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The Hamiltonian formulation of pure Yang-Mills theory is analysed in the case when Gauss’
law is satisfied identically by construction. It is shown that the theory has a Hamiltonian
formulation in this case, provided one uses a special gauge condition, which is a natural gen-
eralisation of the Coulomb gauge condition in electrodynamics. The Hamiltonian formulation
depends critically also on the boundary conditions used for the relevant field variables. Pos-
sible boundary conditions are analysed in detail. A comparison of the present formulation
in the generalised Coulomb gauge with the well known Weyl gaugge=£ 0) formulation

is made. It appears that the Hamiltonians in these two formulations differ from one another
in a non-trivial way. It is still an open question whether these differences give rise to truly
different structures upon quantisation. An extension of the formalism to include coupling to
fermionic fields is briefly discussed.

PACS: 11.15.-q, 04.20.Fy, 04.60.Ds

1 Introduction

This paper is concerned with analysing the Hamiltonian formulation of pure Yang-Mills theory
[1] along the lines of two previous publications [2, 3], in which a new gauge condition, called
the generalized Coulomb gauge condition was introduced and used to obtain a straightforward
Hamiltonian formulation of Yang-Mills theory, in the case when Gauss law is satisfied identi-
cally by construction. In the previous papers certain assumptions were made concerning the
spatial boundary conditions of the Yang-Mills potentials. The boundary conditions in question
are very important for the elucidation of the Hamiltonian formulation. Here | will analyse the
requisite boundary conditions in detail, and show that there is a set of boundary conditions at
spatial infinity, which is consistent with the Hamiltonian formalism. Rigorous proofs and heavy
mathematical machinery are omitted here in the interest of simplicity.

The basic quantity of Yang-Mills theory is tlaetion S, which is given in terms of the gauge
field G, as follows,

1 4 ny
s=- 1 [ daGula.cm ). (1)
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where the inner produdt, ) is defined below. For the gauge figlg,,, | use a matrix notation
(summation over repeated indices),

Gu(A) =G (AT, = 0,Au(x) — 0, AL (x) —ig[Au(x), Ay (z)], )
where the quantitie§,, are matrices in a convenient representation of the Lie algebra of the
gauge grous,

[Ta7 Tb} = ifabch (3)
and the quantitiegl,, are given in terms of the the gauge potential componéfjs

Au(x) = AT, 4)

The Lie-algebra indexfree notation introduced above, i.e. the matrix notation (2) for the
gauge fieldG,,,, as well as the notation (4) for the gauge potentigl respectively, using the
terminology of C. N. Yang [4], will be used systematically below.

It is assumed that the gauge groipis semisimple and compact. The inner prodict )
for any two Lie algebra valued (matrix valued) quantiti¢és= A*T, and B = B®T, is then
expressed with the aid of the Lie algebra structure consyayitas follows,

(A, B) = hay A®BP, (5)
where
hab = 7fabc’, fbcl?/ . (6)

The quantityh,;, and its inversé,® are used to lower and rise Lie algebra indices, respectively.
The notation used here is otherwise pretty standard or self-explanatory, with e.g. Greek letters
used as indices denoting Minkowski space indices ranging fram3, and latin indices from
the middle of the alphabét:, ¢, ...) denoting space indices ranging frdnto 3. The Minkowski
space metric is taken to be diagonal, with signature—, —, —). Unless otherwise stated, re-
peated indices are always summed over, be they Lie algebra-, spacetime- or space indices.

It is convenient for future reference to write the action (1) in terms of a Lagrargiarhe
actionS is the integral of the Lagrangiahin an appropriate time intervét?, x?c]. Thus,

S — /f d2°L, )
where
L= 7% /v d’x (Gor(A4), G"(A)) — i /v d*x (Gre(A), GM(A)) . ®)

In the expression (8) for the Lagrangidn the quantityl” is some appropriate domain R?,
which yet has to be specified.

As is well known, requiring the action (1) to be stationary with respect to local variations of
all the potential component$,,, considered as independent quantities, yields the follwing field
equations,

VU(A)G#V(A) =0 s = 07 17 2a 3. (9)
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The "covariant gradient¥ ,(A) used above in Eq. (9) is a convenient notion,
VM(A) = 8u +1ig [A/Jn L (20)

which will be frequently used in what follows. The matrix-differential operafgn(A) is ap-
plicable to any linear combination of the Lie-algebra matriggsin a given representation,
8% (x)T,, with differentiable component§®, and yields the covariant derivative in the adjoint
representation for the array of component8)( independently of the particular representation
used for the matrices,.

The non-Abelian Gauss law is obtained from the equations (9) fer0. Expressed in terms
of the potentiald the non-Abelian Gauss law reads as follows,

Vi(A)VF(A)AY — Vi (A)AF =0, (11)
where
Ap(z) = 0gAr(x). (12)

The time derivative of any quantity will frequently in what follows be denoted by a dot on
top of that quantity, as in the equation (12) above.

1.1 The Hamiltonian or Weyl gauge formalism

It is well known [6] that Yang-Mills theory can be expressed in a canonical form in the Hamilto-
nian gauge, or so-called Weyl gauge ] = 0.

The Yang-Mills Lagrangian in the cas& = 0, which will be calledLy; here, is obtained
from the expression (8) by puttind, = 0 in that expression,

1 . . 1
Ly =3 / Px(dp, 44 - | / X (Gre, GF). (13)

The Lagrangian (13) describes a theory which is not quite the same as Yang-Mills theory, since
Gauss' law is absent from the field equations following from the action principle with the ex-
pression (13) as Lagrangian. Gauss’ law takes the following form in the caseAyhen0, as

seen from Eq. (11) above,

Vi(A)A* = 0. (14)

The usual way to analyse Yang-Mills theory in the Weyl gauge= 0, is to proceed from

the Lagrangian (13), disregarding Gauss’ law to begin with. Using the variallglemdAZ as
generalised coordinates and velocities, respectively, it is then perfectly simple to derive a canon-
ical Hamiltonian formalism for the system defined by the Lagrangian (13). The corresponding
HamiltonianHyy is,

1 1
Hy = -3 /dSX(ﬂ'k,ﬂ'k) T /dBX(GMaGM)v (15)

i.e. a simple sum of a kinetic term, depending on canonical momeéntaly, and a potential, or
interaction term, depending on conjugate canonical coordingjesly.
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2 First attempt at a canonical formulation when Gauss’ law is in force

Gauss’ law, Eq. (11) above, will now be considered as an equation determining the (matrix
valued) potential component,, for given space components and A. This equation is a
system oflinear, elliptic partial differential equationsvith time z° acting as a parameter in an
appropriate interval, witlk € V' being the independet variables. | will discuss the solvability of
Eqg. (11) subsequently, but proceed now by assuming the existence of unique sdlyjtiinich

is afunctionalof the space componenss and their time derivative§yA = A, i.e.

A = Ao {A,A}. (16)

The question is then whether the Yang-Mills system, which is originally defined by the action
(1), permits a Hamiltonian formulation when the potential compougris a solution to Gauss’
law (11), i.e. whend, is given in terms ofA and A by the expression (16). It is possible to get
some insight into this question without specifying the actual functional form of the relation (16)
in minute detail.

The Lagrangian of the Yang-Mills system, when the potential compa#gris given by the
relation (16) above, is obtained simply by inserting the solution (16Xfpmto the Lagrangian
(8) above. The resulting Lagrangian will be callegl and is explicitly given as follows,

Ly = —%/Vd?’x(vk(A)Ao{A,A}—Ak,vk(A)AO{A,A}—Ak) (17)

_i /V Px (Gr(A), GF(A)) .

At this point it is appropriate to check whether the action principle involving the Lagrangian
Ly in (17) above reproduces the field equations (9). It is perfectly straightforward to verify the
following result,

5 / 'Ly = — / "4z / d*x (5Ak,v(](A)(vk(A)A0{A,A} — AR —WGM(A))
9 9 1%

—/w;?dxo /adeJk (5AO{A,A}7V’“(A)AO {A,A} —A’“). (18)

Now the boundary conditions for the solutioly to Gauss’ law, i.e. the system of linear
elliptic partial differential equations (11), enter into the discussion. If the surface term in Eq. (18)
is non-vanishing, and not by itself a variation of some surface functional, then the Lagrangian
(17) is not a valid Lagrangian in the action principle which is supposed to lead to the field
equations (9) fop = 1,2, 3, whenAy is given by (16).

In the first place the domaiW is actually considered to be all &3. The integrals ovel”
will be given the following interpretation,

/ d*x - = lim d3x - - (19)
\%4

R—o0 Ix|<R

The vanishing of the surface term in Eq. (18) is then equivalent to the follwing,

R—o0

lim / dQR? <5AO[A,A],V(T)(A)AO {A,A} - A<r>) —0, (20)
|x|=R
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where the superscrit) denotes theadial component of the corresponding quantity.
Thus,if the surface term (20) vanishes for all admissible variations of the independent gen-
eralised coordinateA and velocitiesA, respectively, then the variational principle

%
5 / da’Ly = 0, (21)
z0

leads to the following equations of motion,
Vo(A)(VF(A)A° {A, A} — AR~ v,GF(A) =0, (22)

as is evident from the relation (18). Needless to say, the equations (22) are nothing but the field
equations (9) fon = 1,2, 3, with Aq given by the formal solution (16) to Gauss’ law (11).
The vanishing of the surface term (20) depends on the assumed asymptotic behaviour of the
independentariablesA and A, as well as on the boundary conditions (at spatial infinity) of
the dependenvariable Ay. | will return to this question below, and continue for the time being
by assuming that the relation (20) is valid. Then the Lagrandiggiven in (17) ought to be
a suitable starting point for the construction of a Hamiltonian and the corresponding canonical
variables by means of a Legendre transform in the usual way.

The formal definition of the canonical momentupft conjugate to the coordinaté” is,

(SLO o A @ 0 {a (.0

m = (Vk:(A)AO {A,A}) (7, x) — Ag(2”, %), (23)
where the condition (20) has been used in the calculation of the functional derivafiyérof23)
above. In view of the fact that, in Eq. (23) satisfies Gauss’ law (11), one finds immediately
from (23) that

VE(A) P, (20, x) = 0. (24)

Now one is supposed to be able to solve Eq. (23) for the generalised ve&%cityterms of A
andP, respectively. But this is impossible, since, Eq. (23) can not be solved for the quantity
defined below,

(2, x) = Vi (A)AF (20, x), (25)

i.e. if one tries to derive an equation for the quantitdefined above from Eq. (23), one gets a
completely vacuous identity for this quantity, as a result of Eq. (24).

It would seem then, that the canonical formalism breaks down for the case at hand. However
this is not necessarily the case. The difficulty described above can be avoided if one can manage
to makeA, independenof the generalized velocity variable$. This can be accomplished in
the present situatiord, # 0) by imposing the followinggauge condition

Vi(A)AF (20, x) = 0. (26)

The condition (26) is thgeneralized Coulomb gauge conditimferred to previously. The fact
that this is actually @aroper gauge conditiarfree from Gribov ambiguities [5], under appropriate
boundary conditions, was discussed in Ref. [2].

However, if one uses the gauge condition (26) then the generalised velotitiese no
longer independent quantities, and then one cannot use the formula (23) as it stands for the
construction of the canonical momentum variables. An alternative procedure which leads to a
proper canonical formalism will be given below.

Pi(zY,x) =
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3 Gauss’ law and asymptotic conditions

| now assume that the generalized Coulomb gauge condition (26 is in force. Then Gauss’ law,
Eqg. (11), takes the following form,

Vi(A)VF(A)A° = 0. (27)

If one demands that the solution to Eq. (27) vanishes roughlty speaking fast&r:thaﬁ for

| x |— oo, then the solution vanishes identically. This can be seen as follows. Take the inner
product of Eq. (27) with4, and integrate ovex. Using the ordinary divergence theorem one
readily obtains the following result,

lim d3x(Vi(A)Ag, VF(A)Ap) = lim dQR?(Ag, V) (A)Ap).  (28)
R—co Jix|<Rr R=oo Jix|=r

Assuming now
1
Ag(2°, %) [jxj=r ~ R, V(A)Ag(2°, %) |jxjmp ~ Ry > 3
one finds that the limiting value of the right hand side of Eq. (28) is zero. Since the inner product

( , ) is positive definite, one then concludes from Eq. (28) thgtis covariantly constant
However, sinced, vanishes at infinity by assumption, the covariant constant is zero, i.e.

(29)

Ap(2°,x) = 0. (30)

Needless to say, the asymptotic condition (29) above can be somewhat refined; all that is needed
to obtain the result (30) is that the right hand side of Eqg. (28) vanishes, which guarantees that
Ay is covariantly constant, and then th& has the limiting valu® at infinity (or at some finite
point), so that the covariant constant in question actually vanishes.

However, the class of functions with (roughly speaking) the asymptotic behaviour (29) does
not exhaust the class of possible solutions to Eq. (27). It is also possible to consider functions
Ao which approach a non-vanishiggnstantmatrix at space infinity,

‘ llim Ap(2?,x) = A = AT, (32)
where the real quantities® are absolute constants. In addition to Eq. (31) one can impose an
asymptotic condition on the radial derivative 4§,

0
lim | x| =——A4(z%,x)=0. 32
Jim x| 5 Ao x) (32)
Requiring the validity of the asymptotic conditions (31) and (32) and using standard arguments
of potential theory [8], one now derives an integral representation for the fundtjonvolving
the (ordinary) Laplacian of that function,

1 - 1
Ao (z° =A—— d?
O(Z‘ax) A RS y|x—y|

vzzAO(Iov}’)? (33)
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Using the the present form of Gauss’ law, Eq. (27), one then converts (33) into an integral
equation for the determination ofy. For this purpose it is convenient to introduce some new
notation,

U (20, y) = 29 %A (%, y), (34)
and
0 / ,
V(2 y) = 2gfabca—ykf4kc(3?0>}’) + ngac’dfcba’Akd(xov y) A (20, y). (35)
One then obtains the following integral equations,

1 A3y
Am Jrs [ x =y |

A} (20, y)

A5, %) = A° {U%ﬂ 7P v a0,y aha”, y>}(36)

The integral equations (36) constitute the starting point for the proof of existence of solutions
to the present form of Gauss’ law, Eq. (27). For this one needs naturally also to specify con-
ditions on the potential components, which, together with their space derivatives determine
the (unigue) solution to Eqg. (36). All this is a part of the "heavy mechinery” mentioned in the
Introduction, which | will omit in this paper. However it is appropriate to note the following
asymptotic conditions, which are needed for the existence of solutirs Eq. (36),
1 0 1
a(,.0 a/,.0
Ak(l‘ ,X) Nw, WAIC((I} ,X) NW,€>O. (37)

I will now denote the solution of the system of integral equations (36X\pyA }, and the

corresponding Lagrangian iy, (compare with Eq. (17)),

Lo = — /V @*x (Vi(A)Ao {A} — Ay, VH(A)4° (A} - A¥) (38)

1 )
-1 /V d*x (Gri(A),GM(A)).

The Lagrangian (38) will now in the next section be used to derive the Hamiltonian for the
Yang-Mills system under the condition that the generalized Coulomb gauge (26) is in force. |
implement this condition as@nstraint by means of a (matrix valued) Lagrange multiplier field
C(zx), which is used to modify the Lagrangian (38) as follows,

Loy — L' = Log + /V d*x(C(x), Vi (A)AF). (39)

4 Canonical coordinates, momenta and Hamiltonian

I now make a direct transition to a Hamiltonian formulation using the modified Lagrangian (39)
above, in a manner described in the general case by Berezin [9]. The starting point is the familiar
definition of canonical momentum variableg,

o 5L/

,X) = m = (Vi(A) Ao {AD)" = A}, — (Vi(A)0O)", (40)

e (x
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The equations (40) aboviggetherwith the constraint equations (26) are now supposed to be
solved for the quantities¢ andC* in terms of the canonical coordinatd$ and momentar{,
respectively. Using Eqns. (26) and (27), one finds immediately from Eq. (40) that

~Vi(A)VHA)C = VE(A)m, (41)

which, together with appropriate boundary conditions, defines the quahtis/an:-dependent
functional of A and, respectively,

C=C{A, 7} (2" x). (42)

It is certainly desirable that the soluti@i{A, r} to Eq. (41) beunique The uniqueness is
guaranteed if one uses the following boundary condition,

Jim . dQR?*(C(z), V" (A)C(z)) = 0. (43)
—° x|=R
The proof of uniqueness of the solution to Eg. (41) under the condition (43) has essentially
already been given above in connection with Eq. (27). Namely, if there are two distinct solutions
to Eq. (41), then their difference satisfies the corresponding homogeneous equation, which is
precisely of the form (27). However, under the condition (43), the homogeneous equation in
guestion has only the trivial zero solution, as demonstrated in the discussion following Eq. (27).
Hence the solutiod®’ {A, 7} is unique.

One now straightforwardly expresses the generalised velocity in terms of coordinate- and
momentum variables,

if = (Ve(4o {A} = C)" — 7}l (44)

The construction of the HamiltoniaH then proceeds in the usual way. The relation defining the
HamiltonianH is the following,

H :/ d3X(7Tk,Ak) — L()()7 (45)
14

where the quantityl* ocurring in the expressions in (45) should be given in terms of canonical
variables by the expression (44). It should be observed, that it is indeed the Lagréggian
which enters in the definition of the Hamiltonid&h above, since at this stage the constraint (26)
is an identity.

By straightforward calculation one finally obtains the Hamiltonian expressed in terms of
canonical variables from the definition (45),

H = —%/VCF’X (m,wk)juifvd?’x (Gri(A), G*(A)) (46)
4 / P (g, VF(4) A” {A})+% / x (Vi(A)C, VF(4)C)
1% 1%

where the quantity’ is the appropriate solution to the system of linear elliptic partial differential
equations (41), as discussed previously.
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5 The Hamiltonian equations of motion

The Hamiltonian equations of motion are obtained by functional differentiation of the Hamilto-
nian (46) with respect to the canonical momenta and coordinates, respectively.

The equations of motion for the coordinates are as follows,

oH
ok (z9, x)
which agree precisely with the expressions (44) as they should. In the calculation leading to Eq.
(47) one encounters the following surface term,

A (2%, x) = = (Vi(A) (Ao {A} - )" =}, (47)

Jim . BPxp(C,VF(A)6,0) = Jim dQR*(C, V™ (A4)8,C), (48)
> JIx|<R >
which must vanish in order that the functional derivative in Eq. (47) be well defined. The surface
term (48) in question vanishes as it should, in view of the general boundary conditions (43)
imposed on the quantity' {A, 7}.

The calculation of the functional derivative of the Hamiltonian (46) with respect to the gen-
eralized coordinate variables; is fairly lengthy, but nevertheless straightforward. In the course
of the calculation one finds that a surface term analoguous to Eq. (20) has to vanish in order that
the functional derivative in question be well defined, i.e. that

R—o0

lim / dQR? <5AO[A],V(T)(A)AO {A}—AW) = 0. (49)
|x|=R

The condition (49) is quite non-trivial. It should be remembered, that the variation of the quantity
Ay can not be declared to vanish outside some finite region, slgds a dependent variable,
determined by Gauss’ law, i.e. in the present case by Eq. (36). Under essentially the conditions
(37) withe > 0, | have been able to prove, that the iterative solution of the Eqns. (36), which are
equivalent to the system of partial differential equations (27) with the boundary conditions (31)
and (32), is such that, for lardex

1
5A0(A)(1'0,X) =0 <—|> 5 (50)
X

for anylocal variationsd A.. If one assumes that> 1 in the discussion above, it is essentially
trivial to show conclusively that Eqg. (50) is valid. However, | will proceed by assuming that Eq.
(50) is valid also if one merely takes> 0, which is a plausible assumption as discussed above.

If the conditions (37) and (50) are valid, or more precisely if the condition (49) is in force,
then one obtains,

k(20 x) = oo —ig[Ag {A} — C,V*(A)C + 7] (51)

e dAG (20, x) ’ ¢
+ (VoGH(A)), —ig[C, V*(A) Ao {A}a.

The pairs of equations, (47) and (51) are supposed to be equivalent to the original field equa-
tions (9). | will analyse this equivalence below. For this purpose it is convenient to note that the
equations (47) and (51) admitanstant of motion

do(Vi(A)m*) =0, (52)
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which is crucial for the establishing of the equivalence between Eqns. (9) and the Hamiltonian
equations of motion (47) and (51). Recalling the equation (41) defining the quéahtiigether
with the boundary conditions (43), one finds using Eq. (52) that

Vi(A)VF(A)C = Ky, (53)

whereK; denotes a constant.
So, if the equations of motion for the canonical variabdeandr, respectively, are in force,
then the quantity” is determined by the equation (53), where the congtaris so far unknown.
Eliminating the canonical momentum variabledetween the equations (47) and (51) one
obtains the following equations,

V., (A)G* (A) + VE(A)C + 2ig [Ak, c] —0,k=1,23. (54)
At this point one should recall that Gauss’ law is in force by construction,
Vi(A)G%(A) = 0. (55)

Were it not for the terms involving the quantiyin Eqns. (54) one could now conclude that the
Hamiltonian equations of motion (47) and (51) are equivalent to the original field equations (9).
In order to obtain the required equivalence one must demand that

VE(A)C + 2ig [A’f, C] -0, (56)

simultaneously with the Hamiltonian equations of motion. In this situation the quatitity
determined by the partial differential equations (53). However, it does not appear to be possible
to prove that the unique solution to (53) also satisfies (56) if the consfaritas an arbitrary
value, different from zero. However if

K =0, (57)

then substituting this value in Eq. (53) one obtains the final equation determining the quantity
when all the other equations of motion are in force,

Vi(A)VEA)C = 0. (58)

But Eqg. (58) has only the trivial solutiofi = 0 in the class of functions satisfying the boundary
conditions (43) as discussed previously. Hence if the constant of integdtian Eq. (53)
equals zero, then Eq. (56) is trivially true, whence the Hamiltonian equations (47) and (51) are
completely equivalent to the original field equations (9). Thus by demanding that the condition
(57) be valid, one obtainsomplete equivalendgetween the original field equations (9) and the
Hamiltonian equations of motion (47) and (51) which have been obtained using the generalized
Coulomb gauge condition (26).

It is now appropriate to return to the Hamiltonian (46). This Hamiltonian differs in a non-
trivial way from the Hamiltonian in the Weyl gauge, i.e. from the expression (15), mainly due to
the C' -dependent terms in the former expression, but also due to the fact that a nonAgivial
dependence is possible in the case of the Hamiltonian (46). The fact that the fun€tipAalr}
actually becomes zero when all the equations of motion are in force, does not mean that one can
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setC' equal to zero in the Hamiltonian (46) and use the resulting expression to generate the ap-
propriate equations of motion by means of functional differentiation.flihetionaldependence
of the quantityC {A, =} in the Hamiltonian (46) is essential in order to generate the proper
equations of motion.

Finally | comment briefly on the possibilities to generalize the considerations in this paper to
a situation in which one couples the Yang-Mills field to e.g. a fermionic field. The field equations
(9) then get replaced by the following,

Vo (A)GH (A) = J* = gpy* T, T, (59)

to which one has to add the field equations for the fermionic fields. Also in this case is it possible
to use the generalized Coulomb gauge condition (26) so that the Gauss’ law takes the form

Vi(A)VF(A) Ao = Jo. (60)

The construction of the canonical variables and Hamiltonian in this case, along similar lines
to those presented here for the pure Yang-Mills case, does not meet with any difficulties of
principle. Likewise, coupling the Yang-Mills field to a scalar field also gives rise to a system
which has a Hamiltonian formulation. Details of these constructs as well as some mathematical
detail only briefly touched upon in this paper will be given in future publications [10].

Acknowledgements am indebted to Professor R. Jackiw for useful comments and to Professor
B. Koskiaho for useful discussions during the course of the work presented here.
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