x€e3 bivectors
ejeses a volume element

An arbitrary element in Cl3 is a sum of a scalar, a vector, a bivector and a volume element,
and can be written as

u = uptuje; + uge2 + uges + Uiz€12 + U313 + U23z€23 + U123€123- (34)
The Clifford units, e; ’s, are identified with orthogonal reflections (mirrors)
€] < Oyz, €2 <> Ogz, €3 <2 Ogy- (35)

The mappings between the Clifford bivectors e;e; and the corresponding quaternion units
are defined

€3€2 < OgyOgz = CQJ; — [0; (17 07 0)] 3 (36)

e1e3 < 04,04y = Coy < [0,(0,1,0)], (37)
€2€] <= 0,0y, = CQZ — [07 (070, 1)} . (38)



228 A. Kilig et al.

Fig. 4. A dodecahedron, whose vertices are indexed as Cartesian coordinates in Table 3

The inversion, which is a product of three reflections, is obtained by a trivector as follows:

€1€2€3 < 0y,04,0zy = i7 (39)

where e;eses € Cl 3 is performed.

4 An Application of The Symmetry Operations with Clifford Algebra

The reflection and rotation operations in the solid state physics and molecular physics play an
important role. The symmetry operations can be easily applied on the regular polyhedra, which
are called Platonic Solids. The Platonic solids are tetrahedron, cube, octahedron, icosahedron
and dodecahedron. Some important numbers for the Platonic solids are shown in Table 2.

Table 2. Numbers for the five Platonic solids

Number  Number Number FEdges
of faces of edges of vertices per face

Tetrahedron 4 6 4 3
Cube 6 12 8 4
Octahedron 8 12 6 3
Icosahedron 20 30 12 3
Dodecahedron 12 30 20 5

A dodecahedron has twenty-vertices. The vertices of a dodecahedron, whose origin was
chosen at the centre of body, are indexed as cartesian coordinates in Table 3.

Assuming the distances of midpoints of all the edges to the origin of the dodecahedron are
normalized, we provide the cartesian coordinates of the 20 numbered vertices in Table 3.
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Table 3. The vertices of a dodecahedron for the model shown in Fig. 4.

=
@]
>
«
N

0.618 0.618 -0.618
-0.618 0.618 -0.618
-0.618 -0.618 -0.618
0.618 -0.618 -0.618
0.618  0.618
-0.618 0.618 0.618
-0.618 -0.618 0.618
0.618 -0.618 0.618

e R N O
e
o
=
o]

0 1 -0.382
10 0 1 0.382
11 1 0.382 0
12 1 -0.382 0
13 0 -1 0.382
14 0 -1 -0.382
15 0.382 0 -1
16 -0.382 0 -1
17 -1 0.382 0
18 -1 -0.382 0
19 -0.382 0 1
20 0.382 0 1

Now, for example, from eqs.(9), (10) and (18), the Cy rotation of 19th vertex around the
Z-axis is

[0 0 0 -1 0 0.382 0 -1 0
|00 -1 0 —-0.382 0 -1 0 0
101 0 o0 0 1 0 0.382 0

1.0 0 O 1 0 -0382 0 -1

[0

0.382

1

where A,, Rig and a; are the (4x4)-matrix representations of rotation z-axis and 19th vertex,

(4x1)-column matrix representation of the (4 x4) matrix of A} respectively. This result of the
matrix operation defines the 20th vertex of the dodecahedron.

This method is the conventional geometrical method of the rotation operation for dodecahe-
dron. Using quaternions, the same calculation can be obtained as follows:
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R’ =a, Ry a, (41)
= (az,€e0 + az,e1 + a,es + a,,es3)
x (Rig,€0 + Rigze1 + Rigyes + Rigze3)(az €0 + @z, €1 + az,e2 + az €3)
= (le3)(—0,382e; + les)(—1les) = (0.382e; + les).
This result is equal to the quaternionic definition of 20th vertex, as well.
Now we investigate another rotation operation of 20th vertex around the straight line, which

connects the 5th vertex to origin. The rotation 120° of 20th vertex around this straight line named
a; must give the 11th vertex. From the eq. (18), R’is

R’= a5 Ry a, (42)

where a5 and Ry are the quaternions representing the rotation axis and 20th vertex. aj is the
quaternion, which is the complex conjugate of as. The quaternion as can be written as

120° 120°
a5:eocos( 5 )+E}5Sil’l( 5 ) 43)

a’s denotes a pure unit quaternion that describes the direction of the rotation axis. a5 can be
written in terms of the direction cosines with the cartesian axes as follows [9]:

— a5z a5y
as = e +

2 2 2 2 2 2
\/a5az + a5y + as, \/G’Sx + a5y + as,

a5z
+ €3

\/ 98 + a3, + a3,
0.618 0.618

= e; + e
V0.618% + 0.6182 + 0.618% —  v0.618% + 0.618% + 0.6182 -
0.618

+ es.
V0.6182 + 0.6182 + 0.6182

€2

(44)

Then equation (43) becomes

a5 = 0.5eg + 0.5e1 + 0.5e5 + 0.5e3. 45)

The quaternion R’, which gives 11th vertex, is found as follows:

R/:(O.5e() + 0.581 + 0.562 + 0583)(038261 + 183)(0.560 — 0.561 — 0.562 — 0.563)
= le; + 0.382es. (46)

Let us apply to the two consecutive operations for 20th vertex. After the 20th vertex is rotated
of 120°around the straight line, which connects the 5th vertex to origin, we obtain the 11th vertex.
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This 11th vertex will be rotated around the z-axis with 180°, as well. At the end of this operation,
the quaternionic definition of vertex R is found as

R” =a.R'a} (47)
= a,(asRya;)al
= (a:as5)Rao(azas)"
= ((1es) (0.5ep + 0.5e1 + 0.5e4 + 0.5e3)) (0.382e1 + les)
x ((les) (0.5eq + 0.5e1 + 0.5e3 + 0.5e3))"
= —e; — 0.382e9,

here this result is equal to the quaternionic definition of 18th vertex as well.
The reflection operations can be also defined by the Clifford algebra elements. According to
the xz-plane, the reflection of 10th vertex with Clifford algebra is

R/:sz R10 0‘;21 (48)
2613(92 + 0.38263)613
= — ey + 0.382e3,

where 0;21 is the inverse of oy, operation. The reflection of 10th vertex on the xz-plane is equal
to the 13th vertex. After this reflection of the 10th vertex on the xz-plane, the reflection of 13th
vertex on the xy-plane can be written as

R":ny R o} (49)

Xy
_ -1 -1
7O—Xy (JXZ R10 Oxz ) ny

=(0xyoxa) R (0xyoxa) !

=(—ey;)(ey + 0.382e3)(—e32)
= — €3 — 038263

This result is equal to the quaternionic definition of 14th vertex in Table 3.

5 Conclusions

The geometrical methods and matrices are used for the investigation of symmetry operations of
the symmetric solid. Clifford algebras are algebras of geometries and quaternions are hyper-
complex numbers. In this study, Clifford algebra and quaternions are used for the symmetry
operations. When these operations are made with Clifford algebra and quaternions, it is obvious
that the calculations are easy and compact. The quaternions and Clifford algebra are much sim-
pler to apply to the symmetry operations than the conventional methods of molecular symmetry.
This method can be applied to the more complex structures. Also the computer programming of
this calculations with Clifford algebra and quaternions may be easier than the usual methods.
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