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The paperdefinesthe calculationalgorithmsof multidimensionakdaptve fastWalsh-Haar
transforms(W H'T") aimedfor block datacompressionwith specificneedsfor multidimen-
sionalnuclear(or similar) data. Exampledatacompressedia the adaptve W HT', classical
W HT andCosinetransformsare presented.The compressiorefficiency of adaptve trans-
formsis evidently betterthanthatof otherclassicatransforms Theinfluenceof thetransform
degreeof W HT onthecompressiorefficiency is alsostudiedin the paper

PACS: 29.85.+¢02.6Q-x, 07.05.Kf,02.30.Qy

1 Intr oduction

The classicaltechnigesdevelgpedto analyse2-fold v — ~ coincidere data(two-dmensiona
histogams)canrot beextendel to higher-fold data.For exanpleif we assumehattheconten of
eachchanrel is represeted by onebyte, the storageof a five-dimensionahistogramwith 1024
chamelsperaxiswould require atotal of 1024terrabyesof memoy.

The classicaimethd to redice the memoryrequrementswhich is frequently emgoyed, is
to storedatain theform of lists of everts. In list mode, thememoryneededo save competedata
from anexpeiimentis proportional to thetotal numkber of everts andalsonumberof bytes usedto
storeeachindividual event. However to have a sufficient statisticin multidimensionalspacethe
amount of datato becollectedin oneexpeimentcanbewell over 109~ 10'° events.For sucha
large amouwnt of datathereis usuallynotenowgh storagecapacityavailable. Themethodproposed
in thepape corsiderablydecreasethe memay neededo storemultidimensionahistograns. It
is basedn fastorthagonaladapive transfom.

Suitabledistribution of signalenegy in the transformdomain possiblyits concerrationin
a small numter of elemets in a predeterminedregion of a new field, is the basicprenise of
successfuapplication of an orthagonaltransfom in multidimersionalblock datacompession.
Thetransformwhich concentrategheenepy of signalsof agiven class(classes)n efficientway
playsthekey role to assurea goodblock datacompression.
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Whenapplyirg orthagonaltransfamsin datacompressionthe comgexity of cormputation&
algoithm is alsoveryimportantfactor Becausahe Walshtransfam (W T) [1] is binaryvalued
its implemenation is very simple. Algorithms of WT requile only addtions (subtractims).
The nunber of additions to transfom a vecta with size N usingthe fastW1T is proportiond
to Nlog, N. Thefastestand simplestamongall orthogoral transfoms is the Haartransfam
(HT)[1]. In essencd is alsobinary valuedandthusrequiresonly additilns (subtactions).The
nurrberof additiors in this caseis equalto 2(V — 1).

Thesuitability of employing atransfam in the compessiordepend onthetypeof thecom-
pressedsignal. For signalswith dominant sharpnariow objects(peals) the Haartransfam is
morte efficient. Onthe otherhandfor signalscontairing wide objectsbetterquality of compes-
sion canbe achieved by emplgying the WT'. The HT is locally sensitve wherasthe WT is
globally sensitve.

Betweenthe Haarand Walshtransfoams onecandefinek Walsh-Haatransfoms (W HT),
wherek = log, NV and N is the transformlength ThenW HT of (log, N — 1)-st degreeis
identicd with the WT and W HT of O-th degreeis identicalwith the HT'. By increasingthe
degreeof W HT the sensitvity width andthusthe numbe of neededpegtions(additimsand
subtrations)alsoincreasesOneof theaimsof the pajer is the deternination of optimaldegree
of WHT accodingto theclassof compessedsignals. The optimaldegreedepenisonthesize
of objectswhich we wantto preserein thecompessedsignal.

However thisis only onedegreeof freecbm by whichwe caninfluencethe efficiencgy andthe
computationalcompexity of the compession. The basefunctionsof binary valuedtransforns
donotreflectin any way the shapeof thetransfornedsignal. Classicall’VV HT arewell suitedto
compesssignalswith domirantrectanglar conponetts. In order to obtainthe enegy distribu-
tion in thetransformdomainmoreamerableto retainingthe shapeof the signal,onecanmodfy
basefunctionsof atransfom in suchaway asto achieze maximum comgessiorattheminimum
signaldistortion. In the paperthefastadapive W HT' (AW HT) is defined The multiplication
coeficients of signalflow graph of the fasttransformalgoithm are modified on the basisof
maximum compressionaccordng to a givendataclasswhichis repesentedor eachdimersion
by onevector Hereaftetthis vectorwill becalledrefererme vecta.

The aim of the paperis to defineadaptire Walsh-Haartransform(AW HT'). The multipli-
cationcoeficientsof signalflow graph of the fastalgoiithm to calculateAW HT aremodified
accoding to maximum conpressiorcriterionwith respecto adataclass.

2 Fastalgorithm to calculate Walsh-Haar transform of k-th degree

ClassicalWT and HT arevery well known [1] , [2], [3]. As mentiored above thesearethe
mauginal case®f theWalsh-Haatransfom setfor thedegreesk = 0 andk = loga N — 1. In [4]
the W HT matrixis definedthrough theuseof HadanardandHaarmatrices

WHTS, = HAD,. @ HAAR. &, (1)
wherek derotesthe degreeof thetransfom, N = 2" is the lengthof thetransfom, ® dendes

Kroneclker prodict of matrices.Theright lower index representghe size of matrix andtheright
upper index represets the degree of transfom. The Hadamad transformmatrix is definedby
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therecusive relation

HAD,. = HAD,:» ® HAD,

where

1 1
HAD, = L J )
The Haarmatrix canbe obtaired from Haarfunctions[1], [2] or from recusive relatiors given
in [4], [5].
ThefastCooley-Tukey's algorithm[1] to calculatethe WT (or W HT ?) of the vectorx for
N = 8isshavnin Fig. 1.

0-th iter. 1-st iter. 2-nd iter.
step step step
112 2
X Xp+x,= X+ X=X, O Xot X,
1 1 2 2
X X=Xy X+ X=X, X+ X5
o1 _2 2
XAX=x, D X = X+ X,
11, _2 +2
XoX= X, Xim X=X, XX,
-1
1 1 2 2 2
X x= X+ X=X, Xom X,
1 1 2 2
X, X=X X X=X Xm X
1 1 2 2 2
XHx=" i Xym X=X X,m X
1 1 _2 2 2
xa'x7 X7 ) Xs= X=X X=Xy

Fig. 1. Signalflow graphof thefastW HT? (WT) for N = 8

If we stopthe calculation of odd indexed transformcoeficients afterthe 1-stiterationstep
we getthe W HT of thefirst degree(Fig. 2)

And finally let us stopthe calculationof transformcoeficients with positions: € {0,..., 7}
satisfyingtheconditicn i mod 2 # 0 aftertheO-thiterationstepandcoeficients satisfyingthe
corditioni mod 4 # 0 afterthe 1-stiterationstep. Thenwe obtainW HT' ° whichis identicd
with the HT' (Fig. 3).

Thenin generalin the Cooley-Tukey's signalflow gragh of the fast W HT * we stopthe
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1-st iter.
step
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Fig. 2. Signalflow graphof thefastiW H1'' for N = 8

1-st iter.
step

2
X+ X=X,
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Fig. 3. Signalflow graphof thefastiW H1° (HT) for N = 8

M. Morhé&c, V. Matousek

2-nd iter.
step
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XA,
.
x1+ X3
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X+ X
L
X X3
2 2
Xy X,
.
Xt
22
Xy= Xs

1 1
o PO X X,

2-nd iter.
step

2 2
Xt X,
Yo,
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Xo= Xy
Xy=Xs
2 2
Xy~ X,
O——»0  X,-X;
1 1
O—»0 XX,

O——»0 XX,
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calculation after

k-th iterationstepfor positiors where i mod2#0
k + 1-stiterationstepfor positiors where i mod4#0
2
k + m-th iterationstepfor positiors where i mod 2™ £ @
n — 2-nditerationstepfor positiors where i mod 2" £ 0.

We have not consideredhe order of coeficients in theoutpu transfornedvecta northescaling
factos of Haarfunctiors [1], [2]. Howeverfor themomernt thisis irrelevant.

Fromabove proposedalgorithm andfrom Figs.1, 2, 3 onecanobserethatin eachof iteration
steps0 to k-1 we carry out 8 additiors (subtactions)(ingeneal caseN additiors). Thenin the
k-thiterationstepwe carryout8 addtions, in (k + 1)-stiterationstep4 additionsetc. In genera
casethenumbe of additinsis

Na=k-N+N+N/2+N/2% ...+ N/2leN-k-1

2 . 3)
=k N+N{1+1/241/2%+ ...+ gy ) -

Theexpressionin parentlesisrepresentsumof geonetric seriesandcanbefurther simplifiedas

1

(4)
=k -N+2(N-2F.

3 Adaptive Walsh-Haa transform of k-th degree

Letthereferacevecta x represent(in away describedn the next section}thedatato betrans-
formed. Without lossof geneality we shall startwith the exanple of AW HT° and AW HT'*
for N = 4. Fig. 4 shaws the signalflow gragh for AW HT * wheremultiplication coeficierts,
asopposedto classicallW HT', arenot equalto 1. The aim of the construiction of AW HT is to
find thecoeficientsa;, b;, ¢;, d;.

FromFig. 4 for thevectory onecanwrite

Yo azap  a2Cg C2a1 C2C1 To

y1| _ |asbo —asdo c3by  —csdi| |x 5)
Y2 baag baco —dza;  —dacy T2|’

Y3 bsbg  —bszdy —dzby dsd; ]

or

y = WHT! . x. (6)
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Fig. 4. Signalflow graphof thefastAW HT" for N = 4

Thetransfom matrix of AW HT'' shouldbe orthanormal. Thenthe multiplication of AW HT'?
by its transpsemustgive the unit matrix

a2a0 a2Co C2a1 C201 a2a0 azbo baag b3bg
asbg —asdy c3b1 —c3di| |a2co —asdy  bacg  —bado| E )
bzao bQCQ —d2a1 —d261 CaQ1 Cgbl —d2a1 —d3b1 ’

bgbo —b3d0 —d3b1 d3d1 asC1 —C3d1 —d201 dgdl

Thisproductis asymmetricaimatrix Letustakeits right upper partincluding its maindiagaal.
Thenonegetsthe following 10" condtions
(a% + 0(2)) ag + (a% + c%) cg =1,
(apbo — codp) azas + (a1br — c1dr) cacs = 0,
(ag + cg) asby — (a% + c?) cady = 0,

(aobo - Codo) azbs — (albl - Cldl) cadz = 0,

(b5 + dg) a3 + (b1 +di) c5 = 1,

(aobo — Codo) (Igbz — (a1b1 — Cldl) 63d2 = 07 (8)

(b + dg) asbs — (b3 +d}) csds = 0,

(ag +cg) b3+ (ai +¢)d3 =1,

(agbo — codo) babs + (a1by — c1dy) dads = 0,

(b3 +dg) b3 + (b7 +dF) d3 = 1.

Theconditiors (8)aresatisfiedf

a;b; — c;d; =0, (9)
ai +¢; =1, (10)
b +di =1, (11)

F((N? + N)/2 = 10)
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wherei = 0, ..., 3. Substitutingfrom (9)

L (12)

b2 =2
andthus
bi = ici. (13)

Substituting backfrom (13)into (12) we have
a; = +d;. (14)

Then(9), (10), (11, (13), (14)arenecessargndsufiicientconditinsassuringheorthorormality
of AWHT?!.
Fig. 5 shavstheadaptve W HT of thedegree0 for N = 4.

Fig. 5. Signalflow graphof thefastAW H1° for N = 4

Analogaislyto (7), (8) the corditions of orthanormality of the matrix of AW HT © are
(ad +c3) a3 + (af +cf) G =1,
(aobo — Codo) Az = 0,
(a% + bg) agby — (a% + cf) cads = 0,
— (a1b1 — Cldl) Cy = 0,

b2+ d3 =0, (15)
(aobo - Codo) b2 = 0,

((1,(2) + cg) b2 + ((1% + c?) d3 =1,
(a11)1 — Cldl) dQ = O,

b +d2=1.
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Compaing to (8) onecanobsenethatin this case
a3:d3:1; b3203:0 (16)

andtherebrefor ¢ = 3 thecondtions (9), (10), (11) aresatisfied Furtherit is obviousthatif the
corditions (9), (10), (11), (13), (14) aresatisfiedfor i = 0, 1, 2 thenthe condtions (15) arealso
satisfied. Apparenly for greaterN andall transfom degreesk = 0,1,...,log, N — 1, if the
corditions(9), (10), (11) apgied to multiplicationcoeficients in basiccomputationalelements
butterfliesaresatisfied thenthe conditian of orthanormality of thewhole matrixof AW HT * is
alsosatisfied.Thebutterfliesthatdo not enterthe calculationsatisfyimplicitly the conditions of
orthonormality (a; = d;j = 1,b; = ¢; = 0).

For eachtransformelemem, butterfly, we shall requre thatthe input enepy is equal to the
output enegy (Parseal’'s theoren)

g+ o1 = yg +yi. (17)

Oneway to predetemine the distribution of the output enegy of the butterfly is its conce-
trationinto oneoutput elememn (enegy compiession)

Yo =/ g + o1, (18)

y1 = 0. (19)

From (18) (19) it canbe obsered thatthe enepy is concetratedin one outpu noce of each
butterfly The presentednethodconcentratesthe signalenepy in low indexed coeficientsin
transfam domain. Informationaboutthe shapeof the spectras cortainedin theretainedtrans-
formedspace Whentaking(13), (14) with thepositive signthenaccordng to (18) for theoutpu
of a butterfly onecanwrite

arg + bry = \/2? + 22, (20)

bxro — axy = 0. (21)
Addition of square®f Eq. (20), (21) yields

a?+ b2 =1. (22)
Thenaccordng to (20), (21)

Zo 1

0= b= ol (23)

Va2 + 22’ 3+ 2?2
andfrom (13), (14)
c=b; d = a. (24)

Fromthe pointof view of maximum compession23), (24) we candefineoptimd transfam
coeficientsof onebutterfly of thefast AW HT'.
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aU
X, \Jxg+x =",
E(l
1
X 0 =X
-2
a,
XZXb X +x3="x,
1
b 1
X3 l 0 =X
a, €
4,
X4X xi ' XS2 =IX4
b: |
X > 0 =X,
X «/x(f +x§ :lx6
b,
b, )
X 0 =X,
-a,

Fig. 6. Signalflow graphof thefastAW HT" for N = 8

Letusgoaheado alargerlength.Let ustake N = 8 andthedegreek = 1 (Fig. 6)
Thebutterfly coeficientsin theiterationstepO are

/ 2
2 s,
\/ T2, 2i+1
2
5 22 ; b; = 5 > s (25)
A/ T2i T L2541 \/T2i T L2441

wherei = 0,1, 2,3. Accordingto Fig. 6, 'z, = 'z3 = 25 = 27 = 0 andthususing(23)in
theiterationstepl we cannotcalculatethe coeficientsas, b5, ar, b7. They canbesetasdesired.
In eachiterationstepwe divide the butterfliesinto graups. In the O-th iterationstepto 4 groups,
in thefirst iterationstepto 2 groyps andfinally in the secondterationstepwe leave onegroup.
In practiceit wasprovedthattherepetitionof leadingcoeficients for thewholegrowp givesthe
bestresults.Thenin ourexamplein thefirst stepwe have

a; =

as = ag; bs = by; (26)
and

ay = Ag; b7 = b6. (27)

wheretheleadingcoeficientsof eachgroup are

VETA N b 8)

a4 = 3 = ,
Vg + 2+ a3 + 23 Vi +x} + a3 + x}
and
/2 2 /72 2
ag Tt ; be o+ 17 (29)

= ) = .
Vg +ag +af + a3 Vi + g +ag + a3
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In thefollowing iterationstepwe stopthecalculation(seealgoithm (2)) in positiors satisfy-
ing thecondtion p mod 2 # 0, i.e. in thepositiors 1, 3, 5, 7. Analogouslyin the lastiteration
stepthe coeficientsare

Vg +af +a3 +a3

ag = a1g = - B (30)
> io 3712
22 4+ 22 + 22 + a2
bs =bio = Vi o+ af o L. (31)
21'7:0 373

Generallyfor thetransfam coeficierts of AW HT* in the leadirg positionsof groyps, one
canwrite

251
2

E : Lost1.i4j

=0

-s s = ——————— 2
aNT+2 . py— , (3 )

2
E : Tost1.iyj
j=0

25—-1
2
Z Tostiiras
j=0
b%ww = S ) (33)
2
D Ty
j=0
wheres dendesiterationstep,s € {1,...,log, N — 1}, dendesgroyp numbe
) N

andN is thetransfom length. The othercoeficientsa, b in the positionswhereconditian (2) is
not satisfiedareequalto theleadingcoeficientsaccordng to (32), (33), (34). Thecalculationis
stoppedin the positionswherecondition(2) is satisfied.

Theinverse AW HT of k-th degreecanbe calculatedby applying the appopriatereverse
orderedsignalflow graph

Thecomputationalcompleity of AW HT canbeexpressedy thenumkber of additiors (sub-
tractiors), which is the sameasin the caseof classicallW HT',(4). Moreover the calculationof
AW HT of k-th degreerequres

Na=k-N+2(N—2% (35)

multiplications.
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4 Adaptive compressionmethod for multidimensional data

Thebasiccompessionschemausingadapive Walsh-Haatransfam is asfollows

1. Determinatio of therefelencevectorsandadaptve transfom matricesof appopriatede-
gree.

2. Transfamationof the signalusingthe calculatedransfam matrices.

3. Retentionof the partof transforned signal(accading to comgressionratio givenby eqgs.
(40), (41))

4. Reconstructin of theoriginal signalusingtheinversetransfam.

In calculationof adaptve transfom matricesof AW HT'* onehasto apply the algorithns
derived in the precedéhg sections. The questia is how to createthe transfam matricesfor
multidimensionakignals.Let usconside2-dmensionakignalz (i, j), wherei, j € {0,..., N—
1}. We assumehe samesignalmatrix lengthin bothdimensioss. Different transformmatrices
for eachdimensiorwill be corstructed In thematrix notationthetransfam of thesignalx is [1]

y=T;-x-T7, (36)
whereT;, Ty are AW HT matrices.Then(36) canbeexpressedas
N—-1N-1
y(i,5) =Y Y Tiisk) - To(j, 1) - x(k, 1) 37)
k=0 [=0

In generaltherelation(36) for M -dimensionakignalis

y(il,ig,...,iM)
N—-1N-1

= Z Z Z Ti(i1, j1) - Ta(izy j2) - oo - Tag(ing, ne) - 2 (d1s Jos - -y dna)s  (38)

71=0 52=0 Im=0

whereiy, is, ..., iy € {0,1,..., N — 1}. ThetransformmatricesT 1, Ts, ..., Tas (AFWT¥,
ACWTP*) canbesetupin differentways. We have choserthefollowing procedure:
¢ for eachdimersionin M-dimensionalspectrumwe calculateintegral-maginal 1 dimen-
sionalspectrawhich repesentrefeencevectos

N2 1N3 1 NI\I 1

=2 > o D iz in)

i2=0 i3=0 in =0
N171N371 N]\{*l

iy) = Z Z Z a(iy, iz, - in)

i1=0 i3—=0 =0 (39)

N;—1 No—1 Npy-o1—1

Sar(in) Z Z Z x(iy, i, -+ ,in),

L1 =0 22 =0 11\171:0
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wherei € {0,1,..., N — 1}.

e usingreferenevectas S; we calculatethe coeficierts of thetransfom matrix T, accod-
ing to thealgoiithm derived in thesection3; ! € {1,2,..., M}.

The referencevectorsare deteminedfrom the signalx thatis to be compressed.For each
signalx new refererte vectas andthustransfom matricesmustbe determiné. Information
abaisttheshapeof thesignalis contairedin theretainedcoeficients in thetransfam domainand
in thetransfom matricesderivedfrom referermce vectas.

The preseted methodconcetratesthe signalenegy in low spacectoeficients in thetrans-
form domainso that we can use zonalfiltration [6]. The transfomedareai 1, is,...,iyp €
{0,..., N — 1} is dividedinto two subra@jions. The coeficients areretainedn the subrejion

i€ {0,1,.. k —1}

in € {0,1,... ko —1}
(40)

1:]»16{0,1,...,]{]»1—1},

whereky, ks, ..., ky < N. Whencarnjing outthedirecttransfamationaccordng to (38)it is
sufficient to calculateonly the coeficients belondng to this subragjion. Othercoeficientsenter
ing theinversetransfom canberepla@deitherby the meanvalueor by zero. Thecomession
ratiois then
N]W
CR= ——F———. 41
Y (41)
Thecompessiorratiois decreasebly thenecessityo storethereferenevectos S, Ss, . . .,
Su- Whenwe realizethat the length of eachrefererte vectoris appoximately hurdredsor
thowsandselemetts, we canseethat their storagedecreasethe compessionratio (41) only a
little.

5 Results

Experimentalprogessin the uncerstandig of nuclearstructuredepend critically on the abil-
ity to analysecoincicencedatain multidimersional space.The metha proposedin the paper
corsiderablydecreasethe memay neededo storemultidimensionalsignals,which arein our
casenuclearhistogams (spectra) To compare the efficiengy and quality of the above men-
tionedtransforns we have chosenseveral exanples of nuclearspectra.In Fig. 7awe preseh
2-dmensional56x256 chanrels spectrm - SPECTRIM 1 - acquiredn coinciderce measure-
mentof the Dopplerbroadningof the anrihilation line andpositronlifetime [7], [8]. We have
transfamedthe spectrun usingW HT7, AW HT" and Cosinetransfoms. From the poirt of
view of compressionthe Cosinetransformis consideredo be subopimal [9]. The efficiert
algoithms to calculateCosinetransfoms are presetedin [10], [11]. Accordirg to the com-
pressionmethoddescribedn the previous sectionafter eachtransfornation we have retained
only low-indexedcoeficients(zoral filtration with C R = 64) andthenusingappopriateinverse
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Fig. 7. Original (a) and reconstructed®-dimensionalnuclearspectra(CR = 64) using W HT" (b),
AWHTT (c) andCosinetransform(d)

transfam we have transfomedthesedataback Theresultsareshovnin Figs.7b,c, d. Onecan
seethatby using HT'7 (Fig. 7b)theartificial squae structureappearsn the spectrum. Onthe
otherhandwhenemploing AW HT 7 goodfidelity with the original spectrun canbe obsered
(Fig. 7¢). This spectrumis smootter thanthe original spectrmm. This canbe a desiralte effect.
Emgdoying Cosinetransforns givesa smoothresult, however, the spectrumcontairs unndural
oscillations(Fig. 7d).

In the next expelimentusingthe samecompessiorratio (C R = 64) we have studiedthein-
fluene of transfam degreeto quality of compessiorfor W HT 5:2:1:0 (Figs.8a,b, ¢, d). We can
obseve thatup to degree2 theresultis practicallythe sameasfor degree 7 (Fig. 7b). However
for degreesl, 0 the shapeof the spectrun is competely destrged.

We have carried out the sameexpaiment but this time emploing AW HT 5210 (Figs.
9a, b, c, d). For all transformdegreesthe resultsarein very good agreemenwith the origi-
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Fig. 8. Reconstructe@-dimensonal nuclearspectra(from Fig. 7awith CR = 64) usingW HT® (a),
WHT? (b), WHT" (c)andW HT® (d)

nal spectrum

In the next exampe we have taken spectrm of ~-radation accompaying the fission of
22C f - SPECTRIM 2. Thelargeamoun of data(40% chamelsin eachdimersion)hasbeen
collectedusing multidetectorsystem(20 detectos). Again the aim wasto decreae the data
volume without alossof impottantinformation.In this casewe have spectrunwith nariow peals
andmorecomplicatedaclgrourd (Fig. 10a) We have chosercomgessiorratioCR = 32. The
resultsusing HT”, AW HT" andCosinetransfam areshavn in Figs.10h c, d, respectiely.
Fromvisual comparisonappaently the AW HT " preseresthe shapeof the spectrumwith the
bestquality.

Theinfluene of transfom degreeonthespectrunform for W HT 5-2:1-0 is shovnin Figs.11a,
b,c,dandfor AW HT®-%9 in Figs.12a,b, c,d, respectiely. Onecanseethatby decreasingthe
degreethetwo dominar peals in the spectrun arebecomirg narraver andhigherandapprach
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Fig. 9. Reconstructe@-dimensioml nuclearspectra(from Fig. 7awith CR = 64) using AW HT? (a),
AWHT? (b), AWHT" (c)andAW HT® (d)

to the peakform in the original spectrum(Fig. 10a).

In thethird exampe we havetaken2-dimensionaklicefrom the datacubeof 3-fold v — v — v
coinddenced12] shavnin Fig. 13a- SPECTRIM 3. We have repeatedhe sameexpearimentas
in the previoustwo exanples(C R = 64). HenceFigs.13b,c, d shav the spectrin compessed
via WHT?, AWHTT and Cosinetransfam, respectiely. The expeiiencesfrom two above
preseted examples have beenconfimed. AW HT 7 is the bestof all threetransfoms.

Fig. 14illustratestheinfluerceof transfom degree of W HT'5:2:1:0 to theform of compessed
spectrm. It canbe seenthat for degrees 1, 0 (Figs. 14c, d) the original spectralinformation
is compleely lost. As to adapive transfams we can obsene that AW HT 52 (Figs. 15a, b)
essentiallypresere the original spectrum AW HT'1-° (Figs. 15c,d) generge new non-existing
peals. Efficiengy of thetransfom depenlsonthetypeof processedata.While in Fig. 12,which
cortainsnariow peaksthebestresultswereobtainedusing AW HT'Y, in Fig. 15 (spectum with
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\ counts

Fig. 10. Original (a) and reconstruted 2-dimensio@l nuclearspectra(CR = 32) using WH1T" (b),
AWHT? (c) andCosinetransform(d)
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a )\ counts b

c /\ counts d

Fig. 11. Reconstructe@-dimensioml nuclearspectra(from Fig. 10awith CR = 32) usingW HT? (a),

WHT? (b), WHT" (c) andW HT® (d)
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a \ counts b \ counts

c \ counts d / unts

Fig. 12. Reconstructe@-dimensionahuclearspectrafrom Fig. 10awith CR = 32) using AW HT® (a),
AWHT? (b), AWHT! (c)andAW HT® (d)
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Fig. 13 Original (a) and reconstructed-dimensionalnuclearspectra(CR = 64) using WHI" (b),

AWHT? (c) andCosinetransform(d)
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Fig. 14. Reconstructe@-dimensionhnuclearspectra(from Fig. 5awith CR = 64) usingW HT® (a),
WHT? (b), WHT" (c)andW HT® (d)

wider peaks)thebestresultswereobtaired by using AW HT'2.

In [13] afunction of enegy packingefficiency is introduced.It is definedasa partof enegy

cortainedin thefirst M from N transfomedcoeficients

(42)

In thetransfom doman of multidimensionalorthayonaltransfams describedsofar theen-
ergy is conentratedarownd the null point of the coordnate system. Therdore analogusly to
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Fig. 15. Reconstructe@-dimensionahuclearspectrafrom Fig. 13awith CR = 64) using AW HT® (a),
AWHT? (b), AWHT! (c)andAW HT® (d)
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(42) we introdwcetheenegy packirg efficiency function for the 2-dmensionatransform

M-—1 M—1
Z Z Vi
EPE(M) = +————— - 100[%]. (43)
Vij
i=0  j=0

Furtrerlet usdefinetheaverag valueof EPE(M) function

N-—1
> EPE()
AEPE="2="__ | (44)
N

This coeficient correspndsin away to overall compessionrefficiengy of atransfom.

Fig. 16 presets EPE(M) functions and AEPE coeficierts for WHT °~7 and for SPEC-
TRUM 1 (Fig. 7a). FromFig. 16t follows thatW HT'3 is the mostefficient transfam for this
typeof spectrum.

100

EPE [%]

T T T T T T T T
75 100 125 150 175 200 225 250

Tr. coefficient

Fig. 16. E PE functionsfor the spectrunfrom Fig. 7aandthefollowing transforms:1-W HT° (AEPE =
79.66), 2-WHT' (AEPE = 86.69), 3-WHT? (AEPE = 89.78), 4W HT? (AEPE = 90.83), 5-
WHT* (AEPE = 90.71), 6-WH1T® (AEPE = 90.67), 7-WHT® (AEPE = 90.64), 8-WH1T"
(AEPE = 90.64)

The EPFE fundionsand AE P E coeficientsfor the samespectrun anddifferentdegreesof
AW HT is shavnin Fig. 17. In this casefor all degreesthe compessiorefficiengy is vety high.
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100.0

99.8

99.6

EPE [%]

99.4

99.2

99.0 T T T T T T T T T T
0 25 50 75 100 125 150 175 200 225 250

Tr. coefficient

Fig. 17. EPE functions for the spectrumfrom Fig. 7a and the following transforms: 1-AW HT®
(AEPE = 99.62), 5-AWHT* (AEPE = 99.59), 8-AWHT" (AEPE = 99.59)

In thesamemanrerwe have estimatedhecompessiorefficiency for SPECTRIM 2 (Fig. 109
for WHT -7 (Fig. 18)and AW HT°~7 (Fig. 19). In bothcaseshedependencie £ PE for the
degrees3,4,56,7arepracticallyidentical. Also the AE P E coeficients chargeveryslightly. On
theotherhandthe differencedetweerclassicandadaptve transfamsareobserable.

Finally the EPE depenénciesand AE PE coeficients areshovn for WHT =7 in Fig. 20
andfor AW HT°~7 in Fig. 21, respectiely. Againthe EPEfunctionsandAEPE coeficientsfor
WHT* " andAW HT*~" arepracticallyidentical. However the differenceof the compession
efficiency betweerclassicalandadaptve transfomsis in this casesubstantial.

At lastwe have comparedthe efficiency of W HT 7 (Walshtransforn), W HT° (Haartrans-
form), AW HT" and Cosinetransfam for SPECTRIM 1, 2, 3 (Figs. 22, 23, 24). Onecan
corcludethatin all threecasesAW HT'” comgesseswo dimersionalspectran the mosteffi-
cientway.

For illustration purpcseswe introducealsothe examge of a partof threedimersionalspec-
trum (256x256¢256 chamels) [14], [15]. The sizesof balls representingchannelsare propor-
tionalto chanrel conterts. Fig. 25 presentghe original spectrumandFig. 26 presentthe same
spectrun afterthe compessiorvia AW HT'7 andC' R = 32. Thesizesof ballsareproportiond
to the chanrel counts.We canobsere thatbasicfeatuesof the spectrumafterthe comgression
remainretained In Fig. 27 we presenthe picture of a two dimersionalnudear spectrun ob-
taineddirectly from experimentaldata(Fig. 25) whereall chanrels alongonedimersion were
integrated. The samenuclearspectrumdeconpressedrom our comgessedhuclearspectrum
from Fig. 26 is givenin Fig. 28. Thenext cowple of spectrapow obtainedby integrationalong
andher dimension are showvn in Figs. 29, 30. The goodfidelity of two dimersional decan-
pressedpectraFigs.28 and30)canbe obseved.
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100 - —

EPE [%]

70 T T T T T

T T T T T
0 25 50 75 100 125 150 175 200 225 250
Tr. coefficient

Fig. 18. EPE functiors for the spectrumfrom Fig. 10a and the following transforms: 1-W HT®
(AEPE = 93.73), 2-WHT"' (AEPE = 94.27), 3-WHT? (AEPE = 93.97), 4WHT® (AEPE =
93.83), 5-WHT* (AEPE = 93.77), 6-WHT® (AEPE = 93.72), 7-WHT® (AEPE = 93.71), 8-
WHT" (AEPE = 93.71)

100 p——

EPE [%]

85 -| 3

80 T T T T T T T T T T
0 25 50 75 100 125 150 175 200 225 250

Tr. coefficient

Fig. 19. EPE functionsfor the spectrumfrom Fig. 10a and the following transforms: 1-AW HT®
(AEPE = 96.52), 2-AWHT"' (AEPE = 96.86), 3-AWHT? (AEPE = 96.64), 4AWHT?
(AEPE = 96.54), 5-AWHT* (AEPE = 96.48), 6-AWHT® (AEPE = 96.44), T-AWHT®
(AEPE = 96.42), 8-AWHT" (AEPE = 96.42)



Multidimensionahucleardatacompession... 331

100 =

EPE [%]

T T T T T T T T T
0 25 50 75 100 125 150 175 200 225 250
Tr. coefficient

Fig. 20. EPE functiors for the spectrumfrom Fig. 13a and the following transforms: 1-W HT®
(AEPE = 58.78), 2-WHT"' (AEPE = 72.37), 3-WHT? (AEPE = 75.83), 4WHT® (AEPE =
76.78), 5-WHT* (AEPE = 77.57), 6-WHT® (AEPE = 77.85), -WHT® (AEPE = 77.9), 8-
WHT" (AEPE = 77.91)

EPE [%]

T T T T
0 25 50 75 100 125 150 175 200 225 250

Tr. coefficient

Fig. 21. EPE functionsfor the spectrumfrom Fig. 13a and the following transforms: 1-AW HT®
(AEPE = 84.13), 2-AWHT"' (AEPE = 92.63), 3-AWHT? (AEPE = 95.83), 4AWHT?
(AEPE = 97.15), 5-AWHT* (AEPE = 97.84), 6-AWHT® (AEPE = 98.08), 7-AWHT®
(AEPE =98.11),8-AWHT" (AEPE = 98.11)
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Fig. 22. EPF functionsfor the spectrumfrom Fig. 7aandthe following transforms:1 - Haartransform,

2-WHT7,3- Cosinetransform4 - AW HT"

EPE [%]

200 225 250

T T T
150 175

0 25 50 75 100 125
Tr. coefficient

70

Fig. 23. EPE functionsfor the spectrumfrom Fig. 10aandthe following transforms:1 - Haartransform,

2 - Cosinetransform3- AWHT", 4- WHT”
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Fig. 24. EPFE functionsfor the spectrunmfrom Fig. 13aandthe following transforms:1 - Haartransform,
2-WHT",3- AWH1", 4- Cosinetransform

Fig. 25. Three-dimensioal original nuclearspectrum
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Fig. 26. Three-dimensioal reconstructedpectrumafterthe compressiomsing AW HT” andCR = 32

In

\ .t ! 3
Iy et |
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ST ]
\vh\‘:‘{!‘{' Y

Fig. 27. Exampleof two dimensionabriginal nuclearspectrum(from Fig. 25) - projectionof the z axison
they, z plane.



Multidimensionahucleardatacompession... 335

Fig. 28. Exampleof two dimensionhdecompessechuclearspectrumfrom Fig. 26 - projectionof the z
axisonthey, z plane.

Fig. 29. Exampleof two dimensioral original nuclearspectrum(from Fig. 25) - projectionof the z axison
thez, y plane.
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Fig. 30. Exampleof two dimensionaldecompessecdhuclearspectrumfrom Fig. 26 - projectionof the z
axisonthex, y plane.

6 Conclusions

In thepapemwe havedefinedasequencef new adaptvetransfoms. Thenecessargndsuficient
corditions assuringthe orthanormality of AWHT are given by egs. (9), (10), (11), (13), (14)
Thegoalis to achieve maximum possiblecompessionof the multidimensionablock datawith
accepthle signaldistortion. The algorithns weretestedfor several 2-dimensionalandalso 3-
dimersionalnuclearspectra.ln additionto visual comprisonalsothe compessionefficiencies
have beenevaluated In all examples presentedhe resultsachievzed throughthe useof adapive
transfomswerebetterthanthoseof classicaktransfams.

Besideof this, for bothclassicalandadaptie transfams,theinfluene of transformdegree
on the quality andefficiency of the compessionhasbeenstudiedaswell. It wasobsered that
from thepoint of view of compessiorefficiengy it is notnecessarto emplag thehighestpossible
transfom degree(k = log, NV — 1). In somecasegheincreasingransfom degreedeterioates
the compessionefficiency. Lower transfam degree mears lessnumker of operatims andthus

the speedup of thetransfamation The compuationalcomgexity of WHT is givenby (4) and
AWHT by (35).
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