
actaphysicaslovacavol. 51 No. 3, 175– 182 June2001

FRACTION AL SUPERSYMMETRY THROUGH GENERALIZED ANYONIC
ALGEBRA

J. Douari
��� 1, Y. Hassouni

� 2
(a)TheAbdusSalamICTP- StradaCostiera11,34100Trieste,Italy
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The constructionof anyonic operatorsandalgebrais generalizedby usingquonsoperators.
Therefore,the particular version of fractional supersymmetryis constructedon the two-
dimensionallatticeby associatingtwo generalizedanyonsof differentkinds. The fractional
supersymmetryHamiltonianoperatoris obtainedonthetwo-dimensionallatticeandthequan-
tum algebra�����	��
��� is realized.

PACS: 05.30.-d,74.20.-z,74.65.+n

1 Intr oduction

A growing interesthasbeenrecentlydevotedto fractionalstatistics[1,2] thatdescribeparticles
calledanyons,with fractionalspin[3–5]. Theseanyonsinterpolatebetweenbosonsandfermions.
Furthermorethat have beenshown to be non-localparticlesdefinedon the two-dimensional
space.Mathematically, the groupsymmetryassociatedto the anyonic systemsinvolvessome
specialLie algebrasappearingas a quantumdeformationof the usualLie algebrasand Lie
groups[6–10]. Indeed,onecanprove that quantumgroups[11] arethe mathematicalobjects
allowing the descriptionof theseparticularsystems[12,13]. Many works have beendevoted,
for the last few years,to the constructionandthe realizationof quantumgroups.We note,for
example,that the anyonic algebra[14] leadsto the obtainingof thesequantumalgebras.The
anyonicoperatorsareintroducedon thetwo-dimensionallatticeasnon-localoperatorsseenasa
generalizationof generatorsof theJordan-Wignertransformation[15].

Thepresentwork is concernedthestudyof N=2 fractionalsupersymmetry(FSUSY)[16–19]
on the two-dimensionallattice. We obtainexactly the samealgebraicstructureof latter start-
ing from an introductionof thegeneralizedanyonic algebra.Thenthey introducesomespecial
operatorswhich canbeseenasgeneralizedanyonic operators.We noticethat this construction
is differentfrom the oneusedto reproducethe N=2 FSUSYalgebrabasedon the quonicalge-
bra [19]. This algebraicstudyallows us to find the HamiltonianoperatordescribingoneN=2
FSUSYsystem.
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This paperis organizedas follows : In section � , as a generalization,we constructnew
exotic operatorsby usingquonicoperatorsasbasicones.Thereforewe realizethe generalized
anyonic operatorsand the correspondingalgebra. In the third section,the last new operators
andalgebraareusedto constructN=2 FSUSYon thetwo-dimensionallatticecorrespondingto
anyonic systemsasa certaincouplingof two generalizedanyonic oscillatorsof differentkinds
(� and � ) [14]. We proceedasin thework of [19] wherewe have constructedtheN=2 FSUSY
throughtwo differentquons. Anotherresultconsistsof the realizationof the quantumalgebra������������

usingthesuperchargesalreadyconstructed.Finally, section presentssomeconcluding
remarks.

2 Generalizedanyonic algebra

As a reminder, the anyonic operatorsareseenasnon-localtwo-dimensionaloperatorsinterpo-
lating betweenbosonicandfermionic ones.The generalizationof theseoperatorsallows us to
introducethegeneralizedanyons. We will usethe famousanglefunction ! �#"%$	&'� appearingin
theconstructionandthedescriptionof anyonsin thework of [6].
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First, hereis a brief review on this anglefunction. Onedesignsby �7) thecut associatedto
eachpoint

"
thatwe denoteby

" 3 on the two-dimensionallattice 8 . Denotingby 8 0 the dual
latticeof 8 ; it is asetof points

"90;:<" />= 0 with = 0?:@�BA�DC $DA�DC � theorigin of 8 0 and C its spacing
which eventuallywill be sentto zero. In this case� ) will be on 8 0 from minusinfinity to

"90
alongthe

"
-axis(Fig.1). Oneconsidersanothertypeof cut. Wechoosethesetof cuts � ) coming

from plusinfinity to
0�"E:F";G4HI0

alongthe
"

-axis(Fig.2).Consequently, thetwo typesof cuts� )
and � ) involveanorderingandoppositeorderingrespectively of points

"
on 8 . This is described

by thefollowing proposition

"KJMLN&�JPOQ" 3SR & 3 OT" R &UO "I� R &V�B$" A R & A $	"D�W:F&X� (1)
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Owing to equation
�]\X�

theanglefunctionssatisfy

!43�5 �#"%$&1�KG !43_^ �6&�$	"9�`: a ,
" R &G a ,
"bLF&

! J 5 �#"%$	&'��G ! J ^ �6&�$	"9� : G a ,
" R &a ,
"bLF&

! J 5 �#"%$	&'��G ! 3 5 �#"%$&1�c: G a ,
" R &a ,
"bLF&

! J 5 �#"%$	&'��G ! 3 ^ �6&�$	"9�d: H*$'ef"%$	&>g 8ih
(2)

Now let usintroducetheoperatorsjWk �6"Kl%� thosecalledthedisorderones.They areexpressed
by

j k �#" l �m:Fnpo�q r�s
+�tu ) !

l 5 �6"%$	&1� v k �#&1�KG \� (3)

with wK) : �7) or �x) and
ry:z\�$ � $ h6h{h $|P$	|}g@~ . In the equality

���D��v k �#&'� is nothingbut the
numberoperatorof quonson the two-dimensionallattice,definedby the generators��� k �6"9� and� k �6"9� asfollows

��� k �6"m� ��k �6"9��: ��v k �6"9��� �x���k �#"9� �_�k �6"9��: ��v k �6"9� /<� �{��� (4)

where
� "I� � : � 5�� A� � A . Theoperators��� k �6"m� and ��k �6"m� arerespectively thecreationandannihilation

quonicoperatorson thetwo-dimensionallattice 8 , satisfyingtherelations� � k �6"m�$ �_� � �6&1��� ��� ���� : � k � � �6"%$	&1�� � k �6"m�$ � � �6&1��� ��� ���� : H�ef"%$	&
,
efr�$�

� ��� k �#"9�	$ ���� �6&1��� � � ���� : H�ef"%$	&
,
efr�$�

��v k �6"9�	$ � � �#&'��� : G � k � � �6"%$	&1� � k �#"9���v k �6"9�	$ � � � �#&'��� : � k � � �6"%$	&1� � � k �6"m�
(5)
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ThelatticeDirac functionis definedby

� �6"�$&1�m: \
if
"E:F&H

if
"��:FH (6)

In therelations
���D�

, onecanconsidertheoperators��� k �6"9� , � k �6"9� and
v k �#"9� ; thosearegenerators

of theoscillatoralgebradescribinga systemof quons.They areseenasnon-localparticlesand
wedefinethemto satisfytheequality� � k �6"9����� � :@� ���k �6"m�]��� � :NH (7)

wherewe take thedeformationparameter��k to bea root of unity, � � �k :�\
then �xk :�� k]���� � . One

canshow that the irreduciblerepresentationspace(Fock space)of thealgebra(relations
���D�

) is
givenby theset� k 5 :¡ B¢ | k 5 R $| k 5 :£H¤$_\�$ h6h{h $¦¥ k G§\B¨ (8)

wherethenotation
r ) meansthatthis Fock spaceis introducedin eachsiteof the 8 . Theactions

of thegenerators� k �#"9� , ��� k �6"m� and
v k �#"9� areexpressedby thefollowing equalities

��� k �6"m�	¢ | k 5 R :©¢ | k 5 / \ R $ �_� k �#"9�	¢{¥ k Gª\ R :FH� k �#"9�]¢ | k 5 R :©� | k 5 ��� � ¢ | k 5 G�\ R $ � k �6"m�	¢ H R :FH h (9)

Now we introducean operatorallowing the descriptionof the N=2 FSUSY on the two-
dimensionallattice. This realizationis seenasananyonic one,in the sensethat the generators
will dependon a functionwhich seemsto betheanglefunctionusedby theauthorsin thework
of [14] whenthey describethesystemof anyons.This leadsto thedefinitionof theoperators« k �6" l �9: j k �#" l � � k �6"9�	$ (10)

where j k �6" l � is thedisorderoperatorintroducedin equation
���I�

.
Oneprovesthattheseoperatorsobey thefollowing commutationrelations� « k �6" 3 �	$ « k �6& 3 ��� � �#¬�K® : H

,
" R &� « � k �#" 3 �$ « � k �6& 3 ��� � �6¬ K® : H

,
" R &� « k �6" 3 �	$ « � k �#& 3 ����� �6¬ : H

,
" R &� « � k �#" 3 �$ « k �#& 3 ����� �6¬ : H

,
" R &� « k �6" 3 �	$ « � k �#" 3 ����� � : \� « k �6" 3 �	$ « � �#& 3 ��� : H

,
efr4�:E�

,
e7"%$&¯g 8� « � k �#" 3 �$ « � � �6& 3 ��� : H

,
efr4�:E�

,
e7"%$&¯g 8� « � k �#" 3 �$ « � �6& 3 ��� : H

,
efr4�:E�

,
e7"%$&¯g 8� « k �6" 3 �	$ « � � �#& 3 ��� : H

,
efr4�:E�

,
e7"%$&¯g 8ih

(11)

for theanyonic operatorsof type � , where° :�� k6±¦² . We point out that thesameresultscanbe
obtainedfor thekind � in replacing° by ° � A in

�]\B\X�
. It is obviousthusto get thecommutation

relationsbetweenthedifferentkindsof generalizedanyonicoperators,sowehave� « k �6"�JB�$ « � �#& 3 ��� �¦� �³�� : H*$]ei"%$	&>g 8
� « k �6"�JB�$ « � � �#& 3 ��� �¦� �³�� : � k � � �6"�$&1� °

� ´�µ 5 � ´x¶ 5 � · �¹¸³º�» � ®� � (12)
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and
s

is seenasthestatisticalparameter[1,2].
By consideringthegeneralizedanyonicoscillators

« k �#"Kl%� and
« � k �6"�l1� , we candemonstrate

thefollowing relations� « k �#" l �]� � � :@� « � k �6" l �]� � � :NH (13)

with w : � $ � and
r¼:¡\�$ � $ h{h6h $¦v . Equation

�]\��D�
canbeseenasageneralizationof thehard-core

condition found whenwe studiedthe generalizedstatisticsin the works [20–22]. Indeed,for¥ k : � onerecoverstheresultallowing us,in thiswork, to think aboutsomeconnectionbetween
thegeneralizedstatisticsandtheanyonic ones.Returningto thepresentpaper, therelation

�]\½�I�
canbeseena nilpotency conditionleadingto thestudyof quonson thetwo-dimensionallattice.
Thisequalityis obtainedstartingfrom thefunction j k �6" l � discussedin thework of [14], which
satisfiesthefollowing equations

j¾�k �#" l � � k �6&1� : npo�q4� r�s ! l 5 �6"�$&1��� � k �#&'� j¿�k �6" l �j¾�k �#" l � ��� k �6&1� : npo�q4��GÀr�s ! l 5 �6"�$&1��� ��� k �#&1� j¿�k �#" l �jWk �6"�l1� �Ák �6&1� : npo�q4��GÀr�s ! l 5 �6"�$&1��� ��k �#&'� jWk �#"Kl%�j k �6" l � �_� k �#&1� : npo�q4� r�s ! l 5 �6"�$&1��� ���k �6&1� j k �6" l �j¾�k �#" l � j k �6& l �`: j k �#& l � j¿�k �6" l �
(14)

It canbeprovedthat,on theabove Fock space,thesealgebraicrelationsareconsistentwith
thefollowing equalities

« � k �6" l �	¢ | k 5 R : npo�q r ±� +�tu ) ! l 5 �6"%$	&1� ¢ | k 5 / \ R
« k �#"Kl%�	¢ | k�5 R : � | k¹5 � �x� npo�q GÀr ±� +�tu ) ! l 5 �6"%$	&1� ¢ | k¹5 Gª\ R« � k �6"Kl%�	¢{¥ k G§\ R : H
« k �#" l �	¢ H R : H h

(15)

We notethat the operators
« � k �6" l � and

« k �6" l � areseen,owing to relations
��\  � and

�]\��D�
, as

generalizedcreationandannihilationanyonicoperatorsrespectively.

3 N=2 FSUSYon the two-dimensionallattice

The constructionof generalizedanyonic operatorsallows us to realizethe N=2 FSUSY. This
realizationinvolvestwo differentgeneralizedanyonsandis analogousto the oneobtainedvia
two differentquonsin thework of [19]. We introducethenthefractionalsuperchargeson 8 asÂÄÃ �#"9��: « � A �6" 3 � « � �6" J �Â � �#"9�`: « A �6" J � « �� �#" 3 � h (16)

basingon theequality
�]\½�I�

; onecanget� ÂÄÅ �6"9��� � � :£H*$ (17)
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where
¥ �

is requiredto be
L¡¥ A .

In using the constructiongiven in the relation
�]\�ÆD�

, we can get the action of the above
fractionalsuperchargeson theFock spacedefinedby thetensorproduct� ) :©� A 5¼Ç � � 5 (18)

with
� A 5 and

� � 5 correspondingrespectively to the differentgeneralizedanyonsusedto intro-
ducethefractionalsupercharges.

Now we caneasilygettherelationsÂÄÃ �#"9�	¢ | A 5 R Ç ¢ | � 5 R : ° ®� � | � 5 � � � ¢ | A 5 / \ R Ç ¢ | � 5 Gª\ RÂ � �#"9�]¢ | A 5 R Ç ¢ | � 5 R : ° ®� � | A 5 � � ® ¢ | A 5 Gª\ R Ç ¢ | � 5 / \ R (19)

Throughthis realizationof thefractionalsupercharges
ÂÄÅ �6"m�

, we canshow that thesenew op-
eratorssatisfythefollowing commutationrelationin thecaseof

" R & on 8
� A ÂÄÃ �6"m� Â � �6&1�KG � � Â � �6&1� Â?Ã �6"9�P: � �6"�$&1�È4� � A ��v A �#"9��� � ® G � � ��v � �#"9��� � � � (20)

wheretheoperator
È

is writtenas

ÈÉ: °
´xµ 5 � ´x¶ 5 Ê · ® ¸³º�» Ã · � ¸³º�» � A�Ë (21)

Onecanremarkthattheequality
� � HD� is not invariantunderthehermitianconjugation.This

is relatedto thefactthatthesegeneratorsinvolvecomplex numbers� A½Ì � and° whicharedifferent
from Í \ . To avoid this difficulty we introducethehermitianconjugateof thegenerators

Â?Å �6"m�
andaftercalculationit is easyto obtaintheconjugateequationof

� � HI� as

� � AA Â � � �6&1� Â �Ã �6"m�KG � � A� Â �Ã �#"9� Â � � �#&'�Î: � �6"�$&1�È � AÏ � � � AA ��v A �6"m��� � K®® G � � A� �³v;�V�#"9��� � K®� �Ð$ (22)

We canalsoverify that� Â �Å �6"9��� � � :£H h (23)

for
¥ � L©¥ A .
Another reasonto introducethis operationis to constructthe Hamiltonianoperatorcorre-

spondingto this system.We canthusexpresstheFSUSYHamiltonianoperatoras

� A ÂÄÃ �6"m� Â � �6&1� / � � AA Â � � �6&1� Â �Ã �6"9�'G � � Â � �6&1� ÂÄÃ �#"9�KG � � A� Â �Ã �6"m� Â � � �6&1�: � �6"%$	&1�]��È � A �³v A �6"m����� ® / È � A � � AA ��v A �6"9��� � K®® (24)G È � � ��v � �6"m��� � � GNÈ � A � � A� ��v � �6"9��� � K®� � h
Usingtherelation�³v k �#"9��� � K®� : � A � · � ¸ ) »k �³v k �#"9��� �x� $ (25)

theRHSof
� �B � canberewrittenasÑÓÒÕÔ<: � �6"�$&1�]��È � A � � · ® ¸ ) »A / È � A ��³v A �#"9��� � ® Gª�³È � A � � · � ¸ ) »� / È � � ����v � �6"9��� � � $ (26)
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The last equationcan be interpretedas a Hamiltonianof the generalizedanyonic system
investigated.So,wecanrewrite this Hamiltonianoperatoras

Òb�6"m�m:
k Ì � u A½Ì �

C k �Öx×6Ø � aPÙ ¥ k � Ö�×6Ø s a º�Ú_Û4Ü �Ýf� / a¥ k � � v k �#"9� / \½�
G Ö�×6Ø s a º_Ú_Û Ü �Ýf� / a¥ k $

(27)

where
� C k � �P: H \GÞ\ßH andº_Ú_Û Ü �Ýf�9:¡� º�à ) G º�á ) �]�	v A �	Ý�� / v � �Ýf�XGâ\B� . Up to now, we

canrecapulateour resultwhich consistson thecompletedescriptionof theN=2 FSUSYbasing
ona givenanyonic realization.

Furthermore,aglobalversionof this realizationcanbereadilyconstructedasfollowsÒã:
) Ú_Û

Òb�6"m�$
(28)

wheretheglobalsuperchargesaredefinedasÂ Å :
) Ú_Û

Â Å �#"9�	$
(29)

In addition, we can link the N=2 FSUSY obtainedon the two-dimensionallattice to the
”local” algebra

�%�X������V�
in considering� A : � �>: � . In this particularcasewe definethe three

localgeneratorsasä Å �6"9�P:�È � ®�*� �?å ��æ 5Ðç� ÂÄÅ �#"9�ä�è��6"m�m: A� �v A �#"9�KGév � �6"9��� h (30)

We caneasilycheckthattheselocaldensitiesof quantumgroupgeneratorssatisfythefollowing
commutationrelations��ä Ã �6"m�$pä � �#&'���ê: � �6"%$	&1�]� � ä�è��6"9��� ���ä è �#"9�	$¦ä Å �6&1��� : ÍÓ� �6"%$	&1�ä Å �#"9� h (31)

Thusto definetheglobalgeneratorsit is sufficient to writeä Å : ) Ú_Û ä Å �6"m�ä è : ) Ú_Û ä è �#"9� (32)

andclosethe
����������V�

algebraas��ä Ã $¦ä � �ê: � � ä è �����ä è $pä Å � : Í ä Å h (33)

Consequently, wehaveclosedthealgebraof
� � ���� � �

generatedby
ä Å

and
ä�è

whicharebuilt
outof generalizedanyonicoscillators.
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4 Conclusion

To conclude,we cansummarizethe linesof this paperin sayingthatwe have constructedgen-
eralizedanyonic operatorson the two-dimensionallattice by usingthe q-bosonicoperatorsor
calledthe so-quonicoperators,asa generalizationof onesdefinedin the paper[5]. Moreover,
we have realizedthe N=2 FSUSYon the two-dimensionallattice, wherethe superchargesare
constructedby couplingtwo differentgeneralizedanyonic operators,andtheFSUSYHamilto-
nian operatorof the correspondingsystemis given. Thus from the N=2 FSUSYrealizedthe
well-known algebra

� � ���� � �
is derived.
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