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While the first part of this work wasdevotedto the conceptualandmostcrucial questions
of the

���
electricalconductivity � , thepresentsecondpart is devotedto the technicalques-

tions of the theory, to elaborationof the conceptto the particularsystems.The conducting
systemto beinvestigatedhasbeendefinedhereby five suppositions(postulates),rathergen-
eral to include the systemsof practical interest,like metalsin solid and liquid phaseare,
and the amorphousconductors,like the alloys andconductingglassesare. A formula for���

conductivity calculationhasbeenderived,which gives � in termsof thematrix elements�����
	���
�� �����
	������
, where

�
is thescatteringforce,and

�
	���

,
�
	

, aretheBloch functions.
For thecasewhenBlochfunctionsareapproximatedby planewaves,anapproximateformula
for � hasbeenobtainedin a moretractableform. Specificto our conceptis the inclusionof
anequationconstitutive to � calculation,which alsohasbeenelaboratedfor theconsidered
system,to thestagesuitablefor practicalapplication. � calculationin conjunctionwith the
mentionedconstitutive equationis themostimportantinnovative elementof ourconcept,and
we expectit will leadto substantialadvancein researchof this subject.

PACS: 02.50.+s, 05.60.+w, 72.15.-v

1 Intr oduction

In the first part of this paper[1], hereafterreferredto asI., the ��� regime of electrical
current,andthetheoreticaldeterminationof thecorrespondingtransportcoefficient, the ��� con-
ductivity � , hasbeenoutlinedwith thespecialattentionto thoseissueswhichstill aredisputable.
An exampleof suchkind is the question,what is the numericalvalueof the ��� electricalcon-
ductivity � of perfectsystemswithout scatterers,like theperfectcrystallinemetalis. Fromthe
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critical analysisandobservationspresentedin a numberof works [2–4], andfrom the experi-
encewe have got sofar from thetheoreticalinvestigationof this subjectby meansof the linear
responsetheory[5–8], we cameto asynthesis,to aconcept,with two mainpointsasfollow:

1) Insteadof the usualformulationof the Kubo formula giving � in termsof the velocity-
velocity time correlationfunction[9], we prefertheformulationin termsof theforce-forcetime
correlationfunctionas

��� � �! "#�$
%'&)( *+�,.-

&/( *01,.23-
-
465 �87�9;:<7

%>= " 0;?�@8A�B 9/CD7 = 9FEG9H7 =JI E = K
(1)

9FEG9H7 =JI E = �
L
- ��MON�P
Q
R�STEG9H7U:WVYXZ M = E\[ K (2)

EG9/7U:�V8XZ M = � "^]`_."^a/_ ?cb`de E " 4 a/_ ?cb`de " 4 ]`_ K (3)

Ef�g9/VYXZ = 4ih3j k KYlnmoK (4)

where
!

is the volume, " and #p$ are the free electroncharge andmassrespectively,
k

andl
arethecarriersystem’s momentumvectorandtheHamiltonian,S and q aretheequilibrium

statisticaloperatorandthereciprocaltemperaturerespectively. (Isotropicconductingsystemis
assumedhere.)

2) Thesecondpoint of exceptionalinteresthereis thevanishingof thenon-dissipativecom-
ponent� a 9/C = of thefull r>� electricalconductivity �s9HC = , with thefrequency vanishing,&)( *+�,.- � a 9HC = �utTv
Fromthelinearresponseformulafor � a 9/C = wehavederivedacertainformula(seeeq.[41] in I.),
which in thetimeconvolutionspicturereads,&)( *+�,.-

&)( *01,w23-
-
465 �^7xN�9H7

= N @YAoB 9/CD7 = " 0;? 91EG9/7 =JI E = �zy�{ # $ v (5)

This is theformulawe call, theconstitutiveequationto � calculation.We assume,this equation
providestheinformationrelatingthespecificalterationsthesystemis submittedto while the ���
currentis runningin it, andit cannotbeleft out of � calculation.To thebestof our knowledge,
eq.(5) newerhasbeenusedwithin procedureof � calculationsofar.

This paperis organizedasfollows. In Section2.1 themodelof theconductingsystemwith
staticscatterersis defined,andthebasictermsarecommentedandevolved. In Section2.2, the
smoothingof singularitiesandthe analyticalintegrationover the wavenumbersdescribingthe
quantumstatesis outlined,asit is appliedto thecaseof mostgeneralisotropicmatrix elements
of thescatteringforces,andin section2.3theeq.(5) is evolved.Sections3.1and3.2convert the
generalresultfor � into moretractableonesfor theparticularcasesof thescatteringmatrix and
carriersenergy. Section4 is devotedto shortdiscussionandconclusionsof results.
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2 Formula for � in caseof static scatterers

2.1 Model System

We assume
1. Theconductionelectrons,hereaftercalledcarriers,canbedescribedin termsof thesingle-

bandsystem.Theimperfectionsdisturbingtheperfectcrystallinestructurearestatic.
2. Both thecarrier’swavefunction |�} andenergy ~�} arewell definedwith wavenumber� .
3. Theenergy ~ } obeying sphericalsymmetryis amonotonicallyincreasingfunctionof � .
4. Thefirst derivativeof thecarriers’partitionfunction � } (theFermidistribution function),

canbesubstitutedby thedeltafunction

:���� }�o~�} �f�o9H~ } :�~�� = v (6)

5. Radius��� of the � space,andtheenergy ~�� correspondingto ��� , exceedtheFermiradius��� andtheFermienergy ~�� respectively, muchenoughto obey therelation

9/~ � :W~ � =D� ����P K (7)

where � � andP areBoltzmann’sconstantandtemperaturerespectively.
The above five postulatesprovide firm groundfor rigoroustheoreticalderivation in what

followshere,anddo not restricttheapplicabilityof obtainedresultsto acertainrealsystems.
In presenceof imperfections,theexacteigenfunctions| andeigenvalues~ of thefull Hamil-

tonian
l

, cannotgenerallybedeterminedsolelyby thewavenumber� . In theabovesupposition
2, we assumethat | } and ~ } areeigenfunctionsandeigenvaluesfor some

l - Hamiltonian,the
closestoneto

l
, which allows an exact descriptionin termsof � . A favorablechoicefor

l -
includes,besidesthe periodic potentialof the perfectcrystallinelattice ��� , also the periodic
component�G�a/� , �G�a)� ���G�a/� 91� = , of thefull imperfectionsHamiltonian � a)� ��� a/� 91� = . �G�a/� is
determinedby theFourierseries���a)� ���G�a)� 9F� = � ��9�� a)� = � N)�8�>�i9HV���N�� = , wherethesummation
runsover all reciprocallatticevectors� , andthecoefficients 9;� a/� = � aredeterminedfrom � a)�
by the Fourier integrals 9�� a)� = � ��9 ����! = � �����'N>� a/� 9F� = N��8�>�i9J:<V^�nN�� = . Therefore,the sum9;� ��� ���a)� = obeysthetranslationallatticesymmetry, andfor

l - wetake,
l - � P � � ��� ���a)� ,

whereP is thekinetic energy operator. Theeigenvalues~o} of this
l - area kind of thecarrier’s

energy renormalizeddueto � a/� coupling,andthe eigenfunctions|�} of
l - areBloch’s func-

tions.This
l - canbenamedtheHamiltonianof theeffectivelyperfectcrystal(periodicstructure,

a hypotheticalperfectcrystal),which includeseventhe liquid statewhen � � is completelyan-
nulledby ���a)� , i.e. when � �¡� �G�a/� �zt . WetranscribethetotalHamiltonian

l �¢P � � �¡� � a)� ,
to theforml � l - � � K (8)

where � is thenon-periodicpartof � a)� , �£�¤� a/� :¥���a)� . Of utmostimportancefor
l - is its

propertyto commutewith themomentumoperator
k

, while observedin theHilbert spaceof the
single-bandsystem[10],j k KYl - m �¦t�v (9)
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The component� from the right handside of eq. (8) generallydoesnot commutewith the
momentumoperator

k
,
j�k K � m�§�¦t . Consequently, theforceF definedby eq.(4) is reducedto

Ef�¨:'©Oª39��«91� =¬= v (10)

It shouldbe stressedthat �­�®�«9F� = in this formula is supposedto obey all the propertiesof a
stochasticHamiltonian[11]. Theconceptof transportcoefficientscalculationrunningunderthe
nameof Virtual-crystalapproximation[12], appliesto thefull Hamiltonian

l
a splittingsimilar

to ourgivenby eq.(8).
The matrix element̄�|�} 2i°�± E ± |�}�² betweenBloch’s functions[13], |�} 2�° and |�} , with|�} 2i° � ! 4sh b % N�³3} 2i° 91� = N^�8�>�i9HVY9F´ �¢µ = N�� = , and |�}O� ! 4ih b % N�³s}¶91� = N^�8�>�s9HV�´·N�� = reads

¯¸| } 2i° ± E ± | } ²w�¨: �! � � � Q.N�³U¹} 2i° 91� = ³ } 9F� = " 4 a º�» ª ©Oª39J�«9F� =J= v (11)

Thetimecorrelationfunction 91EG9/7 =JI E = definedby eq.(2) in termsof thesecondquantization
reads

9FEG9H7 =�K E = � }�¼ ° ¼ } � ¼ ° �
¯¸|�} 2i°o± E ± |�}«²'¯g|�} � 2i° � ± E ± |�} � ²¸N¾½

N
L
- ��M«N8�8�>�s9�M¿9/~�} 2�° :�~o} =¬= N��Y�>�i9/V17�9/~�} 2�° :W~�} = � XZ =�K (12)

where ½ is thethermodynamicaverageof field operators

½À�G¯Ár 2} 2i° r } r 2 } � 2�° � r } � ²
K

(13)

with r 2 } 2i° and r 2 } � 2i° � ascreation,and r�} and r } � asannihilationoperatorsof carriersrespec-
tively.

Standardcalculationof the right hand side of eq. (13) by Wick’s theorem[14] (Bloch-
DeDominicis)gives,

9FEG9H7 =JI E = � }�¼ ° ± ¯¸| } 2�° ± E ± | } ² ±
% � } :W� } 2i°³ "�Â�a/Ã ?cb`de�Ä � " 4 Â¾a)Ã ?cb`de�Ä v (14)

where ��}Å�G¯Ær 2} r�}z² and ��} 2�° �G¯Çr 2} 2i° r�} 2i° ² , are the Fermi distribution functionsfor
carriers,and³ is theenergy difference

³¢� ~ } 2�° :W~ } v (15)

(Spindegenerationis includedin eq.(14)). By substitutingeq.(14) into eq.(1), afterperforming
theintegrationin t, we obtainfor � theexpression,

�W� VYXZ � " % �! # % $
&/( *+�,.-

&/( *0�,.23- }�¼ ° ± ¯¸|�} 2i°�± E ± |�}«² ±
% � } :�� } 2i°³ N

�
9/³ � CGXZ � VYXZTÈ = � :

�
9/³ � CGXZ :WVYXZ�È = � � �

9H³É:WCGXZ � VYXZ�È = � :
�

9/³É:�CGXZ :�V8XZTÈ = � v (16)
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In the derivation to follow the assumptionis appliedthat ± ¯À|�} 2i°o± E ± |�}u² ± % is a certain
function ± EG9;� K8Ê�K � h = ± % , dependingon the threevectorlengths: � , Ê and � h , ( � h � ± ´ �Åµ ± , see
Fig. 1.),

± EG9;� K8Ê�K � h = ± % � ± ¯¤| } 2i° ± E ± | } ² ± % v (17)

This assumptionappliesto themostgeneralcaseof scattering,cylindrically symmetricin refer-
enceto theincomingcarrier’svelocityasthesymmetryaxis.

Thelimit
È\Ë � t in eq.(16) is supposedto beperformedby theformula[15]&/( *01,.23-

�
9H³ÉÌWCGXZ � VYXZ�È = � :

�
9H³ÉÌ�CGXZ :WVYXZ�È = � �g9;:<V1Í = �

% 9;�o9/³ÉÌ�CGXZ =J=��³ % v (18)

With theseassumptions,eq.(16) reads,

���
&)( *+�,.- XZ � ! " %ÎoÏ Í � # % $

°�Ð
- � Ê N Ê�% } Ð

- ���'N�� % Ñ- �8Ò B
(/Ó
9/Ò = ± EG9�� K8Ê�K � h = ± %

N � } :�� } 2i°³ � % 9J�o9/³ � CGXZ =J=��³ % � � % 9��o9H³Ô:�CGXZ =J=�o³ %
K

(19)

wherethesummationin k andq havebeenconvertedinto integrationin k andq, of coursewith
thethermodynamiclimit assumedto beperformedbeforehand.

2.2 Singularity smoothingand analytical integration for �
Having alreadyperformedthe limit

ÈWË � t , we arefacedwith the limit taking C Ë
t [1]. Someauthors[16] arguefor precautionwhen C Ë t is to be taken underthe argument
of the � -function. With full appreciationof this warning,in our case,the limit C Ë t canbe
performedin eq.(19) simply by putting thereCÕ�¨t . Thesmoothingof thesingularitywill be
carriedout hereby aseriesof partial integrations,whichbringsthederivativesignover from the� -functionto theremainingnon-singularpartof theintegrand.

The three-dimensionalintegrationin eq. (19) will be performedsequentially, in threesteps
by theschemeasfollows

����� - N�Ö (20)

� - � ! XZ � " %Î�Ï Í � # % $
K

(21)

Öz� °�Ð
- � Ê N Ê N�×x9 Êo=�K (22)

×x9 Êo= � } Ð
- ���.N��'N�Ø39;� K8Êo=;K (23)

Ø39;� K8Êo= �uÙ�� Ê Ñ- �^Ò B
(/Ó
9HÒ = ± EG9;� K8Ê�K � h = ± % � } :�� } 2i°³ � % 9��o9H³ =¬=��³ % v (24)
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Fig. 1. Thegeometryof wavenumbers(vectors)â , ã and â3ä .
Theintegrationin Ò goesfirst in eq.(24) by keeping� and

Ê
constant,thenthe integrationin �

in eq.(23)comesby keeping
Ê

constant,andfinally theintegrationin
Ê

proceedsin eq.(22).
Figure1. shows thecontourof integrationin Ò : it is a semicircleof radius

Ê
, with thecentre

at thetop of vector ´ .
It is convenienthereto convert theintegrationin Ò into anintegrationin ³ , by makinguseof

eq.(15), from which follows

B (/Ó 9HÒ = N��8Òu� :�� h� Ê ��~ }�å�¡� h
4sh N��^³Dv (25)

Substitutingeq.(25) into eq.(24)we get

Ø39;� K8Êo= � Ã Ð
Ã>æ �^³ çÉ9�� KYÊ�K � h = ��}\:���} 2i°³ � % 9��o9/³ =J=��³ %

K
(26)

çè9�� K8Ê�K � h = �¦ÙT� h N ± EG9;� K8Ê�K � h = ± % N ��~ }�å�¡� h
4ih K

(27)

wheretheintegrationlimits ³sé and³s� aretheenergy differencesdefinedby eq.(15),whenthe
topof vector ´ h , is at ç and ê in Fig. 1. respectively.

After applyingdoublepartial integrationin ³ , theintegral in eq.(26) is rewrittenas

Ø39;� K8Êo= � Ø ¹% 9;� K8Êo= � Ø ¹h 9;� K8Êo= � Ø ¹- 9;� K8Êo=;K (28)

where

Ø ¹% 9�� K8Êo= � çè9�� K8Ê�K � h = � } :W� } 2i°³ �¡�o9/³ =��³
Ã Ð
Ã>æ
K

(29)
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Ø ¹h 9�� K8Êo= �Á: ���³ çè9�� KYÊ�K � h = � } :W� } 2�°³ N��o9/³ = Ã Ð
Ã æ
K

(30)

Ø ¹- 9�� K8Êo= � Ã Ð
Ã>æ �8³ �

%
�o³ % çè9�� K8Ê�K � h = ��}�:W��} 2i°³ N��o9H³ = v (31)

Theintegrationin eq.(31) is trivial dueto thedeltafunctionpresencein theintegrand,reducing
eq.(31) to

Ø ¹- 9�� K8Êo= � � %��³ % çÉ9�� KYÊ�K � h = ��}G:���} 2i°³ ÃYë - v (32)

As aresultof thecalculationshown in Appendix weget

Ø ¹- 9�� K8Êo= � Ø - 9;� K8Êo=ìKYÊGí Ù��t KYÊ ²îÙ�� (33)

Ø - 9�� KYÊo= � ç h 9�� KYÊ�K � h = :���� }�o~ } � ç % 9;� K8Ê�K � h = :��
% � }��~ % } � ç � 9;� K8Ê�K � h = :������ }��~ � }

K
(34)

where

ç h 9;� K8Ê�K � h = � � % ± EG9�� KYÊ�K � h = ± %�¡� % h } h ë }�
� ± EG9;� K8Ê�K � h = ± %�¡� h } h ë }

:�ïY9�� =r¶9�� = y�ê � 9�� =r % 9�� =
� � ± EG9�� K8Ê�K � h = ± %�¡� h } h ë }

ÙTê % 9;� =r¶9;� = � ± EG9�� K8Ê�K � h = ± % } h ë } ê h 9;� =�K (35)

ç % 9;� K8Ê�K � h = � � ± EG9�� K8Ê�K � h = ± %�¡� h } h ë }
yTê � 9;� =r¶9;� = � ± EG9�� K8Ê�K � h = ± % } h ë } ê % 9;� =�K (36)

ç � 9�� K8Ê�K � h = � ± EG9;� K8Ê�K � h = ± % } h ë } ê � 9�� =;K (37)

with

ê h 9;� = � �
r¶9�� =

� 9  � = ïY9;� =r¶9�� =
%
� 9;:  = ïY9�� =r¶9�� = � 9J:�Ù�� = ��9�� =r69;� =

K
(38)

ê % 9;� = � �
r¶9�� =

%
9;:�ÙT� = ïY9;� =r¶9�� = � Ù K

(39)

ê � 9;� = �
�
r¶9�� = Ù��y

K
(40)

where

r¶9�� = � ��~ }�¡�
K

(41)
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ïY9�� = � � % ~o}�¡� %
K

(42)

�Y9�� = � �>�^~ }�¡� � v (43)

It is easyto noticefrom theFig. 1. thatthecirclewith theradius
Ê ²îÙ�� nevercutsthesemicircle

with radius � , thereforetheenergy conservationlaw in thescatteringeventmeaning³î�ft , i.e.�î�ð� h , cannotbe obeyed for
Ê ²£Ù�� , thereforeØ ¹- 9�� K8Êo= �Õt for

Ê ²£ÙT� , like it is given in
eq.(33).

Theintegrationin � by eq.(23) is in turnnow. It is convenientto split thecalculationof ×x9 Êo=
into threecomponentsasfollows:

×x9 Êo= �f× % 9 Êo= � × h 9 Êo= � × - 9 Êo=;K (44)

where

× % 9 Êo= � } Ð
- ���.N��.N�Ø ¹% 9�� KYÊo=�K (45)

× h 9 Êo= � } Ð
- ���.N��.N�Ø ¹h 9�� KYÊo=�K (46)

× - 9 Êo= � } Ð
Â °Jb % Ä ���.N��.N ç h 9;� K8Ê�K � h = :���� }��~o} � ç % 9�� KYÊ�K � h = :�� % � }��~ % }

� ç � 9�� KYÊ�K � h = :������ }��~ � } v (47)

Theeq.(47) hasbeenobtainedby substitutingfor Ø ¹- 9;� K8Êo= theright handsidesof eqs.(33) and
(34).

Thecalculationof × % 9 Êo= hasleadto theresult

× % 9 Êo= �zt�v (48)

It is easyto anticipatethis resultevenwithout a detailedcalculation,if keepingin mind that the
derivative of the delta function in eq. (29), 9��¡�o9H³ = � ��³ = , is an odd function of ³ andstrongly
is peaked within a narrow (infinitesimal) interval roundthe point ³ñ�Õt , while the remaining
factorsof theintegrandin eq.(29)aresmoothfunctionsof ³ .

In calculating × h 9 Êo= , onehasto start with eq. (30). For any
Ê ²­t the upperintegration

limit ³s� is greaterthanzero, ³s�®²£t , anddueto the multiplier �o9H³ = , in eq. (30), thereis no
contribution to Ø ¹h 9�� K8Êo= comingfrom ³3� . The lower integrationlimit ³3é cangive a non-zero
contribution to Ø ¹h 9;� K8Êo= when ³ é ��t , andfrom Fig. 1. onecanseethat it happensin thepoint�ò� Ê � Ù , for any

Ê ²Åt . Therefore,to account× h 9 Êo= , theright handsideof eq.(30),asit is taken
for ³ é , hasto beinsertedinto eq.(46),andafterwardstheintegrationitself hasto beperformed
with thespecialcarein thevicinity of thepoint ��� Ê � Ù , with

Ê
asa givenconstant.Thatway
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thesingularityof theintegrandin eq.(46) hasbeensmoothedby theintegrationin � , leadingto
theresultasfollows

× h 9 Êo= � �
r¶9�� = � �.:Å� % ïY9;�

=
r¶9;� = ±)ó 9�� KYÊ�K � h = ± % � � % ���� h ±)ó 9��

K8Ê�K � h = ± % N :���� }�o~�}
� � %ÙTr¶9�� = % ±)ó 9��

KYÊ�K � h = ± % :�� % � }��~ % } }�å ë } ë °Jb % v (49)

Theintegrandin eq.(47) is singularity-free.By applyingtherelation

���n� �8~ }r¶9�� =
K

(50)

resultingfrom eq.(41), × - 9 Êo= is rewrittenas

× - 9 Êo= � ô�Ð
ô^õFöc÷ �8~o} �r69;� = N ç h 9;� K8Ê�K � h = :�����}��~ } � ç % 9�� KYÊ�K � h = :�� % ��}��~ % }

� ç � 9�� KYÊ�K � h = :������ }��~ � } v (51)

wheretheupperintegrationlimit ~ � is definedin supposition5 by eq.(7), andthelower integra-
tion limit ~ °Jb % is theenergy ~�} , takenfor �ò� Ê � Ù . By applyingaseriesof partial integrationsin~ } , the derivatives 9;:�� % � } � ��~ % } = and 9;:��>�^� } � ��~��} = , standingasmultipliers in somemembers
of the integrandin eq. (51) canbe reducedto 9J:��o� } � ��~ } = , and then the integration itself is
performedeasilyby theuseof eq.(6).

Thefinal resultfor ×x9 Êo= obtainedthis way is givenin thesumasfollows:

×x9 Êo= �føw¹�9 Êo= � ×D¹�9 Êo=;K (52)

where

øw¹`9 Êo= � øw9 Êo=ùK8Ê�í ÙT� �t K8Ê ²zÙT� � (53)

øw9 Êo= � y�Ù #Wú hy�XZ�û
��� � ú� : � : Î 9 # h# % = ��ü 9 # h# % =�% :pÙ¡9 # h# �

= ± EG9;� K8Ê�K � h = ± % ýÿþ�ý��ý å þ�ý��
� �Ï N�� ��

� : Ù # h# % N � ± EG9�� KYÊ�K � h = ± %�¡� ýÿþ�ý��ý å þ�ý��
� ��^ No� %� Ù � % ± EG9�� K8Ê�K � h = ± %�¡� % ýÿþ�ý��ý å þ¡ý�� :

� % ± EG9;� K8Ê�K � h = ± %������� h ý�þ¡ý��ý å þ¡ý��
K

(54)

# h �gXZ % ��� ��~�}���
4ih
} ë } �

K
(55)
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# % �gXZ % � % ~ }�¡� %
4ih
} ë } �

K
(56)

# � �gXZ % � 4ih� �>��~ }�¡� �
4ih
} ë } � v (57)

× ¹ 9 Êo= � � %y.N�r¶9�� = � � ± EG9;� K8Ê�K � h = ± %�¡� h }�å ë } : Ù
� ± EG9�� KYÊ�K � h = ± %�¡� }�å ë }

� : �� � ïY9;� =r¶9;� = N ± EG9�� KYÊ�K � h = ± % } å ë } N ��� }��~�} } ë °Jb %
� � % Nor¶9�� = % ± EG9�� K8Ê�K � h = ± % } å ë } N � % � }�o~ % } } ë °¬b % v (58)

In # h and # % we recognizethe velocity massandthe dynamicmassof carriersrespectively,
takenfor Fermilevel.

To obtain Ö , the integrationin
Ê

by eq.(22) is to beperformed.It is convenientto split the
calculationof Ö into two componentsasfollow,

Öz��Ö - � Ö h K (59)

where

Ö - �
% } �
- � Ê N Ê Noøw¹Y9 Êo=�K (60)

Ö h � ° Ð
- � Ê N Ê N�× ¹ 9 Êo=;K (61)

with ø ¹ 9 Êo= and × ¹ 9 Êo= givenby eqs.(53)and(58) respectively.
Theintegrationfor Ö - is simpleandit proceedsin termsof

Ê
, while theintegrationfor Ö h is

abit tricky andit proceedswith theintegrationvariable
Ê

substitutedby ~�} ,
� Ê �zÙ����ò�¨9 Ùr¶9�� =

= N��^~�}>v (62)

Theintegrationfor Ö h includesapartialintegrationin ~ } over thetermcontainingthemultiplier9;� % ��} � ��~ % } = , and after reducingit to an expressioncontaining 9;�o��} � ��~�} = , the integration is
finishedby theuseof eq.(6). Thevalueof Ö obtainedthis way is substitutedinto theright hand
sideof eq.(20)giving thefinal resultfor � asfollows,

�Ô� Ù " % ! # % h� Í � XZ��
# h#p$

% �Ï ��� � ± EG9�� � K8Ê�K � � = ± %� Ê ° ë % } �
� �Î ��� � ± EG9�� KYÊ�K � � = ± %�¡� } ë } �° ë % } � �

ü�� � %�
� : # h# % ± EG9���� K8Ê�K �`� = ± % ° ë % } �
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� ��� � ú� : � : Î # h# % �pü # h# %
%
:pÙ # h# �

% } �
- � Ê N Ê N ± EG9���� KYÊ�K ��� = ± %

� �Ï � �� � :pÙ # h# %
% } �
- � Ê N Ê � ± EG9�� KYÊ�K ��� = ± %�¡� } ë } �

� ��� � %�
% } �
- � Ê N Ê Ù � % ± EG9�� K8Ê�K � � = ± %�¡� % } ë } � :

� % ± EG9;� K8Ê�K � h = ± %�¡� h �¡� } ë } �} h ë } �
K

(63)

wheretheobviouslycorrectequations

� ± EG9;� K8Ê�K � h = ± %�¡� } ë } �} h ë } � �
� ± EG9;� K8Ê�K � h = ± %�¡� h } ë } �} h ë } �

K
(64)

� % ± EG9�� KYÊ�K � h = ± %�¡� % } ë } �} h ë } � �
� % ± EG9;� K8Ê�K � h = ± %�¡� % h } ë } �} h ë } �

K
(65)

havebeenapplied.
This is therequiredformulafor dcelectricalconductivity � of theconsideredisotropicmodel

of conductors,in termsof thescatteringmatrix ± EG9�� K8Ê�K � h = ± % , freeof singularities,andwith only
oneintegrationleft to beperformedafterwards,whenthe

Ê
dependenceof thescatteringmatrix

is explicitly given. Theintegrationin � did not requireexplicit knowledgeof the � dependence
of thescatteringmatrix ± EG9�� KYÊ�K � h = ± % , owing to theeq.(6), approximatelyvalid for theassumed
degenerateelectronicgasof conductors.

2.3 Evaluation of the constitutiveequation to � calculation

Theeq.(5) canberewritten to theform
� ¹ � � (66)

where

� ¹ � �
yT{ #�$

&/( *+�,.-
&/( *01,.23-

-
465 �87DN�9/7

= N @8AoB 9/CD7 = " 0J? 9FEG9/7 =¬I E = v (67)

Substituting 91EG9/7 =JI E = by the right handside of eq. (14), and then by integrating in 7 , from
eq.(67) follows

� ¹ � XZ % { # $
&)( *+�,.-

&)( *01,w23- }�¼ ° ± ¯¸| } 2i° ± E ± | } ² ±
% � } :p� } 2i°³�

9/³ � CGXZ � VYXZTÈ = % �
�

9/³ � CGXZ :WVYXZ�È = % �
�

9H³É:�CGXZ � VYXZ�È = % �
�

9/³Ô:�CGXZ :�VYXZ�È = % v (68)

Thetwo limits 9HC Ë t K È Ë � t = aresupposedto beperformedby theformula[1,15],&/( *+�,.-
&/( *01,.23-

�
9/³ÔÌWCGXZ � VYXZ�È = % �

�
9H³ÉÌWCGXZ :WVYXZ�È = % ���Gv 	nv Ù³ %

K
(69)
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wherethelabel ��v 	nv hasthemeaningof theprincipalvaluetaking. Thesymmetryin � and � h ,
( ´ h ��´ �¥µ ), of eq. (68) makesthe multiplier 9/��}O:z��} 2i° = � ³ replaceableby the multiplier9�Ù���} � ³ = , andthenafter converting the summationin ´ and µ into the integrationin ´ and µ ,
eq.(68) for � ¹ reducesto

� ¹ � Ï XZ % ! %ÎoÏ Í ú { #p$ �Gv 	nv
° Ð
- � Ê N Ê�% } Ð

- ���.N�� % N Ñ- �^Ò B
(/Ó
9HÒ = ± EG9;� K8Ê�K � h = ± % � }³ � v (70)

Thecontoursof integrationin eqs.(19)and(70) arethesame,however essentialdifferences
in theintegrands,having root in theresultsof limits 9HC Ë t K È Ë � t = takenin thetwo formula,
requiredifferentevaluationof thesetwo formula. In the caseof eq. (19) the mentionedlimits
resultedin someasnarrow singularfunctions,peakedin ³¦�Åt , as � functionandits derivatives
are,makingpossibleto reducethethree-dimensionalintegralsinto single-dimensionalintegrals,
asit is seenin the result for � given by eq. (63). In the caseof eq. (70) the mentionedlimits
resultedin the function �Gv 	nv/9 ��� ³ % = , singularin thepoint ³f�Át , but this singularityis a broad
functionof ³ , andthedimensionof integrationsin eq.(70) cannotbelowered,underasgeneral
assumptionsaboutthematrix element± ¯Õ|�} 2i°�± E ± |�}·² ± % , asit is definedin eq.(17). In that
sense,thereis no possibilityfor any furtherevaluationof eq.(70).

3 Particular casesof ± EG9;� K8Ê�K � h = ± % and ~ }
3.1 Conductivity � for the particular caseof ± EG9;� K8Ê�K � h = ± %

In this subsection,all propertiesof ~ } , as they aregiven at the startof subsection2.1
areassumedkept,but ± EG9�� K8Ê�K � h = ± % is no longerassumedasgeneralasit wasin thepreceding
section.Thedependenceof ± EG9;� K8Ê�K � h = ± % on � and � h , asdefinedby eqs.(11) and (17), does
not comefrom the scatteringHamiltonian � , but from the Bloch functions³ } 2i° 9/Q = and ³ } 9HQ =
respectively. With Bloch functionsapproximatedby planewaves,i.e. by putting ³ } 2i° 9/Q = � �

,³ } 9/Q = � �
, the dependenceof ± EG9�� KYÊ�K � h = ± % on � and � h disappears,implying the transition± EG9�� K8Ê�K � h = ± % Ë ± E ° ± % . We proposetwo waysof makingthis approximation,outlined in the

subdivisionsa) andb) asfollow.

a.) Thefirst oneis direct. It emergesfrom eq.(11),whenBlochfunctionsdegenerateto plane
wavesgiving

E ° �Á: �! � � � Q.N " 4 a�º�» ª ©«ª39J�«9/Q =¬=6K (71)

whichafterpartial integrationreads,

E ° �Á: �! � � � Q.No© ª " 4 a�º�» ª �«9HQ = � �! � � � Q'No�«9/Q = © ª " 4 a�º�» ª v (72)

Assumingthecyclic boundaryconditions,thefirst integral on the right handsideof eq.(72) is
zero,andweget

± E °o± % � ± µ ± % N ± � °�± %oK (73)
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where

� ° � �! � � � Q.N��O9/Q = " 4 a�º�» ª v (74)

With this approximationfor ± EG9;� K8Ê�K � h = ± % , theeq.(63) for � reducesto

��� " % Í !� Ï XZ � %� 9�{ 9H~ � =J= % # h#p$
%
9�
 �
� N�� ��� � N�ø =>K (75)

where


Á� � ± ��� ± %��� � ë h
K

(76)

� � ± ��� ± % � ë h K (77)

ø¸� h
- ���wv�� � ± ��� ± % K (78)

� � ��: ü # h# % K
(79)

� � � Î : � : Î # h# % �pü # h# %
%
:pÙ # h# � v (80)

In eqs.(76) - (78), thewavenumber
Ê

hasbeensubstitutedby thedimensionlesswavenumber�
definedby

���
Ê
ÙT�`�

K
(81)

andthedensityof statesatFermisurface{ 9/~�� = hasbeenintroducedinto eq.(75),where{ 9/~�� = ,
with spindegenerationincluded[17], reads

{ 9/~ � = � � %�Í % 9���~ } � ��� = � � ��� # hÍ % XZ % v (82)

b.) The second way of approximating eq. (63), is based on the relationEÁ�Á9 ��� V8XZ = j�k K � m implying

¯¸| } h ± E ± | } ²w� �
VYXZ } ÷ 9;¯¸| } h ±

k ± | } % ²'¯g| } % ± � ± | } ²
:¨¯¸|�} h ± � ± |�} % ²'¯g|�} % ± k ± |�}«² =>K (83)
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andsince |�} areeigenfunctionsof
l - , and

k
commuteswith

l - (seeeq. (9) andthe discus-
sion precedingit),

k
is diagonalin this representation,therefore ¯ |�} h ± k ± |�} % ²w� ��} h ¼ } % N¯¸|�} h ± k ± |�} h ² , ¯¸|�} % ± k ± |�}«²w����} % ¼ }6N¶¯¸|�} ± k ± |�}«² , with

¯¸|�} h ± k ± |�} h ²w� # $# h XZ ´ h �
# $# h XZ 9F´ �uµ

=�K
(84)

¯¸|�} ± k ± |�}w²w� #p$# h XZ ´
K

(85)

where# h is definedin eq.(55). With thematrixelementsof themomentum
k

, asthey aregiven
here,eq.(83) reads,

¯¸| } h ± E ± | } ²w�f:<V�¯¸| } h ± � ± | } ²¤9 # $# h
=�Ê v (86)

After theBloch functionsin ¯¤| } h ± � ± | } ² arereplacedby planewaves,from eq.(86) follows,

± E °o± % � #p$# h
%
± � °�± % Ê % v (87)

Insteadof approximatinḡ£|�} 2i°�± E ± |�}·² , like we have doneit in obtainingeq.(73), herewe
have approximated̄ñ|�} 2i°�± � ± |�}ò² , andwe have obtaineda resultwhich is differentfrom the
precedingone,but only in the casewhen # $ §� # h , i.e. whenthe velocity mass# h as it is
modifiedby thecouplingof carriersto theperiodicpotential,is differentfrom thefreeelectronic
mass#�$ . Here,insteadof eq.(75), for � wehave,

��� " % Í !� Ï XZ � %� 9�{ 9H~o� =J=�% j 
 �
� N�� �
� � N�ø m v (88)

Which oneof the two expressions,eq.(75) or eq.(88) is thebetterapproximationfor eq.(63),
hardlycanbedecidedsolelyfrom thetheoreticalarguments.

3.2 Caseof ~ } parabolic in � dependence

For theparticularcase,whenthescatteringmatrix is ± E ° ± % , � and � h independent,andin addition
theenergy ~�} is parabolicin � ,

~�}O� XZ % � %Ù # h
K

(89)

with # h asaconstanteffectivecarriermass,thereis no needfor eq.(6) to beappliedin orderto
obtaina tractableexpressionsfor � in theframework of our concept,aswe aregoingto seeit in
thissubsection.

In this particularcase,� is calculatedby eq. (20) and(21), but Ö , ×x9 Êo= and Ø39;� K8Êo= areno
longercalculatedby eqs.(22) - (24), insteadthey arecalculatedasfollow

Öz� Ù # hXZ %
°�Ð
- � Ê N Ê N ± E ° ± % N�×x9 Êo=�K (90)
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×x9 Êo= � } Ð
- ���.N��'N�Ø39;� K8Êo=;K (91)

Ø39;� K8Êo= � Ã Ð
Ã æ �^³ÔN � } :�� } 2i°³ � % 9��o9/³ =J=��³ %

K
(92)

where

³ é �g9JXZ % � Ù # h =�Ê 9 Ê : Ù�� =;K (93)

³3�¥�¨9JXZ % � Ù # h =�Ê 9 Ê � Ù�� = v (94)

By doublepartial integrationin ³ , from eq.(92) follows,

Ø39;� K8Êo= � Ø % 9�� KYÊo= � Ø h 9;� K8Êo= � Ø - 9�� KYÊo=�K (95)

Ø % 9�� KYÊo= � 9 � } :�� } 2i°³
= N �39��o9/³

=J=
�o³

Ã Ð
Ã>æ
K

(96)

Ø h 9�� KYÊo= � : ���³ 9 � } :W� }
2i°

³
= N��o9/³ = Ã Ð

Ã>æ
K

(97)

Ø - 9�� KYÊo= � Ã Ð
Ã>æ �^³WN �

%
��³ % 9 ��}G:���}

2i°
³

= N��o9/³ = v (98)

Theintegrationin eq.(98),by makinguseof eq.(119)resultsin

Ø - 9�� KYÊo= �¨9 : �y
= �>��� }��~ � } N��·9;:<³sé = N��·9/³s� =;K (99)

where�·9;:<³sé = and�·9/³s� = aretheHeaviside’sstepfunctions.By substitutingright handsideof
eq.(99) into eq.(91)we obtain × - 9 Êo= , thecontributionof Ø - 9;� K8Êo= to ×x9 Êo= ,

× - 9 Êo= �g9 : �y
= } Ð
Â °Jb % Ä ���'N��'N�9

� � � }��~ � }
=;K

(100)

andafterperformingtheintegrationin � resultingin

× - 9 Êo= �g9 # hy�XZ %
= � % � }�o~ % } } ë °Jb % v (101)

Thecontributionof Ø h 9�� K8Êo= to ×x9 Êo= , denotedby × h 9 Êo= , from eqs.(97)and(91) resultsin

× h 9 Êo= �g9 : # hÎ XZ %
= N � % � }��~ % } } ë °Jb %

K
(102)

while the contribution of Ø % 9;� K8Êo= to ×x9 Êo= is zero,therefore×x9 Êo= �®× - 9 Êo= � × h 9 Êo= , leadingby
eqs.(20)and(90) to theresultfor � ,

���Á9 ! " %Î�Ï N  Í � XZ
= 9 # h#�$ = %

° Ð
- � Ê N Ê N ± E °o± % N � % ��}��~ % } } ë °Jb % v (103)
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Theeq.(70) for � ¹ , in thisparticularcasecanbereducedto anexpressiongiving � ¹ in terms
of a double-dimensionalintegral,

� ¹ � ! % # % hy�Í ú XZ ú {
# h# $ ��v 	nv °�Ð

- � Ê N Ê 4ih N ± E ° ± %
} Ð
- ���'N�� h N�� } �

9 Ê :pÙT� = % :
�

9 Ê � Ù�� = % v (104)

In obtainingeq.(104),theintegrationin Ò hasbeensubstitutedby theintegrationin ³ , by making
useof eqs.(15) and(89),which give:

B (/Ó 9HÒ = �^ÒÅ�¸9;: # h � XZ % � Êo= �8³ , andtheintegrationin ³ has
beencarriedout easilyafterwards.

Two approximateformula for ± E ° ± % have beenderived in the precedingsection,given by
eqs.(73) and(87) respectively. By substituting± E ° ± % with theright handsideof eq.(73), from
eq.(103)follows

���Á9 ! " %Î�Ï N  Í � XZ
= 9 # h# $ =�%

° Ð
- � Ê N Ê � N ± � ° ± % N � % � }��~ % } } ë °Jb %

K
(105)

andfrom eq.(104)for � ¹ follows:

� ¹ � ! % # % hy�Í ú XZ ú {
# h# $ ��v 	nv °�Ð

- � Ê N Ê N ± � ° ± %
} Ð
- ���'N��'N�� } �

9 Ê : Ù�� = % :
�

9 Ê � ÙT� = %
K

(106)

while from substitutionof ± E °�± % with theright handsideof eq.(87) for � follows

���Á9 ! " %Î�Ï N  Í � XZ
= °�Ð
- � Ê N Ê � N ± � ° ± % N � % � }��~ % } } ë °¬b %

K
(107)

andfor � ¹ follows

� ¹\� ! % # % hy�Í ú XZ ú {
#p$# h ��v 	nv ° Ð

- � Ê N Ê N ± � °o± %
} Ð
- ���'N��'N���} �

9 Ê : Ù�� = % :
�

9 Ê � ÙT� = % v (108)

Like in theprecedingsection,hereit is not easyto concludewhich choicefor ± E ° ± % is thebetter
approximation.

If the eq. (6) is appliedadditionally to eqs.(105) and(107) the eqs.(75) and(88) follow
respectively.

4 Discussionand Conclusions

The first item to be discussedhereis how � givenby eq. (75) or eq. (88) behaveswith! Ë��
, where

!
is thevolumeof thesystem.Theintegral in eq.(74) is theFouriertransform

of �«9F� = , of a functionhaving random(stochastic)dependenceon � , like it hasbeenoutlinedin
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connectionwith eqs.(8) - (10). For such �«91� = it hasbeenshown [11] that the squareof the
integral’smodulein eq.(74) is proportionalto

!
,

� � � Q.N��«91� = " 4 a�º�» ª
%
� ! K (109)

and from eqs.(74) and (109) follows ± � ° ± % � ! 4sh , and correspondingto eqs.(76) - (78),

 � ! 4sh , � � ! 4ih , ø � ! 4sh , andfinally from eq.(75) or eq.(88) we concludethat � is a
certainquantityindependentof

!
in thelimit

! Ë��
, asit shouldbe.

Theseconditem deservinga discussionis theimpactto � and � ¹ calculation,of thedouble
limits (C Ë t , È¦Ë � t ). In the caseof � , the doublelimits resultedin a � -function of ³ ,
meaningthat � hasgot non-zerocontribution only from theprocesseswheretheenergy conser-
vation law in the scatteringis fulfilled, i.e. where³¤��t . The energy conservation law exerts
clearlypronouncedrestrictive role here. In the formula for � ¹ thementionedlimits resultedin
��v 	nv/9 ��� ³ % = , meaningthat � ¹ hasgot non-zerocontributionsalsofrom theprocesseswherethe
energy conservationlaw in scatteringis not fulfilled, where³ §�¦t . Therefore,therestrictiverole
of the energy conservation law is missinghere. The physicsof this differencesis to be looked
for in thefactthat � ¹ relatesthenon-dissipativecomponentof thecurrent[1].

The third item to be mentionedhereis the � dependenceon the carriersdensityof states{ 9/~�� = , which appearsto be squaredin { 9H~o� = , as it is given in eqs.(75) and (88). A result
resemblingoursin that respect,hasbeenobtainedby Mott andDavis [17] (seeformula (2.14)
in Ref. [17]). However, full comparisonof our resultto thementionedresultsin [17] is impos-
sible,sincetheterm ± ç�� ± %  "! in [17] hasbeenlooselydefined,andnot accountedfor effectively
by meansof the linear responsetheory, but insteadonly globally interpretedin termsof there-
laxationtime # . We ascertain,the linear responsetheoryof ��� electricaltransport,asapplied
in [17], wasnot performedconsequently, insteadit wasabandonedwhenthemostdelicatestep,
the calculationof ± ç � ± %  "! camein turn. Unlike it, the aim of the presentwork is to apply the
meansof thelinearresponsetheoryasconsequentaspossible.

In casesof acelectricalconduction,with very high externaldriving frequenciesC , like the
optical frequenciesare,the linear responseformula (Kubo formula) for conductivity �s9/C = has
got proof in practice,but it is not the casewith the low frequencies,andcertainlynot with the��� current. Thereasonfor this stateof art is not clearyet, andthediscussionon this subjectis
still runningon [2,4]. We assumethatthelinearresponseformulathoughcorrect,is not enough
by itself to give a correctdescriptionof theconductivity, but it canfulfill its role in conjunction
with someconstitutiveequations,like eqs.(106)or (108)are.Theconstitutiveequationprovides
informationaboutthealterationof thesystem’s parameterstakingplacein thesystemwhile the��� currentis runningin it, thatwayhaving impactonthe ��� conductivity. Detaileddemonstration
of the calculationof � in conjunctionwith the constitutive equation,will be given in the third
partof this work.
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Appendix

We first evolve theright handsideof eq.(32) to theform:

� %��³ % çè9;� K8Ê�K � h = � } :�� } 2i°³ ÃYë - �fç h 9��
KYÊ�K � h = � } :W� } 2�°³ ÃYë -

� Ù�ç % 9;� K8Ê�K � h = ���³ � } :W� } 2i°³ ÃYë - � y�ç � 9;�
K8Ê�K � h = � %�o³ % � } :�� } 2i°³ Ã8ë -

K
(110)

ç h 9�� K8Ê�K � h = � � %�o³ % çè9;�
K8Ê�K � h = ÃYë -

K
(111)

ç % 9�� K8Ê�K � h = � ��o³ çè9��
K8Ê�K � h = ÃYë -

K
(112)

ç � 9�� K8Ê�K � h = �
�
y 9�çè9;� K8Ê�K � h =J= Ã8ë - K (113)

whereçè9;� K8Ê�K � h = is definedbyeq.(27). Theproblemwearefacedwith here,is how to determine
theabovederivativesin ³ , takenfor ³¢�zt . FromFig.1. weseethatthevectoŕ andthelengthof
vector µ arekeptconstant,whenthetop of vector ´%$ moveson thesemicircleof theintegration
in ³ , andtheaforementionedderivative in ³ , dueto eq.(15),canbereplacedby thederivative in~ }�å ( � h � ± ´ �¢µ ± ):

�¡çè9�� KYÊ�K � h =�o³ � �¡çè9�� KYÊ�K � h =��~ } h v (114)

Thesubsequenttakingof ³¦�¦t is equivalentto takingequalvectorlengths,�·�¨� h . In this Ap-
pendix, aswell asin themainbodyof thisarticle,thedifferentialoperator9;� � ��~ } h = or 9;� � ��~ } = ,
appearsanumberof times.It alwaysoperatesby theformula:

���~o} h � ��~ } h��� h
4sh ���� h v (115)

In this way, from eqs.(111) - (113), the eqs.(35) - (37) for ç h 9;� K8Ê�K � h = , ç % 9;� K8Ê�K � h = andç � 9�� KYÊ�K � h = follow respectively.
By applyingtheseriesexpansionin ³ to � } 2i° :

��} 2i° �u��} � ��� }�o~ } ³ � �
Ù � % � }�o~ % } ³ % � � �>��� }��~ � } ³ � � v)v/v K (116)

thefollowing relationsareeasilyderived:

��}G:W��} 2i°³ Ã8ë - �
:�����}��~ }

K
(117)

���³ � } :�� } 2i°³ ÃYë - �
�
Ù :�� % � }��~ % }

K
(118)
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� %��³ % ��}G:W��} 2i°³ ÃYë - �
�
y :��>����}�o~ � } v (119)

By insertingrighthandsidesof eqs.(117)- (119)into eq.(110),therequiredeq.(33)for Ø ¹- 9�� KYÊo=
is obtained.
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