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The(n,2n)reactioncross-sectioncalculationsfor someneighbordeformedtargetnucleihave
beenmadein the region of rare-earthelementsbetween8 and24 MeV incidentenergy. In
thecalculations,thegeometrydependenthybridmodelandtheexcitonmodelhavebeenused
including the effectsof pre-equilibrium.Pre-equilibriumdirecteffectshave beenexamined
usingfull exciton model.Themeasuredcross-sectionsaretakenfrom literatures.Thecross-
sectionswerecalculatedusingothersemi-empiricalformulasfor theincomingenergieswhich
satisfytheconditionUR = En + Qn ;2n = 6 � 1 MeV. Theobtainedresultswerediscussed
andcomparedwith theavailableexperimentaldata,andfoundto bewell in agreement.

PACS: 27.70.+q, 24.10.-I

1 Intr oduction

Applicationsof statisticalandthermodynamicalmethodsfor heavy nucleigobackto thefunda-
mentalworks of Bohr [1] andFrenkel [2]. Bohr suggestedthat collision of fastneutronswith
heavy nucleileadsto theformationof compoundsystems,whicharecharacterizedwith relative
stability. Dueto thedensepackingof nucleonstheenergy exchangebetweenthenuclearparti-
clesbecomesessential.Frenkel put the ideaof neutronevaporationforwardfor thecalculation
of neutronemissionprobability from a compoundnucleus. Further, the knowledgeof (n,2n)
cross-sectionis quite essentialin the reactortechnologyasa signi�cant portion of the �ssion
neutronspectrumwhich lies above the thresholdof (n,2n)reactionfor mostof the reactorma-
terials. It hasbeenestablishedthatpre-equilibriumprocessesplay an importantrole in nuclear
reactionsinducedby light projectileswith incidentenergiesabove about10 MeV. Startingwith
theintroductionof exciton model[3] by Grif�n in 1966,a seriesof semiclassicalmodels[4,5]
of varying complexities have beendevelopedfor calculatingandevaluatingparticleemissions
in thecontinuum.It wasalsoshown thatwith somefreedomin thechoiceof parameters,these
modelscould give reasonable�t to the observedenergy andangulardistributionsof the emit-
tedparticles.More recently, researchershave formulatedseveralquantum–mechanicalreaction
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theories[6,7] thatarebasedon multi-stepconceptsandin which statisticalevaporationat lower
energiesis connectedto directreactionsathigherenergies.

Thecharacterof thenucleardeformationcanbe seenin themassregions150 < A < 190
andA > 220, which correspondrespectively to the rare-earthandactinideelements.In these
regions,theenergiesof the�rst excitedstatesaresmallerthanthoseof othernucleiandthey have
largevaluesof quadrupolemomentsassuchnucleiarefarawayfrom closed-shellcon�gurations
[8,9]. Theknowledgeof thesecross-sectionsshouldbeusefulfor studyingtheaccuracy of the
statisticalmodelin describingthe(n,2n)reactionsonnucleiwhicharedeformedand/orlie off the
stability line. In presentpaper, by usingequilibriumandpre-equilibriumreactionmechanisms,
the(n,2n)cross-sectionvaluesfor someneighbordeformedtargetnucleibetween8 and24MeV
incidentenergy in theregionof rare-earthelementshavebeencalculatedandcomparedwith the
experimentalresults.

2 Exciton model

Equilibriumemissionis calculatedaccordingto Weisskopf-Ewing(WE) model[10] by neglect-
ing angularmomentum.In theevaporation,the basicparametersarebinding energies,inverse
reactioncross-section,thepairingandthe level-densityparameters.Thereactioncross-section
for theincidentchannela andexit channelbcanbewrittenas

� WE
ab = � ab(E inc )

� bP

b0
� b0

; (1)

whereE inc is theincidentenergy. In Eq.(1), � b canbealsoexpressedas
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whereU, � b, sb, � in v
b arethe excitation energy of the residualnucleus,the reducedmass,the

spin,andthe inversereactioncross-section,respectively. The total single-particlelevel density
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whereE, D, andg aretheexcitationenergy of thecompoundnucleus,thepairingenergy, andthe
singleparticlelevel density, respectively.

Theexcitonmodelusesa uni�ed modelbasedon thesolutionof themasterequation[11] in
theform proposedby Cline [12] andRibansky et al. [13]. Integratingthemasterequationover
time,

� q(n; t = 0) = � + (E ; n + 2)� (n + 2) + � � (E ; n � 2)� (n � 2)
� [� + (E ; n) + � � (E ; n) + W� (E ; n)] � (n);

(3)

whereq(n; t = 0) is the initial conditionon the process. � (n) is the solution of the master
equationwhich representsthe time during which the systemremainsin a stateof n excitons.
The� + (E ; n) and� � (E ; n) arethe internaltransitionratesandtheuseof masterequation(3),
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which includesboththeprobabilitiesof transitionto equilibrium� + (E ; n) andprobabilitiesof
return to lesscomplex stage� � (E ; n). W� (E ; n) is the emissionrate for a statewith an n-
exciton con�guration. Expressionsformally identicalto theconventionalWeisskopf 's onesfor
theevaporationfrom thecompoundnucleusarethusobtained,with theonly differencederiving
from the introductionof the densitiesof particle(p) andhole (h) states.In orderto solve the
systemof algebraicequations(3), it wasusedthealgorithmproposedby Akkermanset al. [14],
whichgivesanaccurateresultfor any initial conditionof theproblem.

Themethodsproposedby Cline [11,12]andKalbach[15] wereusedto calculatetheproba-
bility of nucleonemission.They obtainedtheexpressionsfor emissionprobabilityapplyingthe
principleof detailedbalancein a way similar to that in theevaporationmodel. Theprobability
of emissionWb(E ; n; "b) of anucleonbwith energy " b from a statewith p excitedparticlesand
h holes(n excitons)is givenby

Wb(E ; n; "b) =
2sb + 1

� 2�h3 "b� b� in v
b ("b)

! (p � pb; h; U)
! (p;h; E)

Qb(p;h); (4)

wherefactorQb(p;h), whichtakesinto accountthedifferencebetweenneutronsandprotons,can
beusedin theKalbachForm [15] or asproposedby Gupta[16]. In bothcasesit is guaranteed
that if n > neq thenQb(p;h) � 1. Moreover, both factorsareequalif quantityof neutronsin
the compoundnucleusis equalto that of protons. The resultsobtainedshow that the relative
importanceof usingfactorQ increaseswith themassnumberandthat it is decisive in thecase
of mediumandheavy nuclei,wheretheneutron-protondifferenceis appreciable[16].

It is well known that during nucleonscatteringin the vibrational nuclei thereoccur pro-
cessesof direct excitationof low excitation energy levels of collective type. At the latestspe-
cialists' meetingson nucleardatacalculationit waspointedout thata correctdescriptionof the
high-energy emissionspectrumin neutron-inducedreactionscould be obtainedonly if direct
processesweretaken into account.Theexperimentalevidencein supportof this typeof mech-
anismhasbeencon�rmed by the latestexperimentwith the (n; n0) reactionswith a very good
resolution[17,18]. In the experimentalspectra,we canclearly seea structureof peakswhich
correspondsto theexcitationsof thedirecttype.Theparametrizationwasadoptedin Ref.[19] to
describethisphenomenon.In accordancewith thisparametrization,thedifferentialcross-section
of neutronemissionby thedirectinteractionin the(n; n0) reactioncanbewrittenas,

d� dir
ab

d"b
("b) =

�
2�

�h2

�
V

(kaR)2

kb

ka
Pa("a)Pb("b)V 2

R

3X

� =2

� 2
�

(2� + 1)
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whereV, R, VR arethevolumeof thenuclei, the radiusof nuclei,andthepotentialwell depth
taken to be 48 MeV, respectively. Pa ("a) = 4kaK a=(ka + K a) is the coef�cient of the pen-
etrability, ka andK a being particlemomentainsideandoutsidethe nucleus. � � and ! � are
deformationandenergy parameterswhich correspondto thetargetnucleuslevelsof thecollec-
tive type. Only the octupolarandquadrupolaroscillationsareconsidered.The ! 2, � 2 values
for even nuclei were taken from Ref. [20]. In the caseof odd nuclei, on the assumptionof
a weak bond, the valuescorrespondingto the neighbouringeven nucleusare used. The ! 3

valuewas taken from Ref. [21]. The octupolardeformationparameterswerecalculatedfrom
� 2

3 = (2� + 1)! 3 [MeV]/1000. Capoteet al. have replacedthe function � (U � ! � ), which
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relatestheexcitationenergy of theresidualnucleusto theenergy thecollectivestateandto emis-
sion energy, by Gaussianwhosesemi-widthis chosento taking into accountthe experimental
energy resolution. The parametrizationusedin Eq. (5) assumesthe super�cial natureof the
directinteraction.

3 GeometryDependentHybrid Model

Thehybrid modelfor pre-compounddecayis givenby BlannandVonach[22] as

d� � (" )
d"

= � R P� (" ); (6)

and

P� (" )d" =
�nX

n = n 0
� n =+2

[n � � Nn ("; U)=Nn (E )] gd" [� c(" )=(� c(" ) + � + (" )] Dn ; (7)

where� R is thereactioncross-section,n � � is thenumberof particletype� (protonor neutron)in
n excitonhierarchy, P� (" )d" representsnumberof particlesof the� (neutronor proton)emitted
into the unboundcontinuumwith channelenergy between" and" + d" . The quantity in the
�rst setof squarebracketsof Eq. (7) representsthenumberof particlesto be found(perMeV)
at a givenenergy " for all scatteringprocessesleadingto an“n” exciton con�guration. � c(" ) is
emissionrateof aparticleinto thecontinuumwith channelenergy" and� + (" ) is theintranuclear
transitionrateof a particle.It hasbeendemonstratedthatthenucleon-nucleonscatteringenergy
partitionfunctionNn (E ) is identicalto theexciton statedensity� n (E ), andmaybederivedby
thecertainconditionson N-N (nucleon-nucleon)scatteringcross-sections[23]. Thesecondset
of squarebrackets in Eq. (7) representsthe fraction of the � type particlesat a energy which
shouldundergoemissioninto thecontinuum,ratherthanmakinganintranucleartransition.The
Dn representstheaveragefractionof theinitial populatinsurviving to theexcitonnumberbeing
treated.

Early comparisonsamongexperimentalresults,pre-compoundexciton modelcalculations,
andintranuclearcascadecalculationsindicatedthattheexcitonmodelgavetoofew pre-compound
particlesand that thesewere too soft in spectraldistribution for the expectedinitial exciton
con�gurations. The intranuclearcascadecalculationsresultsindicatedthat the exciton model
de�ciency resultedfrom a failure to properly reproduceenhancedemissionfrom the nuclear
surface[22].

In order to provide a �rst ordercorrectionfor this de�ciency the hybrid modelwasrefor-
mulatedby BlannandVonach.In this way thediffusesurfacepropertiessampledby thehigher
impactparameterswerecrudelyincorporatedinto thepre-compounddecayformalism,in thege-
ometrydependenthybridmodel(GDH). Thedifferentialemissionspectrumis givenin theGDH
as

d� � (" )
d"

= � �� 2
1X

l =0

(2l + 1)Tl P� (l ; " ); (8)

where �� is the reducedde Broglie wavelengthof the projectile and Tl representstransmis-
sion coef�cient for l th partial wave. Using the total pre-compoundneutronemissionspectrum
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d� n (" )=d" , thecross-sectionwhich couldbeinvolvedin theemissionof two neutronsis calcu-
latedas

� 2n =

E � B 2nZ

U =0

d� n (" )
d"

d";

whereB2n representsthesumof the�rst andthesecondneutronbindingenergies.
Thegeometrydependentin�uencesaremanifestedin two distinctmannersin theformulation

of theGDH model.Themoreobviousis thelongermeanfreepathpredictedfor nucleonsin the
diffusesurfaceregion.Thesecondeffectis lessphysicallysecure,yetseemstobeimportantin re-
producingexperimentalspectralshapes.Thenucleardensitydistributionusedin theGDH model
is a Fermi densitydistribution function, � (R l ) = � s [exp(Rl � C)=0:55 f m + 1]� 1, where� s

is the densityat the centerof nucleus,andC = 1:07A1=3 fm taken from electronscattering
results[24]. Theradiusfor thel th entrancechannelpartialwasde�ned by R l = �� (l + 1=2). In
theGDH model,thefermi energiesandnucleardensitiesarede�ned to impactparameterRl .

4 Semi-empirical formulas for (n,2n) reactioncross-section

Q-valueplaysan importantrole on (n,2n)cross-sectionsat given incidentneutronenergy En .
However, it is essentialto look for the dependenceof (n,2n)cross-sectionson the asymmetry
parameterat a givenmaximalresidualexcitationenergy, UR = En + Qn;2n = 6 � 1 MeV. The
(n,2n)reactionhasbeenfrequentlyinvestigatedin thepast.Until now a largenumberof experi-
mentaldatahave beenpublishedon the(n,2n)reactioncross-sectionsinducedby 14 to 15 MeV
neutrons(see,for example,theComputerindex of NeutronDatabibliographiccatalogue).Most
of the experimentaldataaretaken at energiesnear14 MeV neutronenergy. Thereareseveral
formulasdescribingthe isotopicdependenceof cross-sectionsfor differentreactionsat neutron
energy of 14.5MeV. Themeasuredcross-sectionsexhibit a largegradientfor thelighter masses
(Z � 30) with increasingasymmetryparameterandthenbecomealmostconstantfor medium
andheavy massnuclei (startingfrom A � 100) [25]. Recentlyandmany yearsagothevarious
attempts[26-29] weremadeto describethe compiledexperimentalvaluesby formula relating
theneutron-inducedcross-sectionsto thes = (N � Z )=A asymmetryparameter.

Konnoet al. [27] have suggesteda phenomenologicalformula for 14.9 MeV neutrons(in
mb)asfollows:

ln( � n;2n ) = 7:434[1 � 1:484exp(� 27:37s)] : (9)

Figure1 shows theratio of experimentalto thecalculated(n,2n)cross-sectionsfor the incident
energiesEn for theconditionUR = En + Qn;2n = 6� 1 MeV, whereUR is theexcitationenergy
of theresidualnucleus.Theexperimentalvaluesareabout10-20%higherthancalculated(n,2n)
cross-sectionsfor this formula.Q-valuesweretakenfrom Ref. [30].

Bychkov etal. [28] haveformulatedfor (n,2n)cross-sectionsasgivenby

� n;2n =
�

1000+ 7:5A(7:8s � 0:234) if s � 0:13;
1000+ 7:5A(0:65+ s) if s > 0:13: (10)
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Fig.1. Theratiosof experimental(n,2n)cross-sectionsto thepresentcompound-nucleuscalculationsversus
theatomicmassnumberof thetargetnuclei,for UR = 6� 1 MeV. Thefull line representsthelinearfunction
y(A) = � exp : =� calc : = 0:00351098A + 0:59, obtainedby least-squares�t to thedata.Theexperimental
dataweretakenfrom Refs.[38-43].

Fig.2. Theratiosof experimental(n,2n)cross-sectionsto thepresentcompound-nucleuscalculationsversus
theatomicmassnumberof thetargetnuclei,for UR = 6� 1 MeV. Thefull line representsthelinearfunction
y(A) = � exp : =� calc : = 0:00000099A + 0:90, obtainedby least-squares�t to thedata.Theexperimental
dataweretakenfrom Refs.[38-43].
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Fig.3. Theratiosof experimental(n,2n)cross-sectionsto thepresentcompound-nucleuscalculationsversus
theatomicmassnumberof thetargetnuclei,for UR = 6� 1 MeV. Thefull line representsthelinearfunction
y(A) = � exp : =� calc : = 0:0014509A + 0:58, obtainedby least-squares�t to thedata.Theexperimental
dataweretakenfrom Refs.[38-43].

Figure2 showstheratioof experimentalto thecalculated(n,2n)cross-sections.Althoughtheex-
perimentalvaluesareabout5-10%lower thanthecalculated,thereis agoodagreementbetween
thecalculatedandmeasured(n,2n)data.

The (n,2n)reactioncross-sectionswerealsostudiedby Pearlstein[29] usingthe following
formula,

� n;2n (E ) = � ne
� n;M

� ne

� n;2n (E inc )
� n;M

; (11)

whereE inc is theincidentneutronenergyand� ne nonelasticcross-section.Thesumof the(n,n'),
(n,2n), (n,3n), etc. cross-sectionsbelongingto this classis given the symbol � n;M . Figure3
shows theratio of experimentalto thecalculated(n,2n)cross-sections.Theexperimentalvalues
areabout10-20%lower thanthecalculated(n,2n)cross-sections.

5 Resultsand discussion

In this study, (n,2n) reactioncross-sectionsfor 150Nd, 152Sm, 153Eu, 158Gd, 159Tb, 169Tm,
175Lu, 181Ta, and182W werecalculatedusingequilibriumandpre-equilibriumreactionmecha-
nisms.Theequilibriumcalculationsweremadeby usingWeisskopf-Ewing(WE) model.Exci-
tonmodelandgeometrydependedhybridmodelwereusedfor pre-equilibriumcalculations.The
calculationshavebeenmadein theframework of theGDH modelusingALICE/LIVERMORE-
82computercode[31]. Theothertheoreticalcalculationshavealsobeenmadein theframework
of the exciton modelusingPCROSScomputercode[19]. The calculatedexcitation functions
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havebeenobtainedon thebasisof theexciton modelandgeometrydependenthybrid model.In
Figs.4 to 12, the calculated(n,2n)cross-sectionsvalueshave beencomparedwith the experi-
mentalvalues.

Fig. 4. Thecalculatedandexperimental(n,2n)cross-sectionfor 150 Nd(n,2n). The solid curve is exciton
modelplus evaporation;the dashedcurve is GDH modelplus evaporation. The experimentaldatawere
takenfrom Ref. [38].

In calculationsof theexcitonmodel,PCROSSprogramcodeusestheinitial exciton number
asn0 = 1, thustaking into accountthe direct gammaemission.Equilibrium exciton number
is taken as

p
1:4gE suggestedby Williams [32], after Pauli correctionwasmodi�ed. Single

particlelevel densityparameterg wasequalto A=13 in theexciton modelcalculation,whereA
is the massnumber. Level densityexpressiongiven by Dilg [33] wasusedin the evaporation
modelcalculation.Particle-holestatedensityexpressionreportedby Williams wasusedin the
pre-equilibriummodel calculation. The reactioncross-sectionsand the inversecross-sections
wereobtainedusingtheopticalpotentialparametersby WilmoreandHodgson[34], Bechettiand
Greenlees[35], HuizengaandIgo [36] for neutrons,protonsandalphaparticles,respectively.

In calculationsof the GDH model,ALICE/LIVERMORE-82 codeusesthe initial exciton
numberasn0 = 3. In thismodel,it is usedtheinitial neutron(n) andproton(p) excitonnumbers
in the calculationsfor neutroninducedreactions.Theseexciton numbersaregiven by Blann
andVonach[22] as,3X n = 2(3Z + 2N )=(3Z + 2N + 3Z ) and3X p = 2 � 3X n . N andZ
aretheneuronandprotonnumbersof thetargetnuclei,respectively. Thestandardpairingshift
(zerofor odd-evennuclei, deltafor odd-oddnuclei) proposedby Blann andBisplinghoff [31]
wasemployedasthepairingcorrectionfor GDH modelcalculation.In theGDH model,thelevel
densityexpressionusing the formula with massshell correctionswasusedfor 150Nd, 152Sm,
153Eu, 158Gd, 159Tb, 169Tm, and175Lu. The Fermi-gaslevel densityexpressionwasusedfor
181Ta and182W.
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Fig. 5. Thecalculatedandexperimental(n,2n)cross-sectionfor 152 Sm(n,2n).Thesolid curve is exciton
modelplus evaporation;the dashedcurve is GDH modelplus evaporation. The experimentaldatawere
takenfrom Ref. [39].

Fig. 6. The calculatedandexperimental(n,2n)cross-sectionfor 153 Eu(n,2n). The solid curve is exciton
modelplusevaporation;thedashedcurve is GDH modelplusevaporation.Thetrianglesymbolsweretaken
from Ref. [41] andthecircle symbolswerealsotakenfrom Ref. [40] for experimentaldata.
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Fig. 7. Thecalculatedandexperimental(n,2n)cross-sectionfor 158 Gd(n,2n). The solid curve is exciton
modelplus evaporation;the dashedcurve is GDH modelplus evaporation. The experimentaldatawere
takenfrom Ref.[39].

Fig. 8. The calculatedandexperimental(n,2n)cross-sectionfor 159 Tb(n,2n). The solid curve is exciton
modelplusevaporation;thedashedcurve is GDH modelplusevaporation.Thetrianglesymbolsweretaken
from Ref. [42] andthecircle symbolswerealsotakenfrom Ref. [40] for experimentaldata.
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Fig. 9. Thecalculatedandexperimental(n,2n)cross-sectionfor 169 Tm (n,2n). Thesolid curve is exciton
modelplus evaporation;the dashedcurve is GDH modelplus evaporation. The experimentaldatawere
takenfrom Ref. [43].

Fig. 10. Thecalculatedandexperimental(n,2n)cross-sectionfor 175 Lu(n,2n). Thesolid curve is exciton
modelplus evaporation;the dashedcurve is GDH modelplus evaporation. The experimentaldatawere
takenfrom Ref. [43].
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Fig. 11. Thecalculatedandexperimental(n,2n)cross-sectionfor 181 Ta(n,2n).Thesolid curve is exciton
modelplusevaporation;thedashedcurve is GDH modelplusevaporation.Thetrianglesymbolsweretaken
from Ref. [32] andthecircle symbolswerealsotakenfrom Ref. [43] for experimentaldata.

Fig. 12. Thecalculatedandexperimental(n,2n)cross-sectionfor 182 W(n,2n). Thesolid curve is exciton
modelplus evaporation;the dashedcurve is GDH modelplus evaporation. The experimentaldatawere
takenfrom Ref. [39].
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TheWeisskopf-Ewing(WE)modelwasusedin bothmodels(excitonmodelandGDHmodel)
for equilibriumcalculation.Theexcitonmodel(PCROSS)codeusesamasterequationandtreat
equilibriumandpre-equilibriumin a “uni�ed” way. The level densityformulaof Williams was
used.TheHybrid modelstructureis verysimilar to the“never-come-back”approximationof the
excitonmodel;however, differentexpressionsfor themeanlifetimeswereused.In particular, the
meanlifetime of thehybrid modelrefersto theparticleunderconsiderationandhencedepends
uponoutgoingenergy " , whereasin theusualexcitonmodelit is relatedto thenuclearsystemas
awholeandis only functionof n. This resultsin adifferentexpressionfor theinternaltransition
rate� + (" ) that is derivedfrom theconceptof meanfreepath,ratherthanby a parametrization
of theavaregetransitionmatrixelementhM 2i andalsoin adifferentexpressionfor theemission
rate � c(" ) occurringin the meanlife time. The GDH model is madeaccordingto incoming
orbitalangularmomentuml in orderto accountfor theeffectsof thenuclear-densitydistribution.
This leadsto increasedemissionfrom the surfaceregion of the nucleus,andthusto increased
emissionof high-energeticparticles.Thecomparisonsof thesetwo modelshave beengiven in
detail in Ref. [37].

We, therefore,reachedthe following conclusion: The (n,2n) cross-sectionswere calcu-
latedusingothersemi-empiricalformulasfor theincomingenergieswhich satisfythecondition
UR = En + Qn;2n = 6 � 1 MeV. Theobtainedresultswerediscussedandcomparedwith the
availableexperimentaldata.Theexciton modelfor the incomingenergiesabout14–15MeV is
verysuccessfulfor all theneighboringdeformednucleiin theregionof rare-earthelements.The
GDH modelcalculationsfor thesameenergiesarehigherthantheexperimentalvaluesfor neigh-
bordeformednuclei.TheGDH modelis about10–15%higherthanexcitonmodelin theregion
of UR = En + Qn;2n = 6� 1 MeV. However, GDH modelis verysuccessfulthanexcitonmodel
abovetheincidentenergy15MeV. In thisstudy, thesedifferencescouldbepossibleresultedfrom
includingthedirectinteractionsof theexcitonmodel.ThePCROSSprogramcodealsoincluded
considerationof thedirectexcitationof low excitationenergy levelsin thecalculationof (n; n0)
inelasticscatteringspectra.Moreover, differentinitial exciton numbershave beenusedin these
two models.Herethepairingenergy andthemassshellcorrectionweretakeninto consideration,
andbetterresultshave beenobtained.Especiallyin theregion of UR = 6 � 1 MeV, theresults
obtainedhave beenfoundto bewell in agreementbetweentheexperimentaldataandthecalcu-
latedvaluesusingBychkov [28] formula,which linearlydependson themassnumberA andthe
asymmetryparameters.
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