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The 7%~ vertex isused as an explicit example of the subtleties connected with the application

of equation of motion within Chiral Perturbation Theory at the order O(p®).

PACS: 11.30.Rd, 12.39.Fe, 13.25.Cq

1 Introduction

We would like to study the well-known process 70 — ~+ in the domain of Chiral Perturbation
theory in the simple case when these two photons are on-shell. This calculation can be performed
in accord with Bijnens’s article [1], i.e. by a direct use of Feynman diagrams or by Gasser and
Leutwyler functional approach [2]. In the first method we have to introduce the wave function
renormalization (which does not appear in the second one). We will briefly summarized this
procedure for the Chiral symmetry group SU(3) g x SU(3), which is spontaneously broken to
the vector subgroup SU(3)y.

2 Three-flavour case
Lagrangian is in the standard chiral power counting given by
L=LD 4 LW 4 V24 2O 4 (1)

where the chiral invariant terms relevant for our process are given by

F2
£ = =L (DLUTDMU) + (XU +xUT)) )
LW = Ly(D*UTD,UNXTU 4+ xUT) + Ls(D*UT D, UKU + UTY)) + ... (3)
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and the Wess-Zumino term which contains the anomaly

N, _Nge?
. *4822 A TR + z%fgwﬂaﬂAyAaTﬁ, (4)

where we have used
| Rbn/VE VI VEKY
U=e%, o¢=| Vor— —-1"4+n/vV3 V2K°
V2K~ V2K —-2//3n

JH =BT (QL,LoLs + QR,RoRp)
1 1
Ts = Tr(Q*Ls + Q*Rs + §UTQUQL5 + 5UQUTQRﬁ)

with L, = U'9,U, R, = (9,U)UT. We will not need the explicit form of O(p®) terms.
The wave function renormalization factor Z is the residue of the complete propagator of the
pion field at the physical mass, as a result we get

1 1 2 1
= = L+ o3|~ S Am2) = S Am) + 8La(@m +m?) + 8Lsm?] 5)
™ 0
where
d?l 7 m2 m2
A(m?) = —_— =2m2\ log —. 6
)= | Gl =2 T ©

The physical decay constant F; is defined by means of axial current through

(Q|AZ($)|7rb(p)> = iéabFﬂapuefip'I (7
The output of calculation is
1 1
F, = F (1 + 5 [~ Am2) = SA(mE) +4La2mi +m?) + 4L5mfr]). ©)
0

Z, and F; ((5) and (8)) are the basic ingredients needed for calculating any amplitude involving
pions which are governed by Lagrangian (1).
The amplitude for process = — ~~ up to next-to-leading order without the O(p%) terms is
simply given by [1]
Ne i«
0 _ vaf * *

A(m” — y(k)y(1) = *?EEH Per(k)es(kals, 9)
which differs from the lowest order only by changing Fj to F.. We can also see that the possible
O(p®) contributions have to be finite. This confirms explicitly the result which can be obtain di-
rectly using the methods of the heat kernel expansion and dimensional regularization, particulary
the divergent part of the one-loop generating functional relevant for this process is given by

i N.Ny

AR uuaﬁa’yF uFa
boop = " 3972(d — 4) T2n?FE el

x ((QUQOUT — QUTQOU) — (Q* (R + Ly))). (10)
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3 Two-flavour case

As we have stated this was a standard calculation in SU(3) case. We would like to turn our
attention to the chiral symmetry SU(2)r x SU(2);, — SU(2)y. For this purpose we can use
already given Lagrangian but now we take U to be a 2 x 2 matrix

;e RVOY
= F =
v=di o= (5 ) (1)
Using simple identities for 2 x 2 matrix one gets for (1)
L=, 4@ oWz pr® (12)

where the forms of £/(?) and £/("W%) stay unchanged®, whereas chiral invariant O(p*) terms are
reduced to

£/ = LY+ LU U) U +UT)) + .. (13

The number of O(p*) low energy couplings (LEC) decreases from 10 to 7.
With this input we would obtain (instead of (5), (8) and (9))

1 1 2
= = 1+ 53| — S Am2) +8m2 (2L, + L), (14)
g 0
! / 1 2 2 !/ /
Fp = Fy (14 = [~A(m2) + 4m (2L + L)) ) (15)
0
1¢.0 NC i praf *
A = (kD) = 58 e e (k) (hals. (16)

We have changed the notation of LECs to stress that now we are in different theory, where of
course L; # L (renormalized). However, the physical quantities have to stay same and so
F! = Fr and A’ = A. This can be used for finding the relations between L, and L. We have
also introduced F{} which is the pion decay constantin SU(2) chiral limit, i.e. for m,, = mq =0,
ms # 0. One can calculate it from (8) to find

1

F,=F, (1 + 72 [—%A(mSB) - 8L4msBD 17

From F. = F. we obtain for finite part

42L" + L'E) = 4(2L5 + LY) — 11 lo m—%( - (18)
4 5 4 5/ 7 930,28 u2  64n2
and with usual definition L; = L] + I'; A for infinite part
1

4This is true for vectorial sources or photons as can be directly check using Kaiser’s W Z Lagrangian [5]
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SU(3) SU(2)
SU(3)-like standard + X standard
o) 8Ly (2m2 +m?2)
F2 K ™ 1 2 a 1.2 0
70 0 +8L5mf,] Fe S (GLaHES) F X
oK) ,
L [8L4(2m% +m2) 2
ANNNB—— F[8L4 KT 1g,,2 ' 1,2 Lm21
ai 0 +8Lsm?] 7 8mo (2L +Lg) Fmy (la+X) FMxld
A
F0(1+ﬁ[7AﬂiTK F/(l-ﬁ—L[—A
Fr +4L4(2m3+m?) A Fy(14 25 [Ar+m2la)) [Fi(1+ 25 [FAx+m? 1))
+4Lsm2]) +4m; (2L3+Lg)])

Tab. 1. Recapitulation of calculation of F

ForI'y = &, I's = 3 we get

42T + 1) = 2. (20)
In order to establish the canonical form of Gasser and Leutwyler SU(2) Lagrangian at O(p*)
order [2], we use the equation of motion, derived from O(p?) Lagrangian

08 = PUUt —vdtUt — Ut + Ux' + %(xUT —Uxh (21)
and using the integrations by parts and some simple algebra, one can rewrite £’(* to the equiva-
lent form

W= 2L} + L), Ud"x" + d,Utd"x) — 2L + LL) (XU + UTx)?

—~

(2L} + LE(OG (Ut = UXT)) + ... (22)

DN | =

which, of course, reproduce the same result as (14-16). Now we can introduce a new notation

Iy = 4(2L, + L) “
so we get
11
£ = £l — 520U = Ux), 9

where ££§% is the desired canonical form. For further purposes we will set I, — X in the last
term of (24). The canonical form, up to order O(p*) is simply obtained by setting X = 0. A
review of our calculation, up to now, is summarized in Table 1.

By means of relation (23) we can verify the relation between the standard SU(3) and SU (2)
chiral expansion (cf. (18-20))

2

T T T 1 s
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and
Y4 =2 (26)

with the definition I; = I} + ;A

However, it rests to show, what has allowed us to set X = 0 and so pass over to canonical
form of Lagrangian in (24). Before doing that, let us stress that the physically relevant quantities,
calculated up to order p*, should not depend on the choice of the Lagrangian £(4) (i.e. on the
fact whether we set X = 0 or not) and this is, indeed, the case of F. (see Table.1), but for the
amplitude A (which is of order O(p®)) we have in ‘standard + X’ case:

AX(10 = 2 (k)7 (1) = =5 S e (R)ey kol (14 pm2( - X)) (@)
which is UV -safe, at the level of O(p*) Lagrangians, only if X4 = (4 e g. in the case when
we take full form (24). In the standard Leutwyler-Gasser case of SU(2) Lagrangian it follows
that this necessitates the additional (not only finite) term of the O(p®) order. We can naively
provide it using the equation of motion.

4  General case

Formula (24) is a motivation for studying the general case of the supplemental non-canonical
term (O(OM]-"> in the action

§=5 45+ / (OB F) + 5@ + ..., (28)

where Sﬁ‘g is the Leutwyler and Gasser canonical form.
Full equation of motions could be obtained from

which can be decomposed

Oeom = M + 6OEOM : (30)
Naively we set Ogom = 0 and so find

§ =8 48 490 _ / (BOWF) 4 ... (31)

However, this application of the equation of motions is not correct and may be dangerous at the
order O(p%) and the correct procedure is the following change of variable

R . —1)"
U—e?U=U+) MU  with §MU= %f"U, (32)
n.:

n=1

as was pointed out in [3].
We assume F = O(p?) and we get finally
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S =5® 4 54 + 5@ / (608 F)

1 68?553 F?
2 U Uh#2 0 Ut PV (FU

B /(55<2> s 900U 05® o 56U,
UL 7 oU, sul, 7 oU,

2 1 2 it

052 i 88Uy | 58P oy 66U

U ¥ sUf, suy, 7 sul

)+ 00" (33)

We can see that this differ from the naive calculation (31) by supplementary terms. However,
this terms (in the second, third and fourth line of (33)) only depend on S(?) and F, so they are of
even intrinsic parity and therefore they do not contribute to the process 70 — ~+.

We confirm a naive prediction of the infinite counterterm of O(p®) order which is

N,
- / (00K F) — == o270, 4,0, 4,70 (34)
0
and thus we get finally
NC iOé va * *
ASTO (70 — y(k)y(1)) = *?FTEH Per(k)es(1kals (39)

(up to finite O(p°®) counterterms).
5 Conclusion

We find there are two types of O(p®) counterterm: first type, which is independent of the form
of O(p*) Lagrangian (see eg. [4]) and the second type, which is dependent, as we have explicitly
showed in the case of w°~~ amplitude. Of course, the physical quantity up to order O(p?) (e.g.
F. in our text) stay unchanged.
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