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In this communication we analyze the quantum motion of an ion isotropically confined in
the radial plane of a Paul microtrap when it is irradiated by a properly chosen configura-
tion of external laser beams. We present a derivation of an analytical solution, by means of
which we study the entropic uncertainty relation. Using parameters corresponding to existing
experimental realization, we have studied the variation effect for the initial total number of
vibrational quanta and the phase.

PACS: 32.80.-t, 42.50.Ct, 03.65.Ud, 03.65.Yz

1 Overview

One of the most striking features of quantum mechanics is the property that certain observables
cannot simultaneously be assigned arbitrarily precise values. This property does not compromise
claims of completeness for the theory, since it may consistently be asserted that such observables
cannot simultaneously be measured to an arbitrary accuracy [1]. On the other hand, recent ad-
vances in ion cooling and trapping have opened new prospects in nonclassical state generation.
An ion confined in an electromagnetic trap can be described approximately as a particle in a
harmonic potential. Its center of mass (c.m.) exhibits a simple quantum-mechanical harmonic
motion. By driving the ion appropriately with laser fields, its internal and external degrees of
freedom can be coupled to the extent that its center-of-mass motion can be manipulated pre-
cisely. The entropy squeezing for a single-mode two-level atom [2] and multimode [3] have been
studied recently. It has been shown that the effect of Kerr like medium on the entropy is negative
and the effect of detuning on the atomic variable squeezing is positive when atomic coherence
is taken into account. The emphasis on the fact that the atomic coherence has an effect on the
squeezing of the entropy and the system of Janyes-Cumming model with Kerr-like medium can
have a potential application in the field of quantum information. Furthermore, the quantum mu-
tual entropy has been used to examine the entanglement degree in the time development of a
single two-level ion interacting with laser field and a generation of Bell-type states involving
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light and vibrational motion of a single trapped ion have been proposed [4]. One advantage of
the trapped ion system is that decoherence effects are relatively weak due to the extremely weak
coupling between the vibrational modes and the environment. It was realized that this advan-
tage of the trapped ion system makes it a promising candidate for constructing quantum logic
gates for quantum computation [5] as well as for producing nonclassical states of the center-of-
mass motion. In fact, single-mode nonclassical states, such as Fock states, squeezed states and
Schrödinger cat states of the ion’s vibration mode were investigated [6–8]. Recently, various
schemes of producing two-mode nonclassical states of the vibration mode were proposed using
ions in a two-dimensional trap [7,9,10].

The scope of this communication is to employ the uncertainty relation to elucidate the squeez-
ing for a single trapped ion resonantly interacting with laser beams to the first red side-band of
the center-of-mass mode. We introduce our Hamiltonian model and give exact expression for the
density matrix operator, shedding light on the important question of entropy squeezing behavior.
In the language of quantum information theory a definition of squeezing is presented for this sys-
tem. The utility of the definition is illustrated by examining squeezing in the information entropy
of the present system. This analysis is applicable to any quantum two-state system subject to
entropy squeezing with appropriate coupling constant.

2 The Model

The dynamics of quantum two-level systems has always been at the focus of interest, but recently
has attracted increased attention because of the ideas of quantum computing. Several systems
have been suggested as physical realizations of quantum bits allowing for the needed controlled
manipulations, and for some of them first elementary steps have been demonstrated in experi-
ments (see reviews in Ref. [11]). We consider an ideal two-level ion of mass m constrained to
move in a three-dimensional harmonic potential. Taking the principal trap axis to coincide with
the direction of propagation of the driving field, two quantum numbers sufficient to label the
vibrational states of the trap. The other one are traced out by summing over the corresponding
degrees of freedom. The ion’s internal and external degrees of freedom are coupled together by
a light field periodically modulated at the frequency ν of the ion trap

E(x̄, ȳ, t) = ζ(+)(x̄, ȳ, t) + ζ(−)(x̄, ȳ, t), (1)

where ζ(+)(x̄, ȳ, t) represents the positive frequency contribution to the resultant electric field
acting upon the ion which can be written as

ζ(+)(x̄, ȳ, t) = ε[exp (i(ωLt− kLx̄+ iφ)) − exp (i(ωLt− kLȳ + iφ))]. (2)

The phase φ determine the position of the trap potential with respect to the running wave. Let’s
denote by }ω0 the energy separation between the ionic excited state | ↑〉 and its ground state
| ↓〉 and assume ω0 >> υ. We assume that the ion is driven by two π-out of phase laser beams,
applied along the two orthogonal directions x̄ and ȳ with an angle of π/4 relative to the x and
y axis respectively. The two lasers have equal frequency ωL = ω0 − 2υ, intensity ε and wave
vector modulus kL .
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The Hamiltonian for a trapped ion interacting with a bichromatic field can be split in two
parts

Ĥ = Ĥ0 + Ĥin, (3)

where

Ĥ0 =
}ω0

2
(| ↑〉〈↑ | − | ↓〉〈↓ |) + }υ

(
â†1â1 + â†2â2

)
, (4)

and in the dipole and the rotating wave approximations,

Ĥin = ℘[λζ(−)(x̄, ȳ, t)| |↑〉 〈↓| + λ∗ζ(+)(x̄, ȳ, t)| ↓〉〈↑ |]. (5)

We denote by â1(â
†
1) and â2(â

†
2) the annihilation (creation) operators of vibrational quanta rela-

tive to the ionic center of mass oscillatory motion along the x̂ and ŷ axes of the radial plane of the
trap respectively and ℘ the appropriate dipole matrix element. Consider a two-level ion confined
in a two dimensional isotropic harmonic potential characterized by the trap frequency. We denote
by }ω0 the energy separation between the ionic excited state | ↑〉 and its ground state | ↓〉.

However it is of rather more use to exhibit the solution explicity for particular initial condi-
tions of relevance to the experiments. With this in mind we will assume that the initial state is
prepared to be a particular vibrational quanta + field quanta eigenstate such as ρ ⊗ $ with the
ion prepared in the electronic state:

ρ = ξ21 |↑〉 〈↑ | + ξ22 |↓〉 〈↓ | + ξ1ξ2e
iβ |↑〉 〈↓ | + ξ1ξ

∗
2e

−iβ |↓〉 〈↑ | ∈ S(HA). (6)

Also we suppose that the initial state of the field is given by

$ = |θ1, θ2〉〈θ1, θ2| ∈ S(HF ),

|θ1, θ2〉 =

N∑

n=0

√(
N
n

)
pn/2(1 − p2)

N−n

2 |N − n, n〉. (7)

The field prepared in a number state |N −n〉 containingN −n photons, the ion’s center of mass
motion prepared in a number state |n〉 containing n quanta, and the ion’s internal levels prepared
in a mixed state. This particular initial condition is crucial for the generation of entanglement
between the states of ionic vibration. The vibrational state, |θ1, θ2〉 belong to the class of so-
called SU(2) coherent states. Since number states for the 1D motion of an ion in a rf-trap have
been already experimentally realized (see [8]), it is evident that the initial state of equations (6)
and (7) could be easily prepared experimentally.

The continuous map E∗
t describing the time evolution between the ion and the field for this

process is defined by the unitary operator generated by the total Hamiltonian H such that

E∗
t : S(HA) −→ S(HA ⊗HF ),

E∗
t ρ = Ut (ρ⊗$)U∗

t , Ut ≡ e−itH/~. (8)

It has been shown that, by irradiating the trapped ion with an appropriate configuration of laser
beams, the physical system under scrutiny can be studied, in the Lamb-Dicke regime, using
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equation (5) it is not difficult to show that, in the Lamb-Dicke limit, the effective interaction
Hamiltonian in the interaction picture can be written as [12,13]

Ĥin = ℘ε exp

(
−η

2

2

)(
â1â2| ↑〉〈↓ | + â†1â

†
2| ↓〉〈↑ |

)
, (9)

where η = kL

√
}/(2υM), is the so-called Lamb-Dicke parameter. For realizing this Hamil-

tonian model a three level electronic system should be used. Such a system is similar to the
one currently used in the experiments performed at NIST [8]. In this case the two-photon Ra-
man transitions between the states of interest are formally equivalent to narrow single photon
transitions.

The unitary operator Ut can be written in this picture as

U(t) =

N∑

n=0

(
e−itEn |Φ+〉 〈Φ+| + eitEn |Φ−〉 〈Φ−|

)
, (10)

where

En = ~g
√

(N − n+ 1)(n+ 1), (11)

and ±En are the eigenvalues with g = ℘ε exp
(
−η2/2

)
. The eigenvectors associated with the

eigenvalues ±En are given by

|Φ±〉 =
1√
2

[|N − n, n; ↑〉 ± |N − n+ 1, n+ 1; ↓〉] . (12)

It is interesting to point out here performing a unitary operator yields different cases under the
rotating wave approximation, such as equation (9) and by adjusting the laser or cavity frequency,
we can obtain different time evolutions of states in the system. The Hamiltonian (9) can be used
for constructing quantum computing gates

|N − n〉 ⊗ |n〉 ⊗ | ↑〉 =⇒ cosEnt|N − n〉 ⊗ |n〉 ⊗ | ↑〉
−i sinEnt|N − n+ 1〉 ⊗ |n+ 1〉 ⊗ | ↓〉,

|N − n〉 ⊗ |n〉 ⊗ | ↓〉 =⇒ cosEn−1t|N − n〉 ⊗ |n〉 ⊗ | ↓〉
−i sinEn−1t|N − n− 1〉 ⊗ |n− 1〉 ⊗ | ↑〉. (13)

With above time evolutions of states with those obtained from the other cases, we can construct
Hadamard and CNOT gates in the system, which are basic elements of a general quantum com-
puting [14].

The time-dependent analytical solution for the final state of the system is given by

E∗
t ρ =

N∑

n=0

N∑

m=0

{
ξ21

2∑

i=1

2∑

j=1

=i(n)=∗
j (m)|Υi(n)〉〈Υj(m)|

+ξ22

2∑

i=1

2∑

j=1

=i(n− 1)=∗
j (m− 1)|Υ3−i(n− 1)〉〈Υ3−j(m− 1)|
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+ξ1ξ2e
iβ

2∑

i=1

2∑

j=1

=i(n)=∗
j (m− 1)|Υi(n)〉〈Υ3−j(m− 1)|

+ξ1ξ
∗
2e

−iβ
2∑

i=1

2∑

j=1

=i(n− 1)=∗
j (m)|Υ3−i(n− 1)〉〈Υj(m)|

}
, (14)

where =i(N − n) and |Υi(n)〉 are given by

=1(n) =
√

N !
n!(N−n)!

cos(Ent)√
2N

, =2(n) = −i
√

N !
n!(N−n)!

sin(Ent)√
2N

,

|Υ1(n)〉 = |N − n, n, e〉, |Υ2(n)〉 = |N − n+ 1, n+ 1, g〉.
(15)

Having obtained the time-dependent analytical solution for the final state of the system, we are
therefore in a position to study any phenomena related to the system. In the following section
and by employing the results obtained here we shall be able to discuss the entropy squeezing
which has received a little attention in the literature.

3 Entropy squeezing and uncertainty

According to Shannon’s information theory, entropy is the only rigorous quantitative measure of
the uncertainty or lack of information associated to a random variable. Entropic uncertainty rela-
tions thus provide a rigorous mathematical formulation for the uncertainty principle of quantum
mechanics, unlike the standard Heisenberg uncertainty relation. Entropic uncertainty relations
also provide a natural link between the uncertainty principle and the branches of quantum physics
that make use of information theory, such as quantum communication, quantum computation and
quantum cryptography. There has been considerable recent interest in the information-theoretic
(or entropic) uncertainty relations. In the information-theoretical formulation of uncertainty re-
lation, for expressing the uncertainty of an observable one uses the Shannon entropy of its prob-
ability distribution instead of its variance (see e.g. Ref. [15]).

The uncertainty relation for a two-level atom characterized by the Pauli operators Sx, Sy and
Sz, is given by

∆Sx∆Sy ≥ 1

2
|〈Sz〉|, (16)

where ∆Sα =
√
〈S2

α〉 − 〈Sα〉2. Fluctuations in the component Sα of the atomic dipole is said
to be squeezed if Sα satisfies the condition

V (Sα) = (∆Sα −
√

|〈Sz〉|
2

< 0, α = x or y. (17)

Recently in an even N -dimensional Hilbert space, the optimal entropic uncertainty relation for
sets of N + 1 complementary observables with the non-degenerate eigenvalues has been investi-
gated [16]. This can be described by the inequality

N+1∑

k=1

H(Sk) ≥ ln

[
N

2

]N

2

+ ln

[
1 +

N

2

]1+ N

2

, (18)
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where H(Sk) represents the information entropy of the variable Sk. On the other hand, for an
arbitrary quantum state the probability distribution forN possible outcomes of measurements of
the operator Sα is

Pi(Sα) = 〈Ψαi | ρ | Ψαi〉, α = x, y, z i = 1, 2, ....., N, (19)

where | Ψαi〉 is an eigenvector of the operator Sα such that Sα|Ψαi〉 = λ
αi
|Ψαi〉. The corre-

sponding information entropies are defined as

H(Sα) = −
N∑

i=1

Pi(Sα) lnPi(Sα), α = x, y, z. (20)

Thus, to obtain the information entropies of the atomic operators Ŝx, Ŝy and Ŝz for a two-level
system, with N = 2 , one can use the reduced atomic density operator ρ̂(t). For the present case
we find that,

H(Sx) = − ln

([
1

2
+Re{ρ↑↓(t)}

][ 1

2
+Re{ρ↑↓(t)}]

×
[
1

2
−Re{ρ↑↓(t)}

][ 1

2
−Re{ρ↑↓(t)}]

)
,

H(Sy) = − ln

([
1

2
+ Im{ρ↓↑(t)}

][ 1

2
+Im{ρ↓↑(t)}]

×
[
1

2
− Im{ρ↓↑(t)}

][ 1

2
−Im{ρ↓↑(t)}]

)
,

H(Sz) = − ln
(
ρ↑↑(t)

ρ↑↑(t) × (1 − ρ↑↑(t))
(1−ρ↑↑(t))

)
, (21)

where the quantities ρij(t) and ρij(t) = ρ∗ji(t), (i, j =↑, ↓) are determined from the relations,

ρij(t) = 〈i|E∗
t ρ|j〉. (22)

In the present case, we find that the uncertainty relation of the entropy can be used as a general
criterion for the squeezing of an atom. Specifically, we study squeezing in terms of the infor-
mation entropy of a two-level atom interacting with a two-mode in a nonlinear medium. For a
two-level atom, whereN = 2, we have 0 ≤ H(Sα) ≤ ln 2, and hence, the information entropies
of the operators Sx, Sy, Sz will satisfy the inequality

H(Sx) +H(Sy) +H(Sz) ≥ 2 ln 2. (23)

In other word if we define δH(Sα) = exp[H(Sα)], then the inequality (23) can be written as

δH(Sx)δH(Sy) ≥ 4

δH(Sz)
. (24)

Now if δH(Sα) = 1, then the atom will be in a pure state, however when δH(Sα) takes the value
2, then the atom will be in a completely mixed state, since the quantities δH(Sx) and δH(Sy) are
only measuring the uncertainties of the atomic polarization components Sx and Sy respectively.
We define here the squeezing of the atom using the entropic uncertainty relation, named entropy
squeezing. The fluctuation in the component Sα (α = x or y) of the atomic dipole are said to be
“squeezed in entropy” if the information entropyH(Sα) of Sα satisfies the condition,

E(Sα) = δH(Sα) − 2√
| δH(Sz) |

< 0, (25)
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where α = x or y. The formula (25) is directly connecting quantum information with quan-
tum fluctuations, and containing statistical moments to all orders; while (18) only contains the
statistical variances. Meaningful information can be retrieved from equation (25) in the case of
〈Sz〉 = 0 since the right-hand side of equation (24) is always non-zero whereas the inequality
∆Sx∆Sy ≥ 1

2 |〈Sz〉| is trivially satisfied. Further, when the atom is in an eigenstate of the oper-
ator Sx (or Sy) it can be shown that the operator Sx (or Sy) exhibits optimal entropy squeezing
where no entropy squeezing occurs in Sx (or Sy). In this case 〈Sz〉 = 0, and no atomic variance
squeezing is predicted from equation (18), (see for example Ref. [2,3]).

4 Discussion

On the basis of the analytical solution presented in the previous section, we shall examine the
temporal evolution of the entropy squeezing and variance squeezing. In the experiments done so
far, it is possible to probe directly which electronic state the ion occupies. In the work of [8] the
internal state | ↓〉 is the 2s 2S 1

2

(F = 2,MF = 2) state of 9Be+, and the state | ↑〉 corresponds
to the 2s 2S 1

2

(F = 1,MF = 1) state. So to test the dependence of Lamb-Dicke parameter, η on
the entropy squeezing, we plot in Fig. 1 the time evolution of the squeezing entropy E(Sx) and
E(Sy) as well as the variances V (Sx) and V (Sy) versus scaled time when the ion is prepared
initially in the ground or excited state, such that θ = π or 0, while the fields are in coherent
states. A coherent state of motion of the ion corresponds to a minimum uncertainty wave-packet
whose center oscillates classically in the harmonic well and retains its shape.

In fact the initial state of the field equation (9) belongs to the class of the so called SU(2)
coherent states defined as

|τ, J〉 =
1

(1 + |τ |2)J

2J∑

n=0

τn

√
(2J)!

(2J − n)!n!
|2J − n, n〉. (26)

where τ ∈ C, 2J ∈ N. The states |N − n, n〉 appearing in equation (7) are eigenstates of the
operator

(
â†1â1 + â†2â2

)
all pertaining to the eigenvalue N = 2J0 representing the initial total

number of vibrational quanta. In Fig. 1, we plot the squeezing factors as functions of the scaled
time gt and assume the initial total number of vibrational quanta N = 9, and the initial state of
the ion is an excited such as ξ1 = 1. We see from Fig. 1 that there is no squeezing occurring
E(Sy) but we have squeezing in E(Sx). In the meantime we observe that there are fluctuations
occurring in the variance V (Sx) more than that in the E(Sx) and V (Sy) more than that in the
E(Sy). On the other hand it is easy to realize that, there is changing occurred inE(Sy) compared
with E(Sx), where we observe decreasing in the number of the fluctuations, see Fig. 1b. The
quadrature variances V (Sy) shows shape similar to that of V (Sx) but with a slight decreasing
in the value of the fluctuations as the time increases. Exploiting an analytical method based on
the analysis of the Rabi frequencies, it has been recently demonstrated in Ref. [17] that, starting
from a total vibrational excitation number N , there exist an N -dependent time instant at which
the internal and external degrees of freedom of the trapped ion are disentangled (〈Sz(t)〉 = 1 or
〈Sz(t)〉 = −1) or maximally entangled (〈Sz(t)〉 = 0).

It has been analytically proved that, if N >> 1 is odd, at the time instant gτ = π(N −
1)/4, one has the atomic inversion 〈Sz(t)〉 = 1(〈Sz(t)〉 = −1) if (N − 1)/2 is even (odd).
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Fig. 1. The squeezing factors of a single trapped ion as a function of gt for N = 9, and ξ1 = 1 where (a)
The entropy squeezing factor E(Sx); (b) The entropy squeezing factor E(Sy); (c) The variance squeezing
factor V (Sx); (d) The variance squeezing factor V (Sy); and (e) The time evolution of the atomic inversion
under the same conditions.

This indicates that the internal and external degrees of freedom manifest a marked tendency to
disentangle each other. In Fig. 1e we plotted the atomic inversion 〈Sz(t)〉 against the scaled
time gt when the initial total vibrational number N = 9. In Fig. 2, we have considered the same
values in Fig. 1 but for different value of the initial total number of vibrational quanta (N = 10),
in this case we see that the general behavior is almost the same except in E(Sx) we get more
squeezing, once the initial total number of vibrational quanta is increased, a new features have
been observed in Fig. 3. These figures illustrate in particular the existence of a N−dependent
time instant at which the system under scrutiny exhibits different quantum behaviors dependent
on the parity ofN. The interesting physical aspect is given by the peculiar nonclassical sensitivity
to the granularity of the initial total number of vibrational quanta N .

Finally it is to be noted that for the eigenstate of the operatorsSx or Sy, the entropy squeezing
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Fig. 2. The squeezing factors of a single trapped ion as a function of gt for N = 10, and ξ1 = 1 where (a)
The entropy squeezing factor E(Sx); (b) The entropy squeezing factor E(Sy); (c) The variance squeezing
factor V (Sx); (d) The variance squeezing factor V (Sy); and (e) The time evolution of the atomic inversion
under the same conditions.

is quite a good measure. In Fig. 4e, we have depicted the atomic inversion, from this curve, we
can see clearly the collapses and revivals for the electronic state atomic inversion of the trapped
ion. Also, In this model, we may prepare the initial state for interaction times tn, after having
detected the ion in the internal state | ↓〉 following Ref. [18], such as

|ψ〉 = − i√
2
(|1〉 ⊗ |0〉 − eiφ|0〉 ⊗ |1〉), (27)

where we assumed N − n = 0 (the field in the vacuum state) and n = 1 (ion vibrational motion
in the first excited state). Which is also a Bell-type state involving the quantized cavity field as
well as the ion’s vibrational motion. If we choose φ such that φ = ±π/2, we are able to obtain
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Fig. 3. The squeezing factors of a single trapped ion as a function of gt for N = 15, and ξ1 = 1 where (a)
The entropy squeezing factor E(Sx); (b) The entropy squeezing factor E(Sy); (c) The variance squeezing
factor V (Sx); (d) The variance squeezing factor V (Sy); and (e) The time evolution of the atomic inversion
under the same conditions.

the four states constituting the Bell state basis

|ψ1〉 =
1√
2
(|0〉 ⊗ |0〉 + |1〉 ⊗ |1〉),

|ψ2〉 =
1√
2
(|0〉 ⊗ |0〉 − |1〉 ⊗ |1〉),

|ψ3〉 =
1√
2
(|0〉 ⊗ |1〉 + |1〉 ⊗ |0〉),

|ψ4〉 =
1√
2
(|0〉 ⊗ |1〉 − |1〉 ⊗ |0〉). (28)

More general states could also be generated, depending on the initial conditions. In particular,
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if cavities can be connected with each other by quantum wires, the system under consideration
here would be a workable node of a larger quantum network.
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