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A. Nazarenko'
Institute for Condensed Matter Physics of Ukrainian National Academy of Sciences,
1 Svientsitsky Str., UA-79011, Lviv, Ukraine

Received 18 February 2002, in final form 6 November 2002, accepted 7 November 2002

The Hamiltonian formulation of relativistic system of pointlike particles with gravitational
field is considered within the linearized theory of gravity. Both the Einstein’s theory and the
gauge theory of gravity are explored. The gauge-invariant description in the terms of Dirac’s
observables is obtained. Elimination of physical field variables is performed by means of the
Dirac’s theory of constraints up to the first order in the gravitational constant. The relation
between positional and canonical variables of particles is found.

PACS: 03.50.—z, 04., 11.10.Ef, 11.15.—q

1 Introduction

The gravitational interaction of the pointlike masses is described naturally by the field theory [1].
Sometimes, it is desirable to exclude the field degrees of freedom and to reformulate dynamics of
a gravitationally bounded many-particle system in the terms of particle variables only. Elimina-
tion of the field is based on the substitution of a solution to the field equations into the equations
of motion of particles. The complicated form of Einstein’s equations forces one to use the lin-
earized theory. Such a theory allows us to find the solution of field equations by means of the
Green’s function method and to exclude immediately the field variables in an action integral of
the system [2,3]. This leads to the Fokker-type action whose nonlocality is an obstacle in the
transition to Hamiltonian picture. Similar problems appear in Hamiltonization of the Wheeler-
Feynman electrodynamics [4]. Another way consists in elimination of the field degrees of free-
dom after the transition to the Hamiltonian description is performed. The gravitational field has
been already reduced in the post-Newtonian approximations [5] within the canonical formalism
of “particle+field” system by Arnowitt, Deser, and Misner [6]. But we note that the direct substi-
tution of the solution in the terms of canonical particle variables into particle equations of motion
and/or the Hamiltonian of the system is not correct from the following point of view. It is known
that the covariant particle positions cannot be canonical after the field reduction [7]. Moreover,
the direct insertion does not guarantee the preserving of commutation relations in the sense of
the Poisson bracket between the components of the energy-momentum and angular momentum
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which form the canonical realization of the Poincaré group. These facts stimulate appearance of
new approach [8, 9] based on the Dirac’s theory of constraints [10]. The field equations within
this approach are treated as constraints which have to be eliminated. In this paper we will per-
form the reduction of the gravitational field degrees of freedom by using the constraint method.
Also we goal to investigate the linearized gauge theory of gravity by Ning Wu [11]. Such a the-
ory has been built on the base of the gauge principle of fundamental interactions with the aim of
them unification. Among various theories of the gauge gravity [12] this model is renormalizable.

In the present paper we start from the Hamiltonization of the classical relativistic system of
pointlike particles in external gravitational field (Sec. 2). In Sec. 3 we explore the linearized
Einstein’s theory of gravity. First, we construct the Hamiltonian of the free gravitational field.
The next step consists in the construction of Hamiltonian description of the “field+particle” sys-
tem. On this level the field and particle variables are treated on equal rights. Eliminating gauge
degrees of freedom, we reformulate dynamics of our system in the gauge-invariant manner in
the terms of Dirac’s observables (physical variables). Further, we exclude essentially the physi-
cal degrees of freedom of gravitational field in the first-order approximation in the gravitational
constant. It is done by three steps [9]: (i) search of the solution to the field equations; (ii) transi-
tion to the canonical free-field variables; (iii) fixing free field by imposing additional constraints.
These constraints are suppressed by means of the Dirac method. In such a way, we obtain the
Hamiltonian formalism in the particle variables. In Sec. 4 we apply step by step our scheme to
the linearized gauge theory of gravity by Ning Wu. In the present paper we are interested in
comparison of the obtained metrics within the Einstein’s theory and the Wu’s one.

2 Hamiltonian description of the system of particles in gravitational field

Let us consider a system of N pointlike particles which are described by world lines in the
curved space-time2 Yo @ Ta — a¥(7,). The N-time covariant formalism cannot be used for
construction of the Hamiltonian picture. In order to define the Poisson bracket of the point-
particle system with the field, we have to use single-time formalism. We introduce the common
evolution parameter ¢ and put 7, = t, 20(t) = t. Then the coordinates X, (t) = (¢ (t)) and the
velocities %, (t) = (i (t)) are dynamical particle variables. The Lagrangian of the system of
pointlike particles in the gravitational field is given by

L(t) = = may/g00(t Xa) + 2g00(tXa )4 (1) + gin (£, %)%, ()5 1) ()

a=1

Let us transit by the standard way [6, 13] from the ten fields g,,,, to the lapse and shift func-
tions, namely, N, N*, and 3-dimensional metric 7”“ (or v;):

. . gYigOk i )
Yik = —3Gik, ,Yl = 791 + gOO ) Yik”Y 7= 557 (2)
2The Greek indices y, v, . .. run from 0 to 3; the Latin indices from the middle of alphabet, i, j, k, . . . run from 1 to

3 and both types of indices are subject of the summation convention. The Latin indices from the beginning of alphabet,
a, b, label the particles and run from 1 to /N. The sum over such indices is indicated explicitly. The velocity of light c is
equal to unity.
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(V) 1

N' = gy = 300, N = Voo — g NINF = | 5. 3)

Using go; = —gixN* and introducing u® (t) = 3% (t) — N(t,%,), we have

N
L(t) = =3 may/ N2(t,3) — ikt 30 )l ()l (1), “)
a=1
We define the canonical particle momenta as
OL(t oYk (£, Xo Juk (¢
bust) =~ _ il Xo)y () 5)

0a(t) /N2, xa) — v (t, xa)u (D)uf ()
The particle velocity is expressed in the terms of canonical variables as follows
N (t,%a)k; (1)
V/mZ 78, Xa)kai (Dkar (1)

Now we immediately find the canonical Hamiltonian

N N
=D ket~ L= [N\/mg + 5 kgikar, — /cN} : (7)
a=1

il (t) = N'(t,x,) —

a

L kL) = (%0 kar(t).  (6)

which generates time evolution in the terms of the Poisson bracket

{l,(8), kg (£)} = =00 8)

In the case of weak gravitational field the metric can be presented in the form
gﬂl/ — 77!“/ _ h#'j, Juv = M + hMV’ 9)

where |1, || = diag(1, —1, —1, —1) is the metric of flat space-time. In the linear approximation
we have g#*gy, = 0. Then we obtain the Hamiltonian

H= Z m2 + k2 4 = /JWth3 (10)
a=1

Here the current J,,,, is the free-particle energy-momentum tensor and has the following form

N

=2 ) ), an

koo = kO = /m2 + k2, kai = —k:.

Now we have to introduce the Hamiltonian which generates the evolution of the field A ,,,.
In this paper we will consider two theories which define different Hamiltonians of gravitational
field. Let us start from the general relativity.
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3 General relativity

The exact Lagrangian density for the gravitational field within the Einstein’s theory [14] is

1 5 " .
L= 167G |:g# (F,L)zo Av 7Ffw /\a)\/m‘i’auw#} R (12)

where the divergent term and the connection read

wh = /—det(g,u)0vgr0 (9" 97 — " g"), (13)
= Loeg ) ) 14
py 59 ( vou + nJov — aguu)- ( )
Hereafter we use the notation
Oy = 0/dz", dof =0f/ot=f.

3.1 Lagrangian function of the linearized theory. Hamiltonian formalism

The condition of weakness of the gravitational field with the metric (9) results immediately in
the following form of the Lagrangian density
1

L=— 167TGF’ I =y (),0%, —ThI%,) (15)

In a given approximation the connection takes the following form

1
Fﬁy = EUAU (ayha"u, + aﬂhm, - aa—h#l,). (16)

Direct calculations give us
AP = —myr™® 4+ mink 4 20hoo(8;hf — ORhY) — 20°hI 9, hf
+07hid;hY + 20;hL0%h] 4 0;hFd; R, + Q, (17)
where we have introduced the abbreviations:

Tik = hir, — Oihok — Ohoi, (18)

= —280[(h00 - h’,j)(’)zhm] + 28i[(h00 — hl]z)hOz] + 48i[h0k6kh0i — holakhok] (19)
Discarding divergent term (2, we obtain the final expression for the Lagrangian density:

1 1 -
= Tipm® —

327G |2 ik — 0'hoo (il — OkhE) + 0'h] ;b

2™

1 o A | S
—Qajh;afhg—ajh;akhg+§ajh;aﬂh;‘~ : (20)
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The canonical field momenta are

O = oL _ 0, 1)
Ohoy
; oL 1 - -
ik == _ ik ik I ) 22
Ohy 327G (W o ) (22)

The Poisson bracket relations are
g g g 1 g g
{hu (£, %), 02 (t,y)} = 10 6% (x — y), 1) = 5(53@ +0,087). (23)

The equation (21) determines the primary constraints [15]. Accounting (21), one finds the
canonical Hamiltonian density (see [15])

i 1 i i 1 i
H = 167G (pikp k_ §pip’,§) + 2p™* 9 hop, + 50 [0 hoo (Dihy; — Okh)
o 1 o A | o
— "W OjhE + Eajh;afhg + 0;hi0%h] — Eajh;caﬂh; : (24)

Having got the canonical formalism for dynamics of the gravitational field, we can build the
Hamiltonian description of relativistic system of pointlike masses coupled with the field.

3.2 “Field plus particle’” system: description in the terms of observables

Using expressions (10) and (24), we arrive to the Hamiltonian of “particle+field” system:

N
1 , 1 ,

H= Z m2 + k2 + 3 / JFhind®e + / (Hg + 5hOOTO + hOiTl) 3z, (25)

a=1

here
) 1 . 1 ) ) .
— ik 7 L i ik l]kaZPU hz 2
Hy = 167G <pzkp 2p1pk) 647rGh“A(P P Yhijs (26)
1 ) ) ) )

T° = J% + ——=AP%hy, T'=J% —20:p™ 27

J + 167G ks kP ( )
P =p* 4+ AT 00" (28)

The inverse operator to the Laplacian A = —9%0; is defined by the equation

1
AT (x) = ———. 29
The constraints (21) are connected with the gauge invariance of equations of motion. The
requirement of preservation of (21) in time produces the secondary constraints. The total set of
constraints

P a0, THAO (30)



6 A. Nazarenko

belongs to the first class because {po“, T"} = 0. Hereafter, as usual, the equations of constraints
are written with the use of “weak equality”. It helps to distinguish constraints from evolution
equations of motion.

The field variables canonically conjugated to the momenta p°* and the functions T# are un-
physical and arbitrary. They are not fixed by equations of motion. This ambiguity can be reduced
by fixing additional gauge conditions. Another way is the transition to the gauge-invariant de-
scription. Such an approach was initiated by Dirac for the electromagnetic field. Here we apply
the Dirac’s theory to the gauge-invariant reformulation of dynamics of our system.

One can verify that the field variables

Qo= ~81GA™ P, Qi = 5 A 0 h + Pl hu] G
satisfy the following commutation relations in the sense of the Poisson brackets:

{Qu(t,x), T"(t,y)} = 6;,6°(x —y), {Qu.Qu} = 0. (32)
Then the pairs (ho,, p°) and (Q,,, T*) constitute the canonical basis of the gauge degrees of
freedom. Now let us concentrate on the search of canonical variables which correspond to the

gauge-invariant degrees of freedom. First, we need to decouple physical and gauge degrees of
freedom by means of the following decomposition [15]:

hik = hij, + hi, hig, = Py him, hi = Lii ham, (33)
p* = plt +pl, Pl = Prp™, P = Lipp"™. (34)
Here projectors are given by

Plik:1

5 (P Py + P P = P i), Lim = Tim = Pim (35)

Then, employing the relations (27) and (31), we obtain

hii, = —8nG P AT — JO) + 8,Qk + 0kQ:, (36)
L 167G 0Ty
1. , 1.,
+§81A’1(T"” — J%) 4 5%%*2&@1 —J. (37)

For the transverse (physical) parts of the field variables we have
{hik(t, %), p" (t.y)} = P (x — y). (38)
The splitting (33)—(34) induces a canonical transformation:

(2%, kai)s (hik, D)) = (Y @ai)s (hi, D'F), (Quu, TH)). (39)
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The transformation of the particle variables is generated by the functional:

F= / Q" dz. (40)
Within the framework of the linearized theory we get

y, =z, + {a}, F}, Gai = kai + {kai, F}. (41)

Taking into consideration equations (30) and transformation (39), we reduce the Hamiltonian
to the form

Z m2+q2+ = /J”C (hi, — TGP AT T) dPz + /Hgd%
. 1 .
+87G / (ZJOOAlJOO + JOUATIP, JOF + ZaiJOZA%kJOk) dBx.  (42)

It does not depend on the gauge variables ho,, and @),,. Here the current and the physical field
Hamiltonian are

Z Gl By, HE=16nGphpl

1 VmE +a;
Thus, we have done reduction of the gauge degrees of freedom and transition to the descrip-
tion in the terms of Dirac’s observables. At this stage the field and particle variables have equal

rights. Below we shall carry out elimination of the physical degrees of freedom of the gravita-
tional field.

B 64 G “3)

3.3 Elimination of the physical degrees of freedom of the field in the first-order
approximation in the gravitational constant

In this section we aim to reformulate our system in the terms of particle variables only. This
reformulation is especially effective, when the free radiation is not essential. We do it by three
steps. (i) We shall solve the Hamiltonian field equations in the linear approximation in the grav-
itational constant with the help of the Green’s function method. In a given approximation the
advanced, retarded and symmetric solutions coincide. Here we use the symmetric Green’s func-
tion. (ii) By means of suitable transformation we shall get canonical free-field variables which
appear as the solution to homogeneous field equations. (iii) We shall equate the free field to zero.
The constrained variables are excluded from the dynamics with the help of Dirac bracket. Also,
the use of the Dirac bracket allows us to eliminate the field from the Hamiltonian.
The Hamiltonian equations of motion for h4- and p'F read
1

hi = 327Gp: k= — tm —Ah““. 44
5 = 321Gy, P 3 J +32 G 44)

Let us rewrite these equations in the following form:

.. ) 1 ..
hii — Ahf, = —167G P Ji, pit = T Gmf. (45)
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The general solution to equations (45) is presented as
hik = ik + ik, it =k +pif (46)

Variables ¢3;, and x'F are the general solutions to the corresponding homogeneous equations:

i Y
ik — Mg =0, XL = gm0l (47)

The functions izf;v depend on particle variables and satisfy inhomogeneous field equation with
the pointlike sources. They are determined by

hi = .lmilm
7 a t/)qao(t/)
hy = —167G /GM - x — ya(t)?] 22dac (t) 0 48
’ Z =y P (48)
where
1
Gor (@) =] = 5 (0007 + 030, — ™ nyw) G [(°)? = %] . (49)

In our problem the Green’s function G [(2°)? — x?] of the d” Alambertian is symmetric. Using
free-particle equations, when the particle momenta are conserved, an integration yields

1 2
GapGav — MMy

— 4G . (50)
e Z\/an— 2+ m2(x —ya)?
Then, as remembering definition (22), one finds that
N2 3 m ~ 1
P = PR, Ba = g3z | Deh — Oihow — Ouhos + 6 (Dil = 200h) | (5D
here
(52)

Z \/mQ +q2 8ya

is the time derivative.
It is easy to check that the obtained solutions in the terms of particle variables satisfy the
equations of constraints

JO 4~ APk, =0, JO% —29,.p% =0 53
167rG k= kD (53)

in the linear approximation in the gravitational constant.
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The next step of our procedure of the field reduction consists in the canonical transformation
of the field variables to ¢fk, X'F in accordance with relations (46). This transformation changes
the particle variables:

) ) 1- op Alm ahL
1 1 ilm Alm 3
i i - _ d’x 54
Ya Zq +/ (¢lm + 2hlm) aﬂaz (XJ_ +5 2 py ) aﬂa1‘| ( )
6 ~lm m I ahL
Goi = Tai— /Kqﬁlw hm) aé—<xﬁ+21) 8231“ (55)
In the terms of new variables nonvanishing Poisson brackets are
{za (1), 7 (1)} = —0ab, {ein(t, ), X" (t.x)} = Py (x —y). (56)

In order to finish our procedure, it remains to put ¢jk ~ 0, Xif = 0. These constraints reflect
the absence of the free gravitational radiation.

In the dynamics we reduce the fixed field by means of Dirac bracket which is constructed as
follows. Since gi)z- =0and XZk = 0 for the free field, we can restore canonical variables ¢, and
x**, so that gbﬁ- = Pll,z”gblm, XF = Bﬁ’flxlm. Then the Dirac bracket

{F.G} ={F,G} - /{Fv i (t, %) Him X" (t, %), G}d’z, (57)

coincides with the particle Poisson bracket. Discarding the free field in the Hamiltonian, we get
Z m2 + 72 + - /J“c (h — 167rG’Pz-kA’1JOO) iz
. 1 .
+87G / (ZJOOA_ljoo + JUATI Py T + Z@J“A—Zakﬁk) d*z.  (58)

We see that the field cancelation leads to compensation of half of the interaction term by the field
part of Hamiltonian.
Here the current depending on new particle variables is

(x — 2q). (59)

Z mhay
o

The fields h;;, and p** in the terms of new particle variables have the same form defined by
expressions (50), (51).
If we add the following expression

&Dt / [167rGJ00A Ly 4 JO A <8kizik+Pil8kiAle)} & (60)

to the Hamiltonian, we finally find

H= Z m2 4+ w2 4 = /J*“’h Pz 61)

a=1
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After exclusion of the free radiation the metric up to the first order in G becomes as follows

N 1 2
TauTav — §nuyma
Guv = N — 4G E ) (62)
a—1 \/[ﬂa(x - Za)]2 + mg(x - Za)2

where mo0 = \/m2 + w2.
The combination of the equations (41) and (54) yields the relation between the covariant
particle positions and the canonical variables:

i i 1 o Ol \ s
T, = 2, + 5/ <hlm O —p O d’zx. (63)

The Dirac brackets between particle positions,

_ Oy OP'™  OP'™ Dby,
{zz,z{,}*/< e = l)dsw;éo, (64)

aﬂ'bj 67‘(‘,”' aﬂ'bj 67‘(‘,”'

show that xfl cannot be the canonical variable. It is in accordance with no-interaction theorem [7].

Poincaré invariance of the particle system with gravitational interaction causes existence of
the ten conserved quantities which in the terms of canonical variables constitute the canonical
realization of the Poincaré group. The Poincaré generators depending on particle variables result
from the generators of “particle+field” system by means of field reduction. For four-momentum
and angular momentum we find the expressions:

N
1 ~
j={U— 2 24— | gup ud3
N N
pPto= Zﬂ-zl7 Mzk:Z( (Zzﬁgfzsﬁfz)v
a=1 a=1
al 1
MR = ky/m2 + 72 —/ kM b, dPe — tPF. 65
az::lza ma+7ra+4 T urd’T (65)

Self-action singular terms are excluded with the help of procedure based on Riesz potential [16].
It is easy to check that the generators satisfy the commutation relations of the Poincaré group in
the first-order approximation:

{P“,PV}* — 07 {PH,MVA}* — nMuPA _ nux\Pl/,

{M,uv, M/\O'}* _ _nuAMUG + nu/\M,ucr _ nvoM,u)\ + n,uchl//\- (66)
It turns out that

{wa, MPO}" = g {a, HY" — 6%, (67)

i.e. the particle position satisfies world line condition.
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4 Gauge theory of gravity

Now let us explore an alternative theory of gravity. In this section we apply the developed
procedures of reduction to the gauge theory of gravity by Ning Wu [11].

Within the Wu’s theory the gravitation is treated as physical interaction in flat space-time
with the Minkowski metric ||7,,||. The author of Ref. [11] replaces the equivalence principle
of general relativity by the gauge principle of fundamental interactions. Then the gravitational
interaction are completely determined by a local gravitational gauge invariance. Description and
properties of the used gauge group can be found in original papers [11]. Here we are concentrated
on examination of the results of such a theory which looks interesting in the context of the
unification of fundamental interactions.

In Ref. [11] the gravitational field is described by the gauge potential C#. Indices y, v are
ordinary Lorentz indices. On the other hand, the group (barred) indices fi, ¥ running from O to 3
move by the Riemanian metric

9" = GRGY, Gl =df —C1. (68)
This metric characterizes the curved space-time in which the particles move. In the case of weak
gravitational field the expression (68) takes the form

9[“7 = 77[“j - 77”\0,\1j - 7717/\Cf\1a 9nv = Naw + 77;1/\09 + 7717/\02- (69)

In a given approximation the Lagrangian density of such a theory is written as

0" naw F[}VF,?U ) (70)

L=16C

where Fiy = aucj — aucj is the field strength; 0, = 65(’)17.
From (70) the canonical momenta follow:

oL

a acE 7
, oL 1 o
i o= 9= _ 1 o iipy
e = ger = gy &

The field Poisson brackets are
{CL(t,x), B7} = 0,056° (x — y). (73)
Taking into account the constraints (71), we obtain a density of the canonical Hamiltonian:

= — oo " Fl Fjy + 2m G i BB + E0iC. (74)

Now we can construct the Hamiltonian of the “field+particle” system. One finds

N
H=Y" m3+k3+/chfd%+/Hgd3z+/cg‘ng3z. (75)

a=1
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Here we have introduced the notations

1 : _
Hy = *WW”Z M Fl Fl 420Gy ELES, T = J) — O,EL, (76)

N

Bk
=) g X, an

The set of the first class constraints of the theory is
0 0 ~
E; =0, 17 = 0. (78)

Let us isolate physical and gauge degrees of freedom by means of decomposition:

1 L 1 i L
i _ i i i _ pi i _ i A—1(70 0
E., =E, + E, E.= P E], EL=0'A (T — Jp). (79)

1 1
Vector Efi“ whose components are subject of relation 0; E}LE 0, can be expressed in the
terms of independent variables as follows (see [17])

1
El e e en = kB3, a=1,2. (80)
Here we use the projector
; Oa
I, =6 —618 a=1,2. 81)

The inverse operator to derivative Js is defined so that
—53( ) = 9 - 53(x) = lé(xl)é(ﬁ)sign(o:g) (82)
63 81‘3 2 '

In order to decouple the gauge and gauge-invariant variables, we perform the canonical trans-
formation

(@ kai)s (CF Ep)) = ((Ya, dai), (ch, 07, (Qf, T3)) (83)

determined by the generating functional

F= —/Cf (e + 0'A~NTY — J9)] d’a. (84)
With the help of (84) we derive the conjugated variables
7 oF - _ S5F -
h=——5=-A"'0Ct h=—— =TI.CI 85
QO 5T£ i Ca 56% a™~'q ( )

In a given approximation we have

yh =2t + {2!, F}, Qai = kai + {kai, F'}. (86)
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From equations (85) we obtain
L B 1 )
CF =CF 40,0, Cl= P (87)

Therefore the transverse parts of the potential and the corresponding momenta are parameter-

ized by means of the canonical variables (¢, e &) which are not noncovariant. Hereafter it is
o 1

convenient to describe the field by the functions C%, E}, which give us

1 1
{CF (t,x), E¥ (t,y)} = 6L PF&3 (x — y). (88)

Accounting constraints, we see that the Hamiltonian depends on observables only:

N 1
H:Z ngrqur/Jé ct d3x+/H§d3x+27rG/77WJ3A71JSd3x. (89)
a=1
Here
L 1 1 L

1 L _ __ o
Hy = —%nﬂgn” Cl' A CY +2rnGy'n;; ELEY . (90)

is the physical Hamiltonian of the gravitational field.
The Hamiltonian (89) generates evolution of the field variables:

L L L . 1 L
Cl= 4nGnP"n;; EL, E,= —P,iJ}f o GU;J&U”A cy . 1)
Let us rewrite equations (91) in the following form
L L b i L 1 L
Iz B iz i v
Cl —=ACf'= —4nGP; J, E,= Rnﬂ,ﬂ) 7 Cy 92)

They are ordinary inhomogeneous differential equations which can be solved by means of the
Green'’s function method. The general solution to the field equations is presented by

1L 1 11 1
Cl=¢} + XTI, B=xi + Vi 3)
1L 1
The fields ¢!'= P ¢k, x4= = I x& o satisfy homogeneous equations. On the other hand, the fields

1
Xt Yﬁi depend on particle variables. They are written as follows

€L
X[=FiX[.  X[=-G Lo doy : (94)
* Z\/qax Ya)]? +mi(x = ya)?
1
Yﬁ: Pkyﬁv Y; = 77;uﬂ7 (Dt —0; XO) 95)
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11

Now we intend to perform the canonical transformation to the new field variables qﬁz s Xp
(mean ¢F and X7) in accordance with relations (93). This transformation leads to the new particle
variables:

1 1

) ) 1 1 ayj 1 1 1 aXﬂ
o= 2 = Gl B I e e I 96
Yq 2a+/ <¢ +5 )8%1_ <x#+2 ) | 4 (96)

Ll s

1 1 1 iR v

-1 L\ oY} 1 ox!
ai at i - X H — L -Y: l d3 . 7
4 T / ( L Jr2 l) 0zt (X 2 “) 0z% v 7

We reduce field degrees of freedom by the constraints ¢ = 0, Xg ~ 0. After that the
Hamiltonian formalism is formed by the Dirac bracket, which is equal to the particle Poisson
bracket, and the Hamiltonian:

H= Z m2 +mw2 + = /Jl X7 d3x+27rG/ " JOAT T, (98)

a=1

Adding the expression
1 _
—5Di / JOAT O X[ AP 99)
to the Hamiltonian that is equivalent to canonical transformation gives us

H= Z m2 + w2 + = /J“X Pz (100)

a=1

Then we find the final form of the metric:

N
mhry
=" 4+ 2G E = . 101)
9" =n \/ﬂ'a (x —20)]2 + m2(x — 24)? (

The covariant particle positions and the canonical variables are connected by means of the
following relations:

. 1 GYZ oxl
i =21 4 5/ (Xl“aﬂ -y, —L o ) d*z. (102)
Then Poisson brackets between particle positions,
. oxr oyl oyl axr
7 kA * l M M l 3
= — d 0 103
{ma) xb} / <87Tbk aﬂ_ai aﬂ_bk aﬂ-ai x i ) ( )

show that % cannot be canonical.
Similarly to (65), the Poincaré generators can be written down on the base of (65) by means
of replacement of the corresponding density of interaction term.
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5 Conclusions

The gauge-invariant Hamiltonian formulation of the Einstein’s and Wu’s linearized theories of
gravity, when the particle and field variables are treated on equal rights, is obtained. In order
to find the description in the terms of particle variables only, we have effectively eliminated the
field degrees of freedom with the help of the Dirac’s theory of constraints. The used procedure
of the field reduction was elaborated in our previous paper [9]. Here we have limited ourselves
by the first-order approximation in the gravitational constant.

The field elimination permits us to get the relation between covariant particle positions and
canonical variables for gravitationally bounded system of particles. Moreover, such an approach
ensures the Poincaré invariance of the theory: the ten canonical Poincaré generators in the terms
of particles variables satisfy commutation relations of the Poincaré group in a given approxima-
tion.

Discarding gravitational field, we have obtained expression for metric tensor depending on
the canonical particle variables for the Einstein’s and Wu’s theories of gravity (see (62) and
(101)). The metric (62) in the general relativity is in agreement with the result of classical
work [16] in the terms of configuration variables. On the other hand, the Wu’s gravitational field
h,Y, and the Einstein’s field ;,, are related as follows

2h,y, = hy,, — %nwhE, hF = n"nf,.
Such a difference cannot be eliminated by means of canonical transformation. Thus, in the
first-order approximation in the gravitational constant with the explicit accounting of relativistic
kinematics the general relativity and the Wu’s theory of gravity are not physically equivalent.
However, the Wu’s metric leads to the Newtonian potential. Also hf}lf, and hfl, give us similar
expressions in the massless case.
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