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We show that the fidelity of teleportation of continuous quantum variables can be improved by
conditional photon-number measurement of the entangled state. Further, we propose a tele-
portation scheme based on photon counting on the output fields of a squeezer that combines
the mode whose quantum state is desired to be teleported and one mode of the two-mode
squeezed vacuum playing the role of the entangled state.

PACS: 03.65.Bz, 03.67.-a

1 Introduction

In quantum teleportation, an unknown state of a system is destroyed and created on another, dis-
tant system. The method was first suggested in [1] and realized in [2, 3] for discrete variables,
namely photonic (polarization) qubits. Subsequently, the concept has been extended to continu-
ous variables [4,5], and then realized experimentally to teleport a coherent state by means of para-
metrically entangled (squeezed) optical beams and quadrature-component measurements [6].

The basic requirement of quantum teleportation is that the two parties share an entangled state
with each other. In continuous-variable teleportation of quantum states of optical field modes, a
two-mode squeezed vacuum is suited for playing the role of the entangled state. The quadrature
componentsy, andpy ([gx, Px] =1, k=1, 2) are correlated and anti-correlated, respectively, such
that A(g; — ¢2) A(p1 + p2) < 1. For large squeezing, the correlations approach the original
Einstein-Podolsky-Rosen (EPR) correlations [7] (for EPR correlations in optical fields, see, e.g.,
[8,9]).

Here we want to discuss two aspects of quantum teleportation based on a two-mode squeezed
vacuum as entangled state. First, we suggest a way for improving the teleportation fidelity by
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conditional measurement (CM) of the numbers of photons reflected by low-reflectance beam
splitters the two entangled modes are fed into. Such an operation can increase the strength of
squeezing of the two-mode squeezed vacuum and the amount of entanglement as well. As a
result, the input state can be teleported with increased fidelity. Second, we propose a conditional
teleportation scheme, where Alice transmits through a squeezer the mode whose state is desired
to be teleported and one of the modes of the two-mode squeezed vacuum, measures the photon
numbers of the outgoing modes, and communicates the result to Bob. For some measurement
results, Bob can then accomplish the teleportation by appropriate transforming his part of the
entangled quantum state.

2 Teleportation improvement by photon subtraction via conditional measurement

The prospects of realizing teleportation of continuous quantum variable are limited by the avail-
able strength of squeezing of the entangled two-mode state. Perfect teleportation requires an
infinitely squeezed vacuum, which is, of course, not available; the fidelity of the teleported state
decreases with decreasing squeezing. Our objective here is to increase the fidelity by improving
the entanglement of the shared state using conditional photon-number measurement. It has been
shown that when a single-mode squeezed vacuum is transmitted through a beam splitter and a
photon-number measurement is performed on the reflected beam, thenddiSgér-cat-like

state is generated [10]. Even though photons have been subtracted, the mean number of photons
remaining in the transmitted state has increased. The newly generated states have often larger
squeezing than the input squeezed vacuum.

Here we demonstrate that, by transmitting each mode of the two-mode squeezed vacuum
through a low-reflectance beam splitter and detecting photons in the reflected beams, the trans-
mitted modes are prepared in an entangled state which differs from the original one due to the
photons subtracted by the measurement. Teleportation is performed if the two detectors simulta-
neously register photons. We show that such a CM can increase the degree of entanglement of
the transmitted modes, as well as the fidelity of the teleported state.

2.1 Basic formulas

We first consider the standard scheme of teleportation of continuous quantum variables (Fig. 1
without the beam splitters BSand BS). The entangled state shared between Alice and Bob is
supposed to be a two-mode squeezed vacuum, which, in the Fock basis, can be written as

WE) = V1= ¢"[n)iln)2, @
n=0

where the indices and2 refer to the two modes, ange (0;1). The first mode is mixed on the
50%-50% beam splitter B§in Fig. 1 with the input mode prepared in a statg Alice wishes

to teleport. Homodyne detection is performed on the two output modes of the beam splitter
BS, in order to measure the conjugate quadrature compotgraadp,. By sending classical
information, Alice communicates the measured valigsand P; to Bob, who uses the value
V2(Xo+iP;) as a displacement parameter for shifting the quantum state of the second mode of
the entangled state.
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Fig. 1. Teleportation scheme: An input state is destroyed by measurement and it appears, with certain
fidelity, at a distant mode &%..+. The essential means is the entangled state created as a two-mode squeezed
vacuum in the box ENT. The degree of entanglement is improved by CM of the numbers of photoms
no reflected at the beam-splitters B&nd BS. After mixing the input mode prepared in the statge with
the model of the entangled state, the quadrature componentandp, are measured and their values
Xo and P, are communicated by Alice to Bob via classical channels (dotted lines). Using these values
as displacement parameters for shifting the quantum state of the 2nma¢he beam splitter B3, Bob
creates the output stafe,: which imitatesgin.

For the sake of simplicity, we restrict our attention to pure states and usg theadrature-
component basisif; =271/2(a; +al), p; =—2"1/2i(a; —al), j=0,1,2]. Let the input-state
wave function be);, (x¢) and the entangled state have the wave funatigfe;, z2), so that the
initial overall wave function is

Yr(zo, 21, 72) = Yin(20)VE (71, T2). 2
Assuming the beam-splitter B®nixes the quadratures as
g0 — 2712 (31 +30), &1 — 272 (31 — 20), ©)

the transformed wave function is

Yrr(wo, 1, 22) = Pin (ml\}_;O> YE (xl\;;OJSz) . (4)

Upon measuring the quadraturgsandp,, in order to obtain the valuek, and P;, the (unnor-
malized) wave function of the modereads

¢X07P1 (332) — (27‘(‘)_1/2/d$1 e—iP1x1 win (%) wE<L\/;(O’x2) , (5)
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and the probability density of measuring the valigsand P; is given by

P(Xo, i) = [ daafis, r (o) ©)
Using the measured valugg, and P, to realize a displacement transformation on the niyde
g — @9 — V2Xo, Po— P2+ V2P, (7

the resulting (unnormalized) wave function of the mode is found to be

Vil (w2) = (27r)71/2/dx1 {eiﬂ(\/ﬁmzl)
><1/Jin<gc1 \—;?X()) wE(xl\;iXO,xg - \/§X0> } (8)

An infinitely squeezed two-mode vacuup;— 1 in Eq. (1), can be described, apart from
normalization, by the Dirac delta function,

’(/)E(xl,l‘g) —>5(.’L‘1 —372). (9)
It can easily be checked that Eq. (8) then reduces to
Yrel(T2) — Yin(w2), (10)

i.e., the input quantum state is perfectly teleported. In the realistic case of finite squeezing,
one evaluates the teleportation success by fidelity, given as the overlap of the input state with the
output one. For a given measurement outcome the fidelity is givét{ By, P;) = | (¢in|Vout)|?;

the average fidelity is then

F = /dXO/dPlP(Xo,Pl)F(XO,Pl). (11)

2.2 Conditionally entangled state

Let us now consider the full scheme in Fig. 1 in which each mode of the two-mode squeezed
vacuum is transmitted through a low-reflectance beam splitter(BS 1, 2) and the numbers

of reflected photong; are detected. Each beam splitter;BS described by a transformation
matrix

o ti T
A ( T ) (12)
with real transmittance; and real reflectance;, for simplicity. These matrices act on the oper-

ators of the input modes. After detecting photons in the reflected modes, the Fock st#tes
transform as«; < k;)

k;

k) — (—1)™ ( >Irj"jltjl’””jlkj ) (19)
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Fig. 2. Probability distribution of measuring trequadrature in the teleported quantum state for input state
[¥)in~ (la)—| — ), «=1.51; dotted line - input state; dashed line - teleported state if the entangled state

is a squeezed vacuum£0.8178); solid line - teleported state if the entangled state is the photon-subtracted
squeezed vacuum obtained by CMi Ena= 1; r1 =r2=0.15).

(for details and more general beam-splitter transformations, see [10, 12]).
The expansion coefficientéﬁ) of the entangled two-mode wave function,

a;? = (k,l]¢E) (14)

are then transformed into

E, new n (k+n1)'(l+n2)' n n E,old
a7 = (1) R Il el e a2 (15)

Note that in this form the wave function is not normalized. The sum of the squares of moduli of

the coefficients;,(ﬁ’ new) gives the probability of the measurement resultsandn,. When the

original entangled state is the two-mode squeezed vacuum, Eqg. (1), i.e.,

a7 = /1= ¢"or, (16)
then the expansion coefficients (15) of the new state read
a(E,neW) = (_1)”1%2 V13- g* (k+ny)!
kol \/k" (k+n17n2)'n1'n2'

 [ra ™ e "2 [t [Pt M T2 g S g - (17)

2.3 Discussion

Equation (17) reveals that the polynomial increase witif the expansion coefficientéﬁ’ new)
of the new entangled quantum state can, for small valugs@fercome the exponential decrease
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(qlt1t2])* and thus increase the mean number of photons. This is especially the casg jvhen

is close to unity, i.e. large transmittance of the beam splitters. The price for that is, however,
a decrease in the probability of detecting the photons. The increase of entanglement of the
conditional state has been demonstrated in [13].

We have simulated numerically the teleportation based on the conditional entangled state (17)
in place of the state (1) (for details, see [13]). In Fig. 2 we have demonstrated the achievable im-
provement of teleportation considering the interference fringes of-#headrature-component
distribution of a Schisdinger-cat-like quantum state. In the example under study, the fringe
visibility of the teleported state i86.6% for the squeezed vacuum angl.2% for the photon-
subtracted squeezed vacuum obtained by conditional measurement. Whereas the input state
shows perfect interference fringes, the teleported states have the fringes smeared and their visi-
bility decreased in general, because of the imperfect entanglement.

The results show that conditional photon-number measurement can improve the squeezing
properties of the entangled state and thus increase the fidelity of teleportation. As for any con-
ditional scheme, the required entangled state is obtained with some probability, which can be
very small. Note, however, that it does not mean that the scheme represents conditional tele-
portation: only the preparation of the entangled state is conditional. As soon as the entangled
state is known to be prepared, Alice uses it for teleporting the desired state. Teleportation is then
completed regardless of Alice’s measurement results.

3 Conditional teleportation using optical squeezers and photon counting

Besides the correlations of quadrature components, it has been realized that there are photon-
number and phase correlations in a two-mode squeezed vacuum which could also be used for
a potential teleportation protocol [11]. In the scheme in [11] it is assumed that (single-event)
measurements of the photon-number difference and the phase sum of the two modes on Alice’s
side are performed. The obtained information is then sent to Bob who has to transform the
quantum state of his mode by appropriate phase and photon-number shifting, thus creating the
teleported state. The scheme is conditional, as for some measured photon-number differences
Alice’s original state cannot be re-created by Bob.

Unfortunately, the scheme in [11] requires phase-sum measurements for which no methods
have been known so far. In this section we suggest a viable modification of the scheme which
is based on (single-event) photon-number measurements on the output of a parametric amplifier
(squeezer). The scheme is also conditional, and it applies to certain classes of quantum states.
Even though the scheme is not universal, it can produce (for the same degree of squeezing)
for some states higher teleportation fidelities than the scheme based on quadrature-component
measurements [5].

3.1 Teleportation scheme

Let us consider the scheme sketched in Fig. 3. The entangled state is a two-mode squeezed
vacuum produced by the first parametric amplifier from the vacuum stdtteing the squeezing
parameter. One of the two output modes of the first parametric amplifier is then used as one
of the input modes of the second parametric amplifier (squeezing paraff)eterd the mode

whose quantum stafe,) is desired to be teleported is the other input mode. Alice measures
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Fig. 3. Teleportation scheme based on photodetection in outputs of Alice’s squeezer.

the photon numbers andn + d (d > —n) at the output of the second parametric amplifier and
communicates the result to Bob. Owing to Alice’s measurement, the state of the mode that was
sent to Bob from the first parametric amplifier has been projected onto théystate Bob now
reproduces the input state by means of the transforma&ld@uQ: |tse1), Where the operator
A shifts the photon number according to the measured photon-number diffédénce

The three modes are initially (i.e., before they enter any of the parametric amplifiers) prepared
in the state$yiy ), |0), and|0), where the statg)y,) that is desired to be teleported can be written
in the Fock basis as

i) = > k) (k[tin)- (18)
k
After passing the parametric amplifiers and detectirgndn’ photons in the outgoing modes
(modesD and1) on Alice’s side, the state of Bob’s mode (md2as
|1/)out>2 = P’%O<n|1<n’|5’01(6)5’12(04)|1/1m>0|0>1|0>2, (19)

whereP is the probability of that measurement event. The two-mode squeeze op&ydtoris
given by

Skl(a) = exp (a*dkdl - adld}) , (20)
with G (&L) being the photon destruction (creation) operator ofitemode. It can be written
in the Fock basis as

k(] 1|8 (@) )| )1 = S g €1 70

(= 1) vl gy Sbe)” (tanh o)™

(cosh |a|)nt1
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min{m’ '} (— sinh? |a|) -

SR DB i e e A

j=max{0,n'—n}

(21)

wherea = |ae??=. For the following it is useful to introduce the coefficients
S (d; @) = g (m + d| 1 (m| S (@) [m’ + d)|m’),
= w(m|i(m + d|Su(a)|m’)e|m’ + d)
= /m=mea ()™ St/ m4-d) ! (m! +d)!
(tanh [afym+m ML Ging? |a])

(cosh [af)**! =) m’ = )N d+5)!

(22)

=0

The properties of the conditional quantum staig.:), EqQ. (19), in which the modgis pre-
pared after the detection efandn’ photons in the modesand1 respectively, are qualitatively
different for different sign of the observed differente n’ —n. In the case wher <0 is valid,
then from Eq. (19) together with Eq. (22) it follows tht{ut )2 — |[Yout))

(m[tpons) = P~ 14(|d]; 8) S (05 @) (m+|d][thin), (23)

where the detection probability is given by
P = |Sp 1 (|dl; B)PISE (05 @) * (et |d] [in) (24)

In the second case whe>0 is valid, we derive

(M| tout) { P=38"  (d; B)SE(0; ) (m—d|tbin), m > d, 2
0, m <d,
where
P = 3 IS5 _aldi B) PISE (0 00 (m—dln) . (26)

m>d

From an inspection of Egs. (23) and (25) we see that when the coeffiGBnté Syt and
S 453", respectively, change sufficiently slowly with, then the statéy..), Eq. (19), imi-
tates the statg);, ), Eqg. (18), but with asshifted Fock-state expansiomhere the shift parameter
is just given by the measured photon-number differethc®bviously, if d < 0 then the state
|ous) dOes not contain any information about the Fock-state expansion coefficienfshe
state|yy,) for k< |d|. With regard to teleportation, this means that the method is conditional.
Successful teleportation of a quantum state whose Fock-state expansion starts with the vacuum
can only be achieved if the number of photons detected in the masl@ot smaller than the
number of photons detected in the mddeThis limitation is exactly of the same kind as in the
scheme in [11]: the teleportation fidelity tends sharply to zero as the photon-number difference
exceeds some (state-dependent) threshold value.
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To complete the teleportation procedure, Bob transforms the Btaie) applying on it
photon-number shifting. Thus, the teleported state is

| Efllgpey) if d <0,
[Pte1) —{ Bl i d > 0, (27)
where
E=> |n)n+1]. (28)

The teleportation fidelity is then given by
F = [($in|tbter) |- (29)

For d 0, the teleportation scheme requires a realization of the transformafiams £
Unfortunately, there has been no exact implementation of these transformations in quantum op-
tics so far. Photon adding and subtracting are transformations that are very close to the required
ones. They are based on conditional measurement and could be realized using presently available
experimental techniques [14]. Their use of course reduces the efficiency of the scheme. Thus,
the scheme may be presently confined to the case whete

3.2 Discussion

From Egs. (23) and (25) together with Egs. (27) — (29), the main results can be summarized as
follows. (i) Fock states can perfectly be teleported, i.e., the fidelity, Eq. (29), is equal to unity,
which follows from the fact that parametric amplifiers conserve the photon-number difference.
Therefore, high teleportation fidelities can also be expected for states with small photon number
dispersion. For such states our method may be more suitable than the method in [5], where
teleportation via measurement of conjugate quadrature components is realized. On the other
hand, high teleportation fidelities are not expected for states with large mean photon number
and large photon-number dispersion. In particular, for teleportation of highly excited coherent
states or phase squeezed states the method in [5] may be more suitdble.comparison to

the method in [11], our scheme does not require phase shifting of the outpulysfate The
squeezing parametessand 3 can be chosen such that the coeﬁicieﬁﬁs"dlsg” andS? _ St

in Egs. (23) and (25), respectively, are real, so that the Fock-state expansion coefficients )

have the same phase as the coefficiéntst |d||¢:,). (ii7) A high teleportation fidelity can be
expected, provided that the values of the coefficié‘ﬁﬁ‘d‘sg” andS? _,Sg* vary sufficiently

slowly with m in the relevant range of the Fock-state expansion of the input gtate On

the other hand, in ranges where the coefficients change rapidly, reliable teleportation cannot be
achieved.

Although our method is realizable in principle, there are several non-trivial experimental
challenges. First, precise photodetection is needed, i.e., detectors are required that are able to
distinguish between different photon numbers. This does not only concern Alice’s measure-
ment but also Bob’s photon-number shifting, e.g., by means of photon adding and subtracting.
Second, the photodetection should be sufficiently mode-selective, i.e, one must be able to distin-
guish whether an incident photon comes from the mode under study or from another part of the
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spectrum generated by the parametric amplifiers. A central problem in any scheme that exploits
quantum coherence is that of decoherence due to unavoidable losses. The effect of decoherence
may be reduced, if the squeezing strengths are reduced. However, using smaller squeezing de-
creases the available teleportation fidelity, so that one has to find an optimum regime for the
teleportation of a given class of states, the losses in the scheme, and the required fidelity.
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