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The constructionof aryonic operatorsandalgebrais generalizedy usingquonsoperators.
Therefore,the particular version of fractional supersymmetnjis constructedon the two-

dimensionalattice by associatingwo generalizedaryonsof differentkinds. The fractional
supersymmetriamiltonianoperatoiis obtainedn thetwo-dimensionalatticeandthequan-
tum algebral’, (sl2) is realized.

PACS: 05.30.-d,74.20.-2,74.65.+n

1 Intr oduction

A growing interesthasbeenrecentlydevotedto fractionalstatisticq1, 2] thatdescribeparticles
calledanyons,with fractionalspin[3-5]. Thesearnyonsinterpolatebetweerbosonsandfermions.
Furthermorethat have beenshavn to be non-local particlesdefinedon the two-dimensional
space. Mathematically the group symmetryassociatedo the anyonic systemsinvolvessome
speciallLie algebrasappearingas a quantumdeformationof the usualLie algebrasand Lie
groups[6-10]. Indeed,one canprove that quantumgroups[11] arethe mathematicabbjects
allowing the descriptionof theseparticularsystemg12,13]. Many works have beendevoted,
for the lastfew years,to the constructionandthe realizationof quantumgroups. We note, for
example,thatthe anyonic algebra[14] leadsto the obtainingof thesequantumalgebras.The
arnyonic operatorsareintroducedon the two-dimensionalattice asnon-localoperatorseenasa
generalizatiorof generator®f the Jordan-Vignertransformatiorj15].

Thepresentvork is concernedhe studyof N=2 fractionalsupersymmetryFSUSY)[16-19]
on the two-dimensionalattice. We obtain exactly the samealgebraicstructureof latter start-
ing from anintroductionof the generalizedanyonic algebra. Thenthey introducesomespecial
operatorawvhich canbe seenasgeneralizedanyonic operators.We noticethatthis construction
is differentfrom the oneusedto reproducehe N=2 FSUSY algebrabasedon the quonicalge-

bra[19]. This algebraicstudyallows usto find the Hamiltonianoperatordescribingone N=2
FSUSYsystem.
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This paperis organizedas follows : In section2, as a generalizationwe constructnew
exotic operatorshy usingquonicoperatorsasbasicones. Thereforewe realizethe generalized
arnyonic operatorsandthe correspondingalgebra. In the third section,the last newv operators
andalgebraareusedto constructN=2 FSUSY on the two-dimensionalattice correspondindo
arnyonic systemsasa certaincoupling of two generalizedaryonic oscillatorsof differentkinds
(v andd) [14]. We proceedasin the work of [19] wherewe have constructedhe N=2 FSUSY
throughtwo differentquons. Anotherresultconsistsof the realizationof the quantumalgebra
Uq(sl2) usingthe superchagesalreadyconstructedFinally, sectiond presentsomeconcluding
remarks.

2 Generalizedanyonic algebra

As areminder the anyonic operatorsare seenasnon-localtwo-dimensionabperatordnterpo-
lating betweenbosonicandfermionic ones. The generalizatiorof theseoperatorsallows usto
introducethe generalizecaryons. We will usethe famousanglefunction ©(x, y) appearingn
the constructiorandthe descriptionof anyonsin thework of [6].
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First, hereis a brief review on this anglefunction. Onedesignshy . the cut associatedo
eachpoint = thatwe denoteby ., on the two-dimensionalattice (2. Denotingby * the dual
latticeof Q; it is asetof pointsz™ = x + o* with 0* = (%e, %e) theorigin of 2* ande its spacing
which eventuallywill be sentto zero. In this casey, will be on Q* from minusinfinity to =*
alongthez-axis(Fig.1). Oneconsidersanothettype of cut. We choosehesetof cutsd, coming
from plusinfinity to *x = z — 0* alongthez-axis(Fig.2). Consequentlthetwo typesof cuts~,
andJ, involve anorderingandoppositeorderingrespectiely of pointsz on Q. Thisis described

by the following proposition

T2 > Y2,
T1 > Y1,T2 = Y2

(1)

x5<y5<:>xw>yv<:>x>y<:>{
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Owingto equation(1) theanglefunctionssatisfy
T >y
@%(557?/) - @w (y,2) = —m,r <y
9 Ly - 9 Pt = e v
5. (%,y) — Os, (y, ) <y (2
B _ -, T >Y
Os,(z,y) @A/z('r7y) - mr <y

eﬁz(xay) - ewy(yax) = 07 vxay € .

Now letusintroducetheoperatorss; (z,, ) thosecalledthedisordemnes.They areexpressed
by

Ki(ra) = exp {IV Y O, (,y) [Ni(y) - %} } (3)

y#

with o, = 7, oré, andi = 1,2,...,n,n € N. In the equality (3) V;(y) is nothing but the
numberoperatorof quonson the two-dimensionalattice, definedby the generatorsaj () and
a;(x) asfollows

aj(@ay(@) = N(@), @
ai(z)a;(r) = [Ni(z) +1g
where[z], = q;jll. Theoperatorszj(a:) anda;(z) arerespectiely thecreationandannihilation
guonicoperatoron thetwo-dimensionalattice (2, satisfyingtherelations
[ai(z), a;( (y)]q‘_sij = 6ij0(z,y)
[az(m)aa'j(y)]qfij = 0 Vz,y,Vi,j
[aj (‘T)’ a; (y)]q61] = 0 V.T, Y, VZ;] (5)
[Ni(), a;(y)] = —0;6(z,y)ai(z)
[Ni(@),al@)] = 8;0(z,y)af(z)
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Thelattice Dirac functionis definedby
1 ife=y

In therelations(5), onecanconsidertheoperatorenj (x), a;(x) andN;(x); thosearegenerators
of the oscillatoralgebradescribinga systemof quons. They areseenasnon-localparticlesand
we definethemto satisfythe equality

(ai(2))™ = (al (z))" =0 (7)

wherewe take the deformationparameter; to be aroot of unity, qfi = 1theng; = ¢'7 . One
canshaow thatthe irreduciblerepresentatiospace(Fock space)of the algebra(relations(5)) is
givenby the set

F;, ={|ni, >,ni, =0,1,...,d; — 1} (8)

wherethe notation:,, meanghatthis Fock spaces introducedn eachsite of the 2. Theactions
of thegenerators,;(z), a! () and N;(x) areexpressedy thefollowing equalities

al(z)|ni, >=|ni, +1>, al(2)|d; —1>=0
ai(x)|ng, >= [ni,]qni, — 1>, a;i(x)]0>=0.

(9)

Now we introducean operatorallowing the descriptionof the N=2 FSUSY on the two-
dimensionalattice. This realizationis seenasanaryonic one,in the sensethatthe generators
will dependon afunctionwhich seemdo be the anglefunctionusedby the authorsin the work
of [14] whenthey describethe systemof anyons. This leadsto the definition of the operators

Ai(zq) = Ki(zq)ai(z), (10)

whereK;(z,) is thedisorderoperatoiintroducedn equation(3).
Oneprovesthattheseoperatorobey thefollowing commutatiorrelations

[Ai(74), Ai(Y )lgip— = 0,2>y

[Aj (), AI (yw)]qip*1 = 0,z>y

[Ai (), A;'r (Y )lgip = 0,z>y

[Aj(l’v)aAi(yw)]qip = 0,z>y

[Ai(z+), A;'r ()], =1 (11)
Ao Al = 0Yi# ey e

(Al (2,), Al (y)] = 0,Yi#j,Vo,yeQ

[ ;!-(xv)vAj(yv)] = 0,Vi#j,Vo,y €

[ ]

= 0,Vi#j,Vz,y € Q.

for the anyonic operatorsof type v, wherep = ™. We point out thatthe sameresultscanbe
obtainedfor thekind ¢ in replacingp by p—! in (11). It is obviousthusto getthe commutation
relationsbetweerthe differentkinds of generalizedinyonic operatorssowe have
[Ai(xs), Aj(yv)]q‘?ij = 0,Va,yef
T -(Z-T)mo-] 12)
[Ai(frd),Aj(y«/)]q% = 6ij5(xay) 2
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andv is seenasthestatisticalparametefl, 2].
By consideringhe generalizedinyonic oscillators4; (z,,) and A (z,,), we candemonstrate
thefollowing relations

(Ai(za))" = (Al (za))™ = 0 (13)

with « = v, andi = 1,2, ..., N. Equation(13) canbeseerasageneralizatiorof thehard-core
conditionfound whenwe studiedthe generalizedstatisticsin the works [20-22]. Indeed,for
d; = 2 onerecoverstheresultallowing us,in thiswork, to think aboutsomeconnectiorbetween
the generalizedstatisticsandthe anyonic ones.Returningto the presenipaper therelation (13)
canbeseenanilpoteng conditionleadingto the studyof quonson the two-dimensionalattice.
This equalityis obtainedstartingfrom thefunction K;(z,, ) discussedh thework of [14], which
satisfieghefollowing equations

K(za)ai(y) exp [ivOa, (z,y)] ai(y) z( a)

Kl(za)al(y) = exp[-iv@a,(z,y)]al () K] (za)

Ki(za)ai(y) = exp[—ivO,,(7,y)] QZ( ) 1( ) (14)
Ki(za)al(y) = expliv®a,(z,y)lal(y)Ki(za)

Kl (20)Ki(ya) Ki(ya) K] (za)

It canbe provedthat, on the above Fock spacethesealgebraicrelationsare consistentvith
thefollowing equalities

A;r(:ra)|mw > = exp [z— > Ou, (x,y)| Iniy, +1>
Yy#T
Ai(za)lni, > = [ni,]g exp |—ig ; Oa, (x,y)] i, —1> (15)
y#
Alz)ldi=1> = 0
Ai(za)|0 > = 0.

We notethat the operatorsA;Y(:ca) and A4, (z,) areseen,owing to relations(14) and (15), as
generalizectreationandannihilationanyonic operatorsespectiely.

3 N=2FSUSY on the two-dimensionallattice

The constructionof generalizedarnyonic operatorsallows us to realizethe N=2 FSUSY This
realizationinvolvestwo differentgeneralizecanyonsandis analogougo the one obtainedvia
two differentquonsin thework of [19]. We introducethenthefractionalsuperchageson () as

Qi(a) = Al(a,)As(as)
Q-() = Ailws)Ah(a,).

basingon the equality(13); onecanget
(Qx ()™ =0, (17)

(16)
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whered, is requiredto be < d;.
In using the constructiongivenin the relation (16), we can get the action of the above
fractionalsuperchageson the Fock spacedefinedby thetensorproduct

F,=F,6QF,, (18)

with Fy, and F»_ correspondingespectrely to the differentgeneralizedanyonsusedto intro-
ducethefractionalsuperchages.
Now we caneasilygettherelations

Q+(2)|n1, > Blna, >=p2[ng,Jg|n1, +1> Q[ng, —1>

19
Q@) > ®lng. >=pEln g lnr, — 1> @lns, +1 > (19)

Throughthis realizationof the fractionalsuperchages() (z), we canshow thatthesenew op-
eratorssatisfythefollowing commutatiorrelationin thecaseof = > y on {2

©1Q+(1)Q—(y) — 2Q-(y)Q+(z) = 6(z,y) Plg1 [N1(2)]g, — @2[N2(2)].] (20)

wherethe operatorP is written as

(Z - Z)[Nl(Z)+N2(Z)1]
P=p

z<x z>x

(21)

Onecanremarkthatthe equality (20) is notinvariantunderthe hermitianconjugation.This
is relatedto thefactthatthesegeneratornvolve complex numbersy; > andp whicharedifferent
from +1. To avoid this difficulty we introducethe hermitianconjugateof the generators) . (x)
andaftercalculationit is easyto obtainthe conjugateequationof (20) as

Q" QL (2) — QN (2)Q" (y) = sz, y) P

< g [Ni(@)] o1 = ap N (2)] 0], (22)
We canalsoverify that
(QL(2)™ =0. (23)
fords < d.

Anotherreasonto introducethis operationis to constructthe Hamiltonianoperatorcorre-
spondingo this system.We canthusexpresshe FSUSYHamiltonianoperatoras

0Q+(@)Q- () + 7' QLR (2) — 2Q-(1)Q+(z) — i7" Q1 (2)QL (v)
= 3(a,y)[Pa N1 ()], + P [N ()], (24)
— Pga[Na()]g — Py [Na(@)] 1]
Usingtherelation
Ni@)], = a; N (25)
theRHS of (24) canberewritten as

RHS = 8(z,y)[P " q; '@ + Pq][Ni(2)]g, — [P a5 V™ + Pgo][No(2)]g,.  (26)
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The last equationcan be interpretedas a Hamiltonian of the generalizedanyonic system
investigatedSo, we canrewrite this Hamiltonianoperatoras

H(z) = | ;2 sm(ii% {sin |fj7rZ N(z) + dzi[QNi(I) +1]
— sin |f/7r Z N(z) + d% } , (27)

where(e;;) = ( ’ é) and 3" R(z) = (3 = 3 )(Ni(2) + Na(2) —1). Up to now, we
- z2€Q z<x 2>
canrecapulateur resultwhich consistson the completedescriptionof the N=2 FSUSY basing

onagivenaryonicrealization.
Furthermorea globalversionof this realizationcanbe readily constructedsfollows

H=> H(x), (28)

z€Q

wherethe global superchagesaredefinedas

Qs =3 Qula). (29)

zeQ

In addition, we canlink the N=2 FSUSY obtainedon the two-dimensionalattice to the
"local” algebral/, (sl2) in consideringg; = g2 = ¢. In this particularcasewe definethe three
local generatorsis

1 Na(z)
Ji(z) =P 2q 2 Qi(x) (30)
J3(z) = 3(Ni(z) — Na(2)).

We caneasilycheckthattheseocal densitiesof quantumgroupgeneratorsatisfythe following
commutatiorrelations

@), @] = 8y, 31)
[Ja(2), J=(y)] = F6(z,y)J=(2).
Thusto definetheglobalgeneratord is sufficientto write
Ji = ZQ Ji (CI‘)
J3 = Z Jg(l’) (32)
e

andclosetheU,(sl») algebraas

TpJ) = 2

s el = +J.. (33)

Consequentlywe have closedthealgebraof U, (sl2) generatedby J,. and.J; whicharebuilt
out of generalizedryonic oscillators.
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4 Conclusion

To conclude we cansummarizethe lines of this paperin sayingthatwe have constructedyen-
eralizedanyonic operatorson the two-dimensionalattice by usingthe g-bosonicoperatorsor
calledthe so-quonicoperatorsasa generalizatiorof onesdefinedin the paper[5]. Moreover,
we have realizedthe N=2 FSUSY on the two-dimensionalattice, wherethe superchagesare
constructedy couplingtwo differentgeneralizecanyonic operatorsandthe FSUSY Hamilto-
nian operatorof the correspondingystemis given. Thusfrom the N=2 FSUSY realizedthe
well-known algebral, (sl2) is derived.
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