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We consider renormalization group (RG) equations in field theories with broken symmetry.
The key idea is to treat them like unbroken theories in an external field and absorb the sym-
metry breaking terms into the redefinition of parameters. Then, RG equations for the broken
theory follow directly from those of unbroken one. A particular example of a supersymmetric
gauge theory is considered in more detail.

PACS: 11.15.Ex

1 Introduction

It is very common to consider theories with broken symmetry. Moreover, a typical situation is
when symmetry is broken spontaneously due to non-zero expectation value of some field. This
suggests the treatment of a broken theory as unbroken one in an external field. When this field
has a vanishing expectation value the symmetry is unbroken, and when it has a non-vanishing
value the symmetry is broken. So, if one is able to consider a theory in an arbitrary field, one can
simultaneously treat both the broken and unbroken cases.

Symmetric theory → Spontaneously Broken Symmetry
⇓ ⇓

< H >= 0 < H >6= 0

Assume now that treatment of a theory in external field can be considered as modification of
original parameters in a sense that they become external field dependent quantities: {g} →
{g(H)}. This is not always the case, but if possible, leads to considerable progress.

Consider now the renormalization group (RG) equations for the couplings of the original
unbroken theory. If, as has been mentioned above, one can treat the theory in an arbitrary field,
one can make the replacement g → g(H) in the RG equation and get

ġ = β(g) → ġ(H) = β(g(H)). (1)
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Notice that the β function remains the same, just the argument is changed. This is the crucial
point which is not obvious and has to be proved. Whence it is so, one can perform the Taylor
expansion of the coupling over the external field

g(< H >) = g(0) + g′(0) < H > +
< H >2

2
g′′(0) + ...

in eq.(1) and get the RG equations for the symmetry breaking terms (g ′, g′′, etc) directly from
the one of unbroken theory without any further calculation



















ġ = β(g),

ġ′ =
dβ(g)

dg g′,

ġ′′ =
d2β(g)

dg2 (g′)2 +
dβ(g)

dg
g′′.

(2)

We give explicit examples below.
The same procedure works also for solutions to the RG equations. Consider solution to

the RG equation for effective coupling (one coupling case for simplicity) and make the same
substitution

t =

∫ gt

g0

dx

β(x)
→ t =

∫ gt(H)

g0(H)

dx

β(x)
.

Performing Taylor expansion in the limits of integration one gets the solutions for the symmetry
breaking terms

g′(t) = c1β(g), g′′(t) = c2
1β

dβ

dg
+ c2β(g), (3)

where g = g(t) is the solution in the unbroken case, and c1 and c2 are some constants.
Below we demonstrate how the advocated procedure works in the case of broken supersym-

metric field theory.

2 Supersymmetric Field Theory

We give here a brief description of the model. Supersymmetry is a fermion-boson symmetry
which converts bosons into fermions and vice versa, and changes the statistics. Supersymmetry
algebra is an extension of Poincaré algebra by anticommuting generators [1]. Supersymmetric
theory assumes that physical states (particles) come in pairs, called superpartners, each pair
containing states with spin different by 1/2. If it is relevant to Nature, it has to be broken, since
we do not observe a degenerate spectrum of fermions and bosons.

The simplest way to write the supersymmetric Lagrangian is to take the usual field theory in
Minkowski space and go from space to superspace, which is an extension of Minkowski space by
anticommuting Grassmannian variables. Then one has to replace ordinary fields depending on a
space-time point by the superfields depending on superspace coordinates. These superfields con-
tain both the fermionic and bosonic states transforming one into another under supersymmetry
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operators. Omitting the details for the lack of space, we write down a typical SUSY Lagrangian
for a general gauge field theory [2]

Lrigid =

∫

d2θ
1

4g2
TrW αWα +

∫

d2θd2θ̄ Φ̄i(eV )j
i Φj +

∫

d2θ W + h.c, (4)

where

Wα = −
1

4
D̄2e−V DαeV , W =

1

6
yijkΦiΦjΦk +

1

2
M ijΦiΦj .

Here V (x, θ, θ̄) and Φ(x, θ) are the gauge and matter superfields, respectively, Wα is the gauge
field strength tensor and W is the so-called superpotential; θ and θ̄ are the Grassmannian co-
ordinates. The Lagrangian (4) contains two dimensionless couplings g and yijk and one mass
parameter M ij .

This is a rigid or unbroken theory. The possible SUSY breaking terms are [3]:

−Lsoft−breaking =

[

M

2
λλ +

1

6
Aijkφiφjφk +

1

2
Bijφiφj + h.c.

]

+ (m2)i
jφ

∗

i φ
j , (5)

They break the mass degeneracy in the supermultiplets and can be rewritten in terms of super-
fields as

Lsoft =

∫

d2θ
1

4g2
(1 − 2Mη)TrW αWα +

∫

d2θd2θ̄ Φ̄i(δk
i − (m2)k

i ηη̄)(eV )j
kΦj

+

∫

d2θ

[

1

6
(yijk − Aijkη)ΦiΦjΦk +

1

2
(M ij − Bijη)ΦiΦj

]

+ h.c., (6)

where η = θ2 is an external spurion field. It is responsible for supersymmetry breaking. Obvi-
ously, eq.(6) can be treated as replacement of the couplings of unbroken Lagrangian (4) by the
external field dependent quantities

1

g2
→

1

g̃2
=

1 − Mη − M̄η̄

g2
, yijk → ỹijk = yijk − Aijkη, M ij → M̃ ij = M ij − Bijη,

The mass term m2 can be absorbed into the redefinition of the Yukawa coupling y as well (see
below).

Thus, a softly broken SUSY theory can be treated as a rigid SUSY theory in an external
spurion superfield η with the couplings g, y and M being the external superfilelds S(η, η̄). Both
the theories have the same singular part of the effective action.
The statement: In external spurion field η the singular part of the effective action depends on
the couplings, but does not depend on their derivatives:

Seff
Sing(g) ⇒ Seff

Sing(S, D2S, D̄2S, D2D̄2S),
�

�
�

�
�

�

and as a result has the same form in unbroken and broken cases with replacement of the couplings
by external fields. As a consequence, the following theorem is valid [4]:
The theorem Let a rigid theory be renormalized via introduction of the renormalization con-
stants Zi, defined within some minimal subtraction massless scheme. Then, a softly broken theo-
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ry is renormalized via introduction of the renormalization superfields Z̃i which are related to Zi

by the coupling constant redefinition

Z̃i(g
2, y, ȳ) = Zi(g̃

2, ỹ, ˜̄y),

where the redefined couplings are

g̃2
i = g2

i (1 + Miη + M̄iη̄ + (2MiM̄i + ∆i)ηη̄),

ỹijk = yijk − Aijkη +
1

2
(ynjk(m2)i

n + yink(m2)j
n + yijn(m2)k

n)ηη̄, (7)

˜̄yijk = ȳijk − Āijk η̄ +
1

2
(ynjk(m2)n

i + yink(m2)n
j + yijn(m2)n

k )ηη̄,

Here ∆i are unphysical ghost field masses to be eliminated from physical RG equations [5].
This leads to RG functions for the soft terms of a broken theory in terms of unbroken one.

The results for the soft term β functions are summarized below.

Summary of the Soft Term Renormalizations

The Rigid Terms The Soft Terms

βαi
= αiγαi

βMAi
= D1γαi

βij
M = 1

2 (M ilγj
l + M ljγi

l ) βij
B = 1

2 (Bilγj
l + Bljγi

l ) − (M ilD1γ
j
l + M ljD1γ

i
l )

βijk
y = 1

2 (yijlγk
l + perm’s) βijk

A = 1
2 (Aijlγk

l + perm’s) - (yijlD1γ
k
l + perm’s)

⇑ (βm2)i
j = D2γ

i
j

chiral anomalous dim. βΣαi
= D2γαi

D1 = MAi
αi

∂
∂αi

− Aijk ∂
∂yijk , D̄1 = MAi

αi
∂

∂αi
− Aijk

∂
∂yijk

D2 = D̄1D1 + Σαi
αi

∂
∂αi

+ 1
2 (m2)a

n

(

ynbc ∂
∂yabc + ybnc ∂

∂ybac + ybcn ∂
∂ybca

+ yabc
∂

∂ynbc
+ ybac

∂
∂ybnc

+ ybca
∂

∂ybcn

)

,

Σαi
= MAi

M̄Ai
+ ∆i

3 Illustration

Consider, as an illustration of the above formulas, the simplest case of a pure gauge theory [6].
In a rigid theory the coupling is renormalized as

αBare = Zαα, α ≡ g2/16π2.

Making the substitution α → α̃ one gets α̃Bare = Z̃αα̃ or (up to linear terms in η)

αBare(1 + MBare
A η) = α(1 + MAη)Zα(α(1 + MAη)).
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After expansion over η this leads to equations

αBare = αZα(α),

MBare
A αBare = MAαZα(α) + αD1Zα,

where D1 = MAα ∂
∂α is the differential operator extracting linear terms over η. As a result, we

get the bare mass

MBare
A = MA + D1 ln Zα. (8)

Differentiating eq.(8) with respect to a scale, one gets

βα = αγα, βMA
= D1γα,

where γα is the gauge field anomalous dimension γα = d log Zα/d logµ2.
Consider now a solution to the RG equation in a rigid theory written in quadratures

∫ α

α0

dα′

β(α′)
= ln

Q2

µ2
. (9)

Performing the replacement of the couplings one gets
∫ α(1+MAη)

α0(1+MA0η)

dα′

β(α′)
= ln

Q2

µ2

which after expansion over η leads to the solution for the soft mass term

αMA

β(α)
=

αMA0

β(α0)
⇒ MA = const

β(α)

α
,

where α is taken from eq.(9). Thus, solution for the soft mass term directly follows from the one
for the rigid coupling.

4 Examples

Consider now some particular examples in gauge field theories.
1. General gauge theory

In the one-loop order the rigid β functions are

βα = αγα, γ(1)
α = αQ, Q = T (R) − 3C(G),

βijk
y =

1

2
(yijlγk

l + perm′s), γ
i (1)
j =

1

2
yiklyjkl − 2αC(R)i

j ,

where T (R), C(G) and C(R) are the Casimir operators of the gauge group. This leads to the
following soft β functions:

β
(1)
MA

= αMAQ,

β
ij (1)
B =

1

2
Bil(

1

2
yjkmylkm − 2αC(R)j

l ) + M il(
1

2
Ajkmylkm + 2αMAC(R)j

l )

+(i ↔ j),
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β
ijk (1)
A =

1

2
Aijl(

1

2
ykmnylmn − 2αC(R)k

l ) + yijl(
1

2
Akmnylmn + 2αMAC(R)k

l )

+(i ↔ j, k),

[βm2 ]
i (1)
j =

1

2
AiklAjkl − 4αM2

AC(R)i
j +

1

4
ynkl(m2)i

nyjkl +
1

4
yikl(m2)n

j ynkl

+
4

4
yisl(m2)k

syjkl.

We used here the fact that in the given order the solution for Σα is Σα = MAM̄A.
At two loops the gauge anomalous dimension γα is

γα = αQ + 2α2QC(G) −
2

r
αγi

j

(1)
C(R)j

i (10)

and the β function for the gaugino mass takes the form

βMA
= αMAQ + 4α2MAQC(G) −

2

r
αMAγi

j
(1)

C(R)j
i

+
1

r
α(Aiklyjkl + yiklAjkl)C(R)j

i −
4

r
αMAC(R)i

jC(R)j
i .

In this case, again the solution for the ghost mass ∆α can be found analytically [5]

Σα
(2) = ∆(2)

α = −2α[
1

r
(m2)

i

jC(R)
j
i − M2

AC(G)].

In case when one knows the β function in all loops as in the NSVZ scheme [7]

γNSV Z
α = α

Q − 2r−1Tr[γC(R)]

1 − 2C(G)α
,

one has the all loop β function for a gaugino mass as well as the all loop solution for ∆α:

∆NSV Z
α = −2α

r−1Tr[m2C(R)] − M2
AC(G)

1 − 2C(G)α
.

2. MSSM in the low tan β regime
The Minimal Supersymmetric Standard Model (MSSM) is the generalization of the Standard
Model of fundamental interactions [8]. The Lagrangian of the MSSM repeats that of the SM
with replacements of all the fields by appropriate superfields. It contains three gauge and a set of
Yukawa couplings the same as in the SM. However, the RG equations are slightly modified due
to the presence of extra particles. In the so-called low tan β regime one is left with three gauge
and one Yukawa coupling. The one loop rigid RG equations are







α̇i = −biα
2
i , i = 1, 2, 3

Ẏt = Yt(
16
3 α3 + 3α2 + 13

15α1 − 6Yt).

Their analytical solution has the form [9]














αi(t) = α0
1 + biα0t

, t = ln
M2

X

Q2

Yt(t) =
Y0E(t)

1 + 6Y0F (t)
, E(t) =

∏

i(1 + biα0t)
ci/bi , F (t) =

∫ t

0
E(t′)dt′.

(11)
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To get solutions for the soft terms one has to make the substitution: α → α̃, Y → Ỹ and
expand over η, η̄. For the gauge coupling one has [6]

αiMAi
= α0M0

1 + biα0t
− α0biα0M0t

(1 + biα0t)
2 = α0

1 + biα0t
· M0
1 + biα0t

⇒ MAi
= M0

1 + biα0t
.

Analogously

At(t) =
A0

1 + 6Y0F
− M0[

t

E

dE

dt
−

6Y0

1 + 6Y0F
(tE − F )].

Expanding up to ηη̄ one can get the solution for the mass term (Σt = m̃2
U + m̃2

Q + m̃2
H):

Σt(t) =
Σ0 − A2

0

1 + 6Y0F
+

[A0 + 6M0Y0(tE − F )]2

(1 + 6Y0F )2
+ M2

0 [
d

dt
(
t2

E

dE

dt
) −

6Y0

1 + 6Y0F
t2

dE

dt
].

These solutions exhibit the so-called fixed point behaviour [10]. Namely, if one neglects ”1” in
the denominator of expression for the Yukawa coupling in eq.(11), the initial value Y0 cancels
and one gets the fixed point value at the infrared region (which corresponds to t → ∞)

t → ∞ ⇒ Yt(t) → Y FP
t =

E

6F
. (12)

The same fixed point behaviour is true for the soft parameters. To find it, one has to replace the
couplings in (12) by the proper superfields and expand the FP over η, η̄. This gives directly the
FP for the soft terms.

AFP
t = −M0

(

t

E

dE

dt
−

tE − F

F

)

,

ΣFP
t = M2

0

[

(
tE − F

F
)2 +

d

dt
(
t2

E

dE

dt
) −

t2

F

dE

dt

]

.

Thus, the FP’s for the soft terms follow those for Yukawa couplings and have the same stability
properties.

3. MSSM in the high tan β regime
Here we have three Yukawa couplings and the corresponding RG equations look like







































α̇i = −biα
2
i , i = 1, 2, 3

Ẏt = Yt(
16
3 α3 + 3α2 + 13

15α1 − 6Yt − Yb),

Ẏb = Yt(
16
3 α3 + 3α2 + 7

15α1 − Yt − 6Yb − Yτ ),

Ẏτ = Yτ (3α2 + 9
5α1 − 3Yb − 4Yτ ).

Despite a simple form of these equations, there is no explicit analytic solution similar to (11). One
has either approximate solution [11] or the iterative one [12]. In both the cases the Grassmannian
expansion over η leads to the corresponding solutions for the soft terms.
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Fig. 1. Comparison of numerical and approximate solutions. Dotted lines correspond to the analytical
approximate solutions, solid lines to the numerical solution.

We consider as an illustration the approximate solution. It can be taken in the form [11]

Y app
t (t) =

Yt0Et(t)

[1 + 7
2 (Yt0Ft(t) + Yb0Fb(t))]2/7[1 + 7Yt0Ft(t)]5/7

(13)

Y app
b (t) =

Yb0Eb(t)

[1 + 7
2 (Yt0Ft(t) + Yb0Fb(t))]2/7[1 + 7Yt0Ft(t)]2/7

,

×
1

[1 + 7
3 (3Yb0Fb(t) + Yτ0Fτ )]3/7

,

Y app
τ (t) =

Yτ0Eτ (t)

[1 + 21
4 Yτ0Fτ ]4/7[1 + 7

3 (3Yb0Fb(t) + Yτ0Fτ )]3/7
.

To demonstrate the accuracy of the approximate solution (13) and the efficiency of the Grass-
mannian expansion, we present in Fig.1 the comparison of numerical and approximate solutions
for the Yukawa couplings of a rigid theory as well as the soft terms. One can notice perfect
agreement of numerical and analytical curves. Shown also are the fixed point behaviour, again
for the Yukawa couplings and for the soft terms obtained via the expansion procedure for the
approximate solutions (13). The numerical curves approach the analytically calculated FP’s in
the infrared region.
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5 Totally all loop finite N=1 SUSY gauge theories

Another example of application of the same procedure is the so-called finite field theories in the
framework of SUSY GUTs. These are the theories where all the UV divergences cancel and
hence all the β functions vanish. This can be achieved in a rigid theory if the following two
conditions are satisfied [13, 14]:

• The group representations are chosen in a way to obey the sum rule
∑

R

T (R) = 3C2(G)

• The Yukawa couplings are the functions of the gauge one

Yi = Yi(α), Yi(α) = ci
1α + ci

2α
2 + ... (14)

where the coefficients ci
n are calculated algebraically in the n-th order of PT.

To achieve the complete finiteness of the model including the soft terms, one has to modify
the finiteness condition (14) as

Ỹi = Yi(α̃)

and perform the expansion over η, η̄. This gives [15]










Ai = −MA
d ln Yi
d ln α

,

Σi = M2
A

d
dα

αd ln Yi
d ln α

,

where Y (α) is assumed to be known from a rigid theory. These expressions lead to a totally
finite softly broken SUSY field theory!

Alternatively one can formulate the same conditions in terms of the bare couplings. They are
finite in this case. In dimensional regularization one has instead of eq.(14)

Y Bare
i = αBare · fi(ε), fi(ε) = c

(1)
i + c

(2)
i ε + c

(3)
i ε2 + ... (15)

where the coefficients c
(n)
i are in one-to-one correspondence to those in eq.(14). Replacing the

couplings in eq.(15) in a usual way one finds that the function f(ε) cancels and one has simple
relations for the soft terms valid in all orders of PT [6]

Ỹ Bare
i = α̃Bare · fi(ε) ⇒

{

ABare
i = −MBare

A ,
ΣBare

i = (MBare
A )2.

These relations for the bare quantities provide the vanishing of the β functions for the soft terms.

6 Conclusion

It is very useful to consider a spontaneously broken theory in terms of a rigid one in an external
field. In case when one is able to absorb the external field into the redefinition of parameters
of the original theory and perform the renormalizations for an arbitrary field, one can reproduce
renormalization properties of a spontaneously broken theory from a rigid one. The following
statements are valid:
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• All the renormalizations are defined in a rigid theory. There are no independent renormal-
izations in a softly broken theory.

• RG flow in a softly broken theory follows that in a rigid theory.

• This statement is true for RG equations, solutions to these equations, particular (fixed
point) solutions, approximate solutions, etc.

Acknowledgement: It is a pleasure to thank the local Organizing Committee of the RG-2002
conference and especially M. Hnatic for kind hospitality.

References

[1] see e.g. S. Weinberg: ”The Quantum Theory of Fields”, Vol. 3 ”Supersymmetry”, Cambridge Univ.
Press, 2002
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