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The paperdefinesthecalculationalgorithmsof multidimensionaladaptive fastWalsh-Haar
transforms(

�����
) aimedfor block datacompressionwith specificneedsfor multidimen-

sionalnuclear(or similar) data.Exampledatacompressedvia theadaptive
�����

, classical�����
andCosinetransformsarepresented.The compressionefficiency of adaptive trans-

formsis evidentlybetterthanthatof otherclassicaltransforms.Theinfluenceof thetransform
degreeof

�����
on thecompressionefficiency is alsostudiedin thepaper.

PACS: 29.85.+c,02.60.-x, 07.05.Kf,02.30.Qy

1 Intr oduction

Theclassicaltechniquesdevelopedto analyse2-fold ���	� coincidencedata(two-dimensional
histograms)cannot beextended to higher-fold data.For exampleif weassumethatthecontent of
eachchannel is representedby onebyte,thestorageof a five-dimensionalhistogramwith 1024
channelsperaxiswould require a totalof 1024terrabytesof memory.

Theclassicalmethod to reducethememoryrequirements,which is frequentlyemployed,is
to storedatain theform of listsof events. In list mode,thememoryneededto savecompletedata
from anexperimentis proportional to thetotalnumberof eventsandalsonumberof bytesusedto
storeeachindividualevent.However to havea sufficientstatisticin multidimensionalspace,the
amount of datato becollectedin oneexperimentcanbewell over10


��
10


��
events.For sucha

largeamountof datathereis usuallynotenoughstoragecapacityavailable.Themethodproposed
in thepaper considerablydecreasesthememory neededto storemultidimensionalhistograms. It
is basedon fastorthogonaladaptive transform.

Suitabledistribution of signalenergy in thetransformdomain, possiblyits concentration in
a small number of elements in a predeterminedregion of a new field, is the basicpremise of
successfulapplication of anorthogonaltransform in multidimensionalblock datacompression.
Thetransform, whichconcentratestheenergy of signalsof agiven class(classes)in efficientway
playsthekey role to assureagoodblockdatacompression.
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Whenapplying orthogonaltransformsin datacompressionthecomplexity of computational
algorithm is alsovery importantfactor. BecausetheWalshtransform ( ��� ) [1] is binaryvalued
its implementation is very simple. Algorithms of ��� require only additions (subtractions).
The number of additions to transform a vector with size � usingthe fast ��� is proportional
to ����������� . The fastestandsimplestamongall orthogonal transforms is the Haartransform
( ��� ) [1]. In essenceit is alsobinary valuedandthusrequiresonly additions(subtractions).The
numberof additions in this caseis equalto ��� �!�#"�$ .

Thesuitabilityof employing a transform in thecompressiondependsonthetypeof thecom-
pressedsignal. For signalswith dominant sharpnarrow objects(peaks) the Haar transform is
more efficient. On theotherhandfor signalscontaining wide objectsbetterquality of compres-
sion canbe achieved by employing the ��� . The HT is locally sensitive whereas the ��� is
globally sensitive.

BetweentheHaarandWalshtransformsonecandefine % Walsh-Haartransforms ( �&��� ),
where %('!�)���*��� and � is the transformlength. Then �&��� of (�����+���,�-" )-st degreeis
identical with the �#� and �.��� of 0-th degreeis identicalwith the ��� . By increasingthe
degreeof �.��� thesensitivity width andthusthenumber of neededoperations(additionsand
subtractions)alsoincreases.Oneof theaimsof thepaper is thedeterminationof optimaldegree
of �&��� according to theclassof compressedsignals.Theoptimaldegreedependson thesize
of objectswhichwe wantto preserve in thecompressedsignal.

However this is only onedegreeof freedomby whichwecaninfluencetheefficiency andthe
computationalcomplexity of thecompression.Thebasefunctionsof binaryvaluedtransforms
donot reflectin any way theshapeof thetransformedsignal.Classical�.��� arewell suitedto
compresssignalswith dominantrectangular components. In order to obtaintheenergy distribu-
tion in thetransformdomainmoreamenableto retainingtheshapeof thesignal,onecanmodify
basefunctionsof atransform in suchawayasto achievemaximumcompressionat theminimum
signaldistortion. In thepaperthefastadaptive �.��� ( /0�&��� ) is defined. Themultiplication
coefficients of signal flow graph of the fast transformalgorithm aremodifiedon the basisof
maximum compressionaccording to a givendataclasswhich is representedfor eachdimension
by onevector. Hereafterthis vectorwill becalledreferencevector.

Theaim of thepaperis to defineadaptive Walsh-Haartransform( /1�.��� ). Themultipli-
cationcoefficientsof signalflow graph of the fastalgorithm to calculate/1�.��� aremodified
according to maximum compressioncriterionwith respectto adataclass.

2 Fastalgorithm to calculateWalsh-Haar transform of k-th degree

Classical�#� and ��� arevery well known [1] , [2], [3]. As mentioned above thesearethe
marginal casesof theWalsh-Haartransform setfor thedegrees%2'43 and %2'(5�687 � �&�	" . In [4]
the �.��� matrix is definedthrough theuseof HadamardandHaarmatrices

9;:=<?>�A@ ' :=BDC �FEHG :=BDBJI � @8K EML (1)

where % denotesthedegreeof thetransform, �N'O�QP is the lengthof thetransform, G denotes
Kroneckerproduct of matrices.Theright lower index representsthesizeof matrix andtheright
upper index represents the degreeof transform. TheHadamard transformmatrix is definedby



Multidimensionalnucleardatacompression... 309

therecursive relation

:RBJC � E ' :RBJC � ETSVU G :=BDC �

where

:=BDC � ' " "
"W�?" X

TheHaarmatrix canbeobtainedfrom Haarfunctions[1], [2] or from recursive relations given
in [4], [5].

ThefastCooley-Tukey’s algorithm[1] to calculatethe �#� (or �.��� �
) of thevector Y for

�Z'4[ is shown in Fig. 1.

Fig. 1. Signalflow graphof thefast
�����]\

(
���

) for ^`_4a

If we stopthe calculation of odd indexed transformcoefficients after the1-st iterationstep
wegetthe �.��� of thefirst degree(Fig. 2)

And finally let usstopthecalculationof transformcoefficients with positionsbdc	ef3 L XAXgX LFhji
satisfyingthecondition bOk��*lJ�nm'o3 afterthe0-th iterationstepandcoefficients satisfyingthe
condition bOk��*lRpqm'�3 afterthe1-st iterationstep.Thenwe obtain �&��� �

which is identical
with the ��� (Fig. 3).

Then in generalin the Cooley-Tukey’s signal flow graph of the fast �&��� >
we stop the
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Fig. 2. Signalflow graphof thefast
�����?r

for ^`_4a

Fig. 3. Signalflow graphof thefast
�����1s

(
���

) for ^t_4a
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calculation after

% -th iterationstepfor positions where buk��*lR�vm'43
%xwo" -st iterationstepfor positions where buk��*lRpvm'43

...

%xwRy -th iterationstepfor positions where buk��*lR�{z}| 
 m'43
...

~ ��� -nd iterationstepfor positions where buk��*lR� P�� 
 m'43 X

(2)

Wehavenotconsideredtheorderof coefficients in theoutput transformedvector nor thescaling
factors of Haarfunctions [1], [2]. However for themoment this is irrelevant.

FromaboveproposedalgorithmandfromFigs.1,2,3onecanobservethatin eachof iteration
steps0 to k-1 we carryout 8 additions (subtractions)(ingeneral caseN additions). Thenin the
% -th iterationstepwecarryout8 additions, in � %0w	"�$ -st iterationstep4 additionsetc.In general
casethenumber of additionsis

�]�q'O%��M�!w4�tw4���f�xw4���g� � w XAXgX w4���g�*� �T� U�� � > � 


'O%��M�!w4� "dwo"M�g�?wo"M�g� � w XAXgX w
"

� � �T� U�� � > � 
 X
(3)

Theexpressionin parenthesisrepresentssumof geometricseriesandcanbefurthersimplifiedas

�]�q'O%��M�!wv��� "H� "
� � �T� U � � >

'O%��M�!wv� �!��� > X
(4)

3 AdaptiveWalsh-Haar transform of k-th degree

Let thereferencevector Y represent(in a way describedin thenext section)thedatato betrans-
formed. Without lossof generality we shall startwith theexample of /0�&��� �

and /1�.��� 

for ��'�p . Fig. 4 shows thesignalflow graph for /0�&��� 


wheremultiplication coefficients,
asopposedto classical�.��� , arenot equalto 1. Theaim of theconstruction of /0�.��� is to
find thecoefficients �*� LA� � LA� � LA� � .

FromFig. 4 for thevector � onecanwrite

� �� 
� ����
'

� � � � � � � � � � � 
 � � � 

� � � � �]� � � � � � � 
 � � � � 

� � � � � � � � � � � � 
 � � � � 

� � � � � � � � � � � � � 
 � � � 


� �� 
� ����
L (5)

or

�	' 9�:R< 
 �MY X (6)
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Fig. 4. Signalflow graphof thefast � ����� r
for ^t_R�

Thetransform matrixof /1�.��� 

shouldbeorthonormal. Thenthemultiplication of /0�&��� 


by its transposemustgive theunit matrix

� � � � � � � � � � � 
 � � � 

� � � � �]� � � � � � � 
 � � � � 

� � � � � � � � � � � � 
 � � � � 

� � � � � � � � � � � � � 
 � � � 


� � � � � � � � � � � � � � � �
� � � � ��� � � � � � � � � � � � �
� � � 
 � � � 
 � � � � 
 � � � � 

� � � 
 � � � � 
 � � � � 
 � � � 


'#� X (7)

Thisproduct is asymmetricalmatrix. Let ustake its right upperpartincluding its maindiagonal.
Thenonegetsthe following 10� conditions

� �� w � �� � �� w � � 
 w � � 
 � �� '�" L
� � � � � � � � � � $�� � � � wo��� 
 � 
 � � 
 � 
 $ � � � � '43 L

� �� w � �� � � � � � � � 
 w � � 
 � � � � '43 L
��� � � � � � � � � $�� � � � �#��� 
 � 
 � � 
 � 
 $ � � � � '43 L

� �� w � �� � �� w � � 
 w � � 
 � �� '�" L
��� � � � � � � � � $�� � � � �#��� 
 � 
 � � 
 � 
 $ � � � � '43 L

� �� w � �� � � � � � � � 
 w � � 
 � � � � '43 L
� �� w � �� � ��1w � � 
 w � � 
 � ���'�" L

��� � � � � � � � � $ � � � � wo��� 
 � 
 � � 
 � 
 $ � � � � '43 L
� �� w � �� � �� w � � 
 w � � 
 � �� '�" X

(8)

Theconditions (8)aresatisfiedif

� � � � � � � � � '43 L (9)

� � � w � � � '�" L (10)

� � � w � � � '�" L (11)
 ¢¡¤£¦¥ \{§ ¥�¨¦©«ª0¬R­¯®«°
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whereb±'n3 L XgXAX LT² . Substitutingfrom (9)

�j��' � � � �
� � L (12)

into (10) and(11)oneobtains

� � � ' � � � L
andthus

� � '�³ � � X (13)

Substituting backfrom (13) into (12)we have

� � '(³ � � X (14)

Then(9), (10), (11), (13), (14)arenecessaryandsufficientconditionsassuringtheorthonormality
of /0�&��� 


.
Fig. 5 shows theadaptive �.��� of thedegree0 for �´'np .

Fig. 5. Signalflow graphof thefast � ����� s
for ^t_R�

Analogously to (7), (8) theconditionsof orthonormalityof thematrixof /0�&��� �
are

� �� w � �� � ��1w � � 
 w � � 
 � ���'�" L
��� � � � � � � � � $�� � '43 L

� �� w � �� � � � � � � � 
 w � � 
 � � � � '43 L
�n��� 
 � 
 � � 
 � 
 $ � � '43 L

� �� w � �� '43 L
� � � � � � � � � � $ � � '43 L

� �� w � �� � �� w � � 
 w � � 
 � �� '�" L
�¤� 
 � 
 � � 
 � 
 $ � � '43 L

� � 
 w � � 
 '�" X

(15)



314 M. Morháč, V. Matoǔsek

Comparing to (8) onecanobservethatin this case

� � ' � � '�"�µ � � ' � � '43 (16)

andthereforefor b±' ² theconditions (9), (10), (11)aresatisfied.Furtherit is obviousthatif the
conditions(9), (10), (11), (13), (14) aresatisfiedfor b]'o3 L " L � thentheconditions (15)arealso
satisfied.Apparently for greater� andall transform degrees %4'¶3 L " L XAXgX L �����·���!��" , if the
conditions(9), (10), (11)applied to multiplicationcoefficients in basiccomputationalelements-
butterfliesaresatisfied,thenthecondition of orthonormalityof thewholematrixof /0�&��� >

is
alsosatisfied.Thebutterfliesthatdo notenterthecalculationsatisfyimplicitly theconditionsof
orthonormality ( ��¸]' � ¸]'�" , � ¸0' � ¸]'¹3 ).

For eachtransformelement, butterfly, we shall require that the input energy is equal to the
output energy (Parseval’s theorem)

� �� w � � 
 ' � �� w � � 
 X (17)

Oneway to predeterminethedistribution of theoutput energy of thebutterfly is its concen-
trationinto oneoutput element (energy compression)

� � ' � �� w � � 
 L (18)
� 
 '43 X (19)

From (18) (19) it canbe observed that the energy is concentratedin oneoutput node of each
butterfly. The presentedmethodconcentratesthe signalenergy in low indexed coefficients in
transform domain. Informationabouttheshapeof thespectrais containedin theretainedtrans-
formedspace.Whentaking(13), (14) with thepositivesignthenaccording to (18)for theoutput
of a butterflyonecanwrite

� � � w � � 
 ' � �� w � � 
 L (20)

� � � �q� � 
 'n3 X (21)

Addition of squaresof Eq. (20), (21) yields

� � w � � '(" X (22)

Thenaccording to (20), (21)

��' � �
� �� w � � 
 µ � ' � 


� �� w � � 
 L (23)

andfrom (13), (14)

� ' � µ � '�� X (24)

Fromthepointof view of maximum compression(23), (24) wecandefineoptimal transform
coefficientsof onebutterflyof thefast /1�.��� .
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Fig. 6. Signalflow graphof thefast � ����� r
for ^t_4a

Let usgoaheadto a largerlength.Let ustake �Z'4[ andthedegree %2'�" (Fig. 6)
Thebutterflycoefficientsin theiterationstep0 are

�j��' � �� �
� �� � w � �� � | 
 µ � �º'

� �� � | 

� �� � w � �� � | 
 L (25)

whereb?'(3 L " L � L¤² . According to Fig. 6,

 � 
 ' 
 �»� ' 
 ��¼ ' 
 ��½ '(3 andthususing(23) in

theiterationstep1 wecannotcalculatethecoefficients � ¼ Lg� ¼ L � ½ LA� ½ . They canbesetasdesired.
In eachiterationstepwe divide thebutterfliesinto groups.In the0-th iterationstepto 4 groups,
in thefirst iterationstepto 2 groupsandfinally in theseconditerationstepwe leave onegroup.
In practiceit wasprovedthattherepetitionof leadingcoefficients for thewholegroup givesthe
bestresults.Thenin ourexamplein thefirst stepwe have

� ¼ '(�F¾*µ � ¼ ' � ¾*µ (26)

and

� ½ '(�F¿*µ � ½ ' � ¿ X (27)

wheretheleadingcoefficientsof eachgroupare

� ¾ ' � �� w � � 

� �� w � � 
 w � �� w � �� µ � ¾ ' � �� w � ��

� �� w � � 
 w � �� w � �� L (28)

and

�F¿�' � �¾ w � �¼
� �¾ w � �¼ w � �¿ w � �½ µ � ¿�' � �¿ w � �½

� �¾ w � �¼ w � �¿ w � �½ X (29)
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In thefollowing iterationstepwestopthecalculation(seealgorithm (2)) in positionssatisfy-
ing thecondition À;k���lJ�nm'#3 , i.e. in thepositions 1, 3, 5, 7. Analogouslyin thelast iteration
stepthecoefficientsare

�FÁ�'(� 
�� ' � �� w � � 
 w � �� w � ��½
�¦Â � � � �

L (30)

� Á ' � 
�� ' � �¾ w � �¼ w � �¿ w � �½½
�¦Â � � � � X (31)

Generallyfor thetransform coefficients of /1�.��� >
in theleading positionsof groups,one

canwrite

�ºÃ�Ä�ÅU | � ÅTÆ � '

� Å � 

¸¯Â �

� �� Å�Ç+È Æ � | ¸
� Å�Ç»È � 

¸¯Â �

� �� Å�Ç+È Æ � | ¸
L (32)

� Ã�Ä�ÅU | � Å Æ � '

� Å � 

¸¯Â �

� �� Å�Ç+È Æ � | � Å | ¸
� Å)Ç»È � 

¸ÉÂ �

� �� Å�Ç»È¤Æ � | ¸
L (33)

whereÊ denotesiterationstep,Ê0c	e�" L XgXgX L �)��� � �Ë�#" ijL b denotesgroup number

bdc	ef3 L XgXAX L
�

��Ì | 
 �#" i (34)

and � is thetransform length.Theothercoefficients � LA� in thepositionswherecondition (2) is
notsatisfiedareequalto theleadingcoefficientsaccording to (32), (33), (34). Thecalculationis
stoppedin thepositionswherecondition(2) is satisfied.

The inverse /0�&��� of k-th degreecanbe calculatedby applying the appropriatereverse
orderedsignalflow graph.

Thecomputationalcomplexity of /0�&��� canbeexpressedby thenumberof additions(sub-
tractions), which is thesameasin thecaseof classical�.��� ,(4). Moreover thecalculationof
/0�.��� of k-th degreerequires

�]�o'(%?�M�twv��� �!��� > $ (35)

multiplications.
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4 Adaptivecompressionmethod for multidimensional data

ThebasiccompressionschemeusingadaptiveWalsh-Haartransform is asfollows

1. Determination of thereferencevectorsandadaptive transform matricesof appropriatede-
gree.

2. Transformationof thesignalusingthecalculatedtransform matrices.

3. Retentionof thepartof transformedsignal(according to compressionratio givenby eqs.
(40), (41))

4. Reconstruction of theoriginal signalusingtheinversetransform.

In calculationof adaptive transform matricesof /1�.��� >
onehasto apply the algorithms

derived in the preceding sections. The question is how to createthe transform matricesfor
multidimensionalsignals.Let usconsider2-dimensionalsignal� �)b L Í $ , whereb L�Í cnef3 L XAXgX L �4�
" i . We assumethesamesignalmatrix lengthin bothdimensions. Different transformmatrices
for eachdimensionwill beconstructed.In thematrixnotationthetransform of thesignal Y is [1]

�	' < 
 �¢YD� <]Î� L (36)

where
< 
 , < � are /1�.��� matrices.Then(36) canbeexpressedas

� �Ïb L�Í $º' � � 

> Â �

� � 

Ð Â � � 
 �Ïb L %�$»�Ñ� � � ÍjL 5¯${� � ��% L 5¯$ X (37)

In general,therelation(36) for Ò -dimensionalsignalis

� �Ïb 
 L b � L XAXgX L b¤Ó	$
' � � 


¸ È Â �
� � 

¸ U Â � �g�A� � � 


¸¤Ô�Â � � 
 �)b 
 L�Í 
 $»�«� � �)b � L�Í � $+� XgXAX �Ñ�ÕÓ	�Ïb¤Ó L Í Ón$»� � � Í 
 L Í � L XgXAX L�Í Ón$ L (38)

whereb 
 L b � L XgXAX L b¤ÓZc¹e«3 L " L XgXAX L �&�n" i . Thetransformmatrices
< 
 L < � L XAXgX L

< Ó /0Öx�#� >
,

/0×x�#� >
canbesetup in differentways.We havechosenthefollowing procedure:

Ø for eachdimension in M-dimensionalspectrumwe calculateintegral-marginal 1 dimen-
sionalspectra,which representreferencevectors

Ù 
 �Ïb 
 $º' � U � 

� U Â �

�ÛÚ � 

� Ú Â � �g�A� �

Ô � 

�¯ÔºÂ �

� �)b 
 L b � L �A�g� L b¤Ó	$

Ù � �Ïb � $º' � È � 

� È Â �

�ÛÚ � 

� Ú Â � �g�A� �

Ô � 

�¯ÔºÂ �

� �)b 
 L b � L �A�g� L b Ó $
...

Ù Ó �Ïb Ó $º' � È � 

� È Â �

� U � 

� U Â � �g�A�

� Ô K È � 


�¯Ô K È Â �
� �)b 
 L b � L �g�A� L b Ó $ L

(39)
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wherebHcnef3 L " L XgXgX L �Ë��" i .

Ø usingreferencevectors
Ù Ð wecalculatethecoefficientsof thetransform matrix

< Ð accord-
ing to thealgorithm derived in thesection3; 5+c	e�" L � L XgXAX L Ò i .

The referencevectorsaredeterminedfrom thesignal Y that is to be compressed.For each
signal Y new reference vectors andthustransform matricesmustbe determined. Information
about theshapeof thesignalis containedin theretainedcoefficients in thetransform domainand
in thetransform matricesderivedfrom referencevectors.

Thepresentedmethodconcentratesthesignalenergy in low spacedcoefficients in thetrans-
form domainso that we can usezonal filtration [6]. The transformed area b 
 L b � L XAXgX L b¤ÓÜc
ef3 L XAXgX L �Ë��" i is dividedinto two subregions.Thecoefficients areretainedin thesubregion

b 
 cnef3 L " L XAXgX L % 
 �#" i
b � cnef3 L " L XAXgX L % � �#" i

...

b Ó cnef3 L " L XAXgX L % Ó �#" ijL
(40)

where % 
 L % � L XAXgX L % ÓÞÝ � . Whencarrying out thedirecttransformationaccording to (38) it is
sufficient to calculateonly thecoefficients belonging to this subregion. Othercoefficientsenter-
ing theinversetransform canbereplacedeitherby themeanvalueor by zero.Thecompression
ratio is then

×?ß-' � Ó
% 
 �M% � � XAXgX �j%FÓ X (41)

Thecompressionratio is decreasedby thenecessityto storethereferencevectors
Ù 
 , Ù � L XgXAX ,Ù Ó . Whenwe realizethat the lengthof eachreference vector is approximatelyhundredsor

thousandselements, we canseethat their storagedecreasesthe compressionratio (41) only a
little.

5 Results

Experimentalprogressin the understanding of nuclearstructuredepends critically on theabil-
ity to analysecoincidencedatain multidimensionalspace.The method proposedin the paper
considerablydecreasesthememory neededto storemultidimensionalsignals,which arein our
casenuclearhistograms(spectra). To compare the efficiency andquality of the above men-
tionedtransforms we have chosenseveral examplesof nuclearspectra.In Fig. 7a we present
2-dimensional256x256channelsspectrum - SPECTRUM 1 - acquiredin coincidencemeasure-
mentof theDopplerbroadeningof theannihilation line andpositronlifetime [7], [8]. We have
transformedthe spectrum using �.��� ½

, /1�.��� ½
andCosinetransforms. From the point of

view of compressionthe Cosinetransformis consideredto be suboptimal [9]. The efficient
algorithms to calculateCosinetransforms arepresented in [10], [11]. According to the com-
pressionmethoddescribedin the previous sectionafter eachtransformation we have retained
only low-indexedcoefficients(zonal filtration with ×xßà'4á�p ) andthenusingappropriateinverse
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Fig. 7. Original (a) and reconstructed2-dimensionalnuclearspectra( âÛãä_æå¤� ) using
�����èç

(b),� ����� ç
(c) andCosinetransform(d)

transform wehave transformedthesedataback. Theresultsareshown in Figs.7b,c, d. Onecan
seethatby using �.��� ½

(Fig. 7b) theartificial squarestructureappearsin thespectrum. Onthe
otherhandwhenemploying /0�&��� ½

goodfidelity with theoriginal spectrum canbeobserved
(Fig. 7c). This spectrumis smoother thantheoriginal spectrum. This canbea desirable effect.
Employing Cosinetransforms givesa smoothresult,however, thespectrumcontains unnatural
oscillations(Fig. 7d).

In thenext experimentusingthesamecompressionratio ( ×?ß-'4ájp ) wehavestudiedthein-
fluenceof transform degreeto qualityof compressionfor �&��� ¼jé � é 
 é �

(Figs.8a,b, c, d). Wecan
observe thatup to degree2 theresultis practicallythesameasfor degree7 (Fig. 7b). However
for degrees1, 0 theshapeof thespectrum is completely destroyed.

We have carriedout the sameexperiment but this time employing /1�.��� ¼�é � é 
 é �
(Figs.

9a, b, c, d). For all transformdegreesthe resultsare in very goodagreement with the origi-
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Fig. 8. Reconstructed2-dimensional nuclearspectra(from Fig. 7a with âQã,_tå¤� ) using
�����Hê

(a),�����]\
(b),

�����?r
(c) and

�����ës
(d)

nalspectrum.
In the next example we have taken spectrum of � -radiation accompanying the fission of� ¼ � ×?ì - SPECTRUM 2. Thelargeamount of data(4096 channelsin eachdimension)hasbeen

collectedusingmultidetectorsystem(20 detectors). Again the aim was to decrease the data
volumewithout alossof importantinformation.In thiscasewehavespectrumwith narrow peaks
andmorecomplicatedbackground (Fig.10a). Wehavechosencompressionratio ×xßà' ² � . The
resultsusing �.��� ½

, /1�.��� ½
andCosinetransform areshown in Figs.10b, c, d, respectively.

Fromvisualcomparisonapparently the /0�.��� ½
preservestheshapeof thespectrumwith the

bestquality.
Theinfluenceof transformdegreeonthespectrumform for �.��� ¼jé � é 
 é �

is shownin Figs.11a,
b,c,d andfor /1�.��� ¼�é � é 
 é �

in Figs.12a,b,c,d, respectively. Onecanseethatby decreasingthe
degreethetwo dominant peaks in thespectrum arebecoming narrower andhigherandapproach
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Fig. 9. Reconstructed2-dimensional nuclearspectra(from Fig. 7a with âQãí_îå¤� ) using � �����Hê
(a),� ������\

(b), � �����xr
(c) and� �����1s

(d)

to thepeakform in theoriginalspectrum(Fig. 10a).
In thethird example wehavetaken2-dimensionalslicefromthedatacubeof 3-fold �0�?�0�?�

coincidences[12] shown in Fig. 13a- SPECTRUM 3. We haverepeatedthesameexperimentas
in theprevioustwo examples( ×xß&'qá�p ). HenceFigs.13b,c, d show thespectrum compressed
via �.��� ½

, /0�&��� ½
andCosinetransform, respectively. The experiencesfrom two above

presentedexamples havebeenconfirmed. /1�.��� ½
is thebestof all threetransforms.

Fig.14illustratestheinfluenceof transformdegreeof �.��� ¼�é � é 
 é �
to theformof compressed

spectrum. It canbe seenthat for degrees1, 0 (Figs. 14c,d) the original spectralinformation
is completely lost. As to adaptive transforms we canobserve that /0�&��� ¼�é �

(Figs. 15a,b)
essentiallypreserve theoriginal spectrum. /1�.��� 
 é �

(Figs.15c,d) generate new non-existing
peaks. Efficiency of thetransform dependsonthetypeof processeddata.While in Fig.12,which
containsnarrow peaks,thebestresultswereobtainedusing /1�.��� �

, in Fig. 15 (spectrumwith
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Fig. 10. Original (a) and reconstructed 2-dimensional nuclearspectra( âQãÞ_,ï¢ð ) using
����� ç

(b),� ����� ç
(c) andCosinetransform(d)
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Fig. 11. Reconstructed2-dimensional nuclearspectra(from Fig. 10awith âQãË_&ï¢ð ) using
����� ê

(a),�����]\
(b),

�����?r
(c) and

�����ës
(d)
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Fig. 12. Reconstructed2-dimensionalnuclearspectra(from Fig. 10awith âQã-_#ï¢ð ) using � ����� ê
(a),� ������\

(b), � �����xr
(c) and� �����1s

(d)
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Fig. 13 Original (a) and reconstructed2-dimensionalnuclearspectra( âQãñ_æåT� ) using
����� ç

(b),� ����� ç
(c) andCosinetransform(d)
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Fig. 14. Reconstructed2-dimensional nuclearspectra(from Fig. 5a with âQã�_¶å¤� ) using
�����èê

(a),�����]\
(b),

�����?r
(c) and

�����ës
(d)

widerpeaks),thebestresultswereobtainedby using /0�.��� �
.

In [13] a functionof energy packingefficiency is introduced.It is definedasapartof energy
containedin thefirst Ò from � transformedcoefficients

òxóxò ��Ò.$�'

Ó � 

�¦Â �

� ��
� � 

�¦Â �

� ��
��"«3�3�ô�õ0ö X (42)

In thetransform domain of multidimensionalorthogonaltransformsdescribedsofar theen-
ergy is concentratedaround the null point of the coordinatesystem.Therefore analogously to
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Fig. 15. Reconstructed2-dimensionalnuclearspectra(from Fig. 13awith âQã-_#å¤� ) using � ����� ê
(a),� ������\

(b), � �����xr
(c) and� �����1s

(d)
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(42) we introducetheenergy packing efficiency function for the2-dimensional transform

òxóxò ��Ò.$�'

Ó � 

�¦Â �

Ó � 

¸ÉÂ �

� �� é ¸
� � 

�¦Â �

� � 

¸ÉÂ �

� �� é ¸
��"«3j3�ô)õ0ö X (43)

Further let usdefinetheaverage valueof
ò�ó?ò � Òî$ function

/ òxó?ò '
� � 

��Â �

ò�ó?ò �Ïbg$
� X (44)

Thiscoefficient correspondsin a way to overall compressionefficiency of a transform.
Fig. 16 presents EPE(M) functions and AEPE coefficients for �&��� � � ½

and for SPEC-
TRUM 1 (Fig. 7a). FromFig. 16 it follows that �.��� �

is themostefficient transform for this
typeof spectrum.

Tr. coefficient
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Fig.16. ÷ëø±÷ functionsfor thespectrumfrom Fig.7aandthefollowing transforms:1-
�����ès

(�è÷ëø±÷(_ù¢úMû å¢å ), 2-
����� r

(�è÷ëø±÷t_.a¢å û å ú ), 3-
����� \

(�è÷ëø±÷`_&a úFûüù a ), 4-
�����]ý

(�è÷ëø±÷t_ ú¤þ�û aFï ), 5-�����ëÿ
(�è÷ëø±÷ _ úTþ�ûüù �

), 6-
����� ê

(�è÷±ø±÷æ_ ú¤þ�û å ù ), 7-
�������

(�è÷ëø±÷N_ ú¤þ�û å¤� ), 8-
����� ç

(�è÷ëø±÷�_ úTþ�û å¤� )

The
ò�ó?ò

functionsand / òxóxò
coefficientsfor thesamespectrum anddifferentdegreesof

/0�.��� is shown in Fig. 17. In thiscasefor all degreesthecompressionefficiency is very high.



Multidimensionalnucleardatacompression... 329

Tr. coefficient
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Fig. 17. ÷±ø±÷ functions for the spectrumfrom Fig. 7a and the following transforms: 1-� �����ds
(�è÷ëø±÷�_ úFúFû å¢ð ), 5-� ����� ÿ

(�è÷ëø±÷(_ ú¢úFû��¢ú
), 8-� ������ç

(�è÷ëø±÷�_ ú¢úFû��¢ú
)

In thesamemannerwehaveestimatedthecompressionefficiency for SPECTRUM 2(Fig.10a)
for �.��� � � ½ (Fig. 18)and /0�&��� � � ½ (Fig. 19). In bothcasesthedependencies

ò�ó?ò
for the

degrees3,4,5,6,7arepracticallyidentical.Also the / ò�ó?ò
coefficientschangeveryslightly. On

theotherhandthedifferencesbetweenclassicalandadaptive transformsareobservable.

Finally the
òxóxò

dependenciesand / òxóxò
coefficients areshown for �&��� � � ½ in Fig. 20

andfor /0�&��� � � ½ in Fig. 21,respectively. Again theEPEfunctionsandAEPEcoefficientsfor
�.��� ¾ � ½ and /1�.��� ¾ � ½ arepracticallyidentical.However thedifferenceof thecompression
efficiency betweenclassicalandadaptive transformsis in this casesubstantial.

At lastwe have comparedtheefficiency of �.��� ½
(Walshtransform), �&��� �

(Haartrans-
form), /0�.��� ½

andCosinetransform for SPECTRUM 1, 2, 3 (Figs. 22, 23, 24). Onecan
concludethat in all threecases/0�&��� ½

compressestwo dimensionalspectrain themosteffi-
cientway.

For illustrationpurposeswe introducealsotheexample of a partof threedimensionalspec-
trum (256x256x256channels) [14], [15]. Thesizesof balls representingchannelsarepropor-
tional to channel contents. Fig. 25 presentstheoriginal spectrumandFig. 26 presentsthesame
spectrum afterthecompressionvia /1�.��� ½

and ×xß.' ² � . Thesizesof ballsareproportional
to thechannel counts.We canobserve thatbasicfeaturesof thespectrumafterthecompression
remainretained. In Fig. 27 we present thepictureof a two dimensionalnuclearspectrum ob-
taineddirectly from experimentaldata(Fig. 25) whereall channels alongonedimension were
integrated. The samenuclearspectrumdecompressedfrom our compressednuclearspectrum
from Fig. 26 is givenin Fig. 28. Thenext couple of spectra,now obtainedby integrationalong
another dimension, areshown in Figs. 29, 30. The goodfidelity of two dimensionaldecom-
pressedspectra(Figs.28and30)canbeobserved.
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Tr. coefficient
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Fig. 18. ÷ëø±÷ functions for the spectrumfrom Fig. 10a and the following transforms: 1-
����� s

(�è÷ëø±÷¶_ ú ï û ù ï ), 2-
����� r

(�H÷±ø±÷¶_ ú � û ð ù ), 3-
����� \

(�è÷±ø±÷¶_ ú ï û ú¢ù ), 4-
�����0ý

(�è÷ëø±÷î_ú ï û a¢ï ), 5-
�����±ÿ

(�è÷ëø±÷t_ ú ï û ù¢ù ), 6-
����� ê

(�è÷ëø±÷`_ ú ï ûüù ð ), 7-
�������

(�è÷ëø±÷t_ ú ï ûüù � ), 8-�����]ç
(�H÷±ø±÷�_ ú ï ûüù � )
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Fig. 19. ÷±ø±÷ functions for the spectrumfrom Fig. 10a and the following transforms: 1-� ����� s
(�è÷ëø±÷ _ ú å û�� ð ), 2-� ����� r

(�è÷ëø±÷ _ ú å û a¢å ), 3-� ����� \
(�è÷ëø±÷ _ ú å û å¤� ), 4-� �����]ý

(�è÷ëø±÷ _ ú å û�� � ), 5-� ����� ÿ
(�è÷ëø±÷ _ ú å û ��a ), 6-� ����� ê

(�è÷ëø±÷ _ ú å û �¢� ), 7-� ����� �

(�è÷ëø±÷�_ ú å û ��ð ), 8-� ������ç
(�è÷ëø±÷(_ ú å û ��ð )
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Tr. coefficient
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Fig. 20. ÷ëø±÷ functions for the spectrumfrom Fig. 13a and the following transforms: 1-
����� s

(�è÷ëø±÷¶_ � a û ù a ), 2-
����� r

(�H÷±ø±÷¶_ ù ð û ï ù ), 3-
����� \

(�è÷±ø±÷¶_ ù��Fû a¢ï ), 4-
�����0ý

(�è÷ëø±÷î_ù å ûüù a ), 5-
�����dÿ

(�è÷±ø±÷,_ ù¢ùFû��Fù
), 6-

����� ê
(�è÷ëø±÷,_ ù¢ùFû a � ), 7-

�������
(�è÷ëø±÷´_ ù¢ùFû ú

), 8-�����]ç
(�H÷±ø±÷�_ ù¢ùFûüú �

)
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Fig. 21. ÷±ø±÷ functions for the spectrumfrom Fig. 13a and the following transforms: 1-� ����� s
(�è÷ëø±÷ _ a¤� û � ï ), 2-� ����� r

(�è÷ëø±÷ _ ú ð û å¢ï ), 3-� ����� \
(�è÷ëø±÷ _ ú��Fû a¢ï ), 4-� �����]ý

(�è÷ëø±÷ _ ú¢ùFû � �
), 5-� ����� ÿ

(�è÷ëø±÷ _ úFùFû a¤� ), 6-� ����� ê
(�è÷ëø±÷ _ ú a û þ a ), 7-� ����� �

(�è÷ëø±÷�_ ú a û ��� ), 8-� ������ç
(�è÷ëø±÷(_ ú a û ��� )
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Tr. coefficient
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Fig. 22. ÷ëø±÷ functionsfor thespectrumfrom Fig. 7aandthe following transforms:1 - Haartransform,
2 -

�����]ç
, 3 - Cosinetransform,4 - � �����]ç
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Fig. 23. ÷±ø±÷ functionsfor thespectrumfrom Fig. 10aandthefollowing transforms:1 - Haartransform,
2 - Cosinetransform,3 - � �����]ç

, 4 -
�����]ç
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Tr. coefficient
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Fig. 24. ÷±ø±÷ functionsfor thespectrumfrom Fig. 13aandthefollowing transforms:1 - Haartransform,
2 -

����� ç
, 3 - � ����� ç

, 4 - Cosinetransform

Fig. 25. Three-dimensional original nuclearspectrum
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Fig. 26. Three-dimensional reconstructedspectrumafterthecompressionusing � �����Hç
and âQã(_4ï¢ð

Fig. 27. Exampleof two dimensionaloriginal nuclearspectrum(from Fig. 25) - projectionof the 	 axison
the 
���
 plane.
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Fig. 28. Exampleof two dimensional decompressednuclearspectrumfrom Fig. 26 - projectionof the 	
axison the 
���
 plane.

Fig. 29. Exampleof two dimensional original nuclearspectrum(from Fig. 25) - projectionof the 
 axison
the 	���
 plane.
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Fig. 30. Exampleof two dimensionaldecompressednuclearspectrumfrom Fig. 26 - projectionof the 

axison the 	���
 plane.

6 Conclusions

In thepaperwehavedefinedasequenceof new adaptivetransforms.Thenecessaryandsufficient
conditions assuringthe orthonormality of AWHT aregiven by eqs. (9), (10), (11), (13), (14)
Thegoal is to achieve maximum possiblecompressionof themultidimensionalblock datawith
acceptable signaldistortion. Thealgorithms weretestedfor several 2-dimensionalandalso3-
dimensionalnuclearspectra.In additionto visualcomparisonalsothecompressionefficiencies
have beenevaluated. In all examples presentedtheresultsachievedthroughtheuseof adaptive
transformswerebetterthanthoseof classicaltransforms.

Besidesof this, for bothclassicalandadaptive transforms,theinfluence of transformdegree
on thequality andefficiency of thecompressionhasbeenstudiedaswell. It wasobserved that
from thepoint of view of compressionefficiency it is notnecessarytoemploy thehighestpossible
transform degree( %R'O�)�j� ���Ë��" ). In somecasestheincreasingtransform degreedeteriorates
thecompressionefficiency. Lower transform degreemeans lessnumber of operationsandthus
thespeedup of thetransformation. Thecomputationalcomplexity of WHT is givenby (4) and
AWHT by (35).
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