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POINCARÉ HALF PLANE

A. Jellal �
The Abdus Salam International Centre for Theoretical Physics, P.O. Box 586, Trieste-Italy
Laboratory of Theoretical Physics, Faculty of Sciences Ibn Battouta Street, P.O. Box 1014,

Rabat-Morocco �
Received 27 November 1999, in final form 21 February 2000, accepted 22 February 2000

It is shown that the presence of the quantum group symmetry ���������� in the quantum Hall
effect on the Poincare upper half plane governs the degeneracy of the lowest Landau level. It
is also shown that the relation between the degree of degeneracy and the cyclic representation
of �� � ����� appears in accordance with � being a � th root of unity.

PACS: 73.40.Hm, 02.20.-a

Recently, many studies have been carried out for the applications of the quantum groups
[1, 2] in several areas of condensed matter physics. Typically, Landau problem (i.e. charged
particle with mass � moving in a constant magnetic field) [3] and fractional quantum Hall effect
(FQHE) [4]. For instance, the discovery of the quantum algebra ��� � ���
	 , which can be viewed as
a � -deformation of classical Lie algebra ������� 	 , in the above stated systems [5, 6, 7, 8, 9, 10].

In the past few years, the representation theories of the quantum groups have attracted the
attention of only not the mathematicians but also of the physicists, which are more interested in
its application in physics. Among them, Wiegmann et al [11], Faddeev et al [12] and Hatsugai
et al [13] have accomplished their remarkable works in the respect. In Ref. [14], the study of
the degeneracy of the Landau levels of two dimension electron in magnetic field moving on the
plane was achieved by using the cyclic representation of the quantum group ���!�����
	 .

It is interesting to note that the fractional quantum Hall effect on the compact Riemann sur-
faces has captured considerable interests, and in special the upper half plane with the Pioncare
metric. With this subject, Iengo et al [15] and Alimohammadi et al [9] carried out their original
exploration. Certainly it is still very interesting to look for more applications of the quantum
groups in this kind of the non-flat surfaces.

In this paper, studies on the degeneracy of the lowest Landau level of a particle, in presence
of a constant magnetic field, moving on the Poincare upper half plane in the context of the
quantum group symmetry ��� � ��� 	 has been carried out. In particular, with the help of the cyclic
representation of ��� � ���
	 , the degree of degeneracy of the lowest Landau level is determined."
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To begin, Let us consider a spinless particle of mass � interacting with a covariantely con-
stant magnetic field

�
, moving in the Poincare upper half plane ���������
	���������������

characterized by the following metric [16]

� � � �
� 	 ��� � ���
� � � (1)

In the symmetric gauge ��� �!�#"� �%$�'& and in the convention �(� � , the Hamiltonian of
this system can be written as

) �+*,���.-0/-1�32 $� � � -1�4/- 	 � $657 � (2)

where � , /� denote the position of electron in the Poincaré upper half plane � � 	 and -�� 88:9 ,/-�� 88�;9 are the partial derivatives with respect to � , /� , respectively. It may be noted that the

ground state wave functions of this Hamiltonian corresponding to the eigenvalue $ 7 are given by
the solutions of the following equation

<>= � � -?�
�
� @� 	

= �A� � (3)

It is convenient to introduce two operators B and C as follows [9]

BD�AE � �CF��EFG �� E � � (4)

where the operators E � and E � take the form

E � ��-1� /-6�E � ���H-I� /� /- �
(5)

It leads to the following relation
J BK�LCNM��+O � (6)

Now we are in position to define the symmetry operators of the above Hamiltonian in terms
of the defined operators B and C . For a given vector PQ� � P � �RP � 	 of the Poincaré upper half plane� � 	 , let us consider the following operators

S�T ��U T'VRW@XYT 5NZ.[ P � �RP �]\_^ � (7)

with the multiplication law given by

S�T:S�` ��U
V
5
T�ab` ScTLXd`

� (8)

Then using Eq.(7), it is seen that these operators commute with the Hamiltonian Eq.(2), i.e.,
J S�T � ) M���� � (9)

The latter equation indicates that the system under consideration is invariant under the symmetry
operators

S T
.
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From the defining symmetry operators Eq.(7), it is possible to give a construction of the
quantum group symmetry ��� � ���
	 . We begin by recalling that the generators of general ��� � ��� 	
are defined by [17]J � X � � G M��

J � ��� M � �
����� ��� � G �	�F� �

�
� ��� � (10)

where the quantum symbol
J 	bM � means

J 	bM � � ��
 G ���
� G � �
V

.

The realization of the generators
� X

,
�
G and

� �
depend on two arbitrary noncolinear vectorsP and � of the Poincaré upper half plane � � 	 . To construct these generators, let us present the

following superpositions of the symmetry operators[5-10]

� X � ��� G ���� G � �
V �� G �

� � � G � � �� G � �
V �

�
X
� �	� � S�T G ` �� G � ��� � SY` G T �

(11)

Calculating the commutation relations for
���

and
���

, we can reproduce the quantum group
symmetry ��� � ���
	 Eq.(10) if we choose the � -deformed parameter to be given by the form

�]��U
V
5
T a�` � (12)

which relates � to the two arbitrary vectors P and � as in the cases of the plane [5, 10], sphere
[18] and the torus [6]. This relationship has been discussed thoroughly in ref. [9], where it is
shown that there is a possible connection between the � -deformed parameter and the so-called
filling factor characterizing the quantum Hall effect.

Now, let us return to the problem of degeneracy of the lowest Landau level in the system
under consideration. Using the defined

���
and

���
, we can show that these generators are three

conserved quantities of the present system. After some elementary manipulations, it can be
proved thatJ ��� � ) M���� �J � � � � � ) MY���b� (13)

which lead to the conclusion that the quantum group symmetry ��� � ��� 	 is the symmetry of the
present system. According to the basic principle of quantum mechanics, Eqs.(10) and (13) imply
that there is a degeneracy of the lowest Landau level in the present system.

In our case the magnetic flux is quantized, for this you can see for example ref.[15], on other
hand it is known following ref.[19] that the quantization of the magnetic flux means that the
� -deformed parameter is a root of unity, namely

���Q�+O � (14)

where � is an integer value. Then from Eqs.(12) and (14), it can be seen that

P����?�
��� 
� (15)



256 A Jellal

It may be noted that the representation of � a � th root of unity has many important properties,
like, it has cyclic representation which imply that is neither a highest weight not a lowest [20, 21]
and the irreductible representation is � -dimensional.

According to quantum mechanics, two commuting operators have a common basis, it is the
case for the operators �

�
��� and

)
. For that, let us choose a set of the eigenfunctions of the

Hamiltonian
� � � � � to be the available basis of these two operators, where �
�A� or O represents

the energy of the lowest Landau level and � is a new quantum number which labels the different
quantum states in the considered enery level. So, in this case, we can write

) � � � � � ����� � � � � �Q�
�
�
�	� � � � � � � �

����� G
	 G
�� � � � � �Q� (16)

with � � is the eigenvalue corresponding to these eigenfunctions, � and � are complex constants.
Following the representation theory of the quantum algebras at root of unity [22], the action

of the ��� � ���
	 generators of on the eigenfuctions
� � � � � can be written as follows

� X � � � � � � J �?*�� * � �AO M � � � � * OQ�Q�� O�� � � �1* O 	 �� X � � �L�1� ��� G � J �?*��?�AO M � � ��#* O]�Q��
G
� � � � � � � � � � �AOQ�Q�� ��� � � �1* �
	 �� G
� � � �I* O�� ��� � � �'�I�Q�

�
�
� � � � � � � � �

����� G
	 G
�� � � � � �Q�

(17)

where � , � and � are three complex constants which can be determined by the cyclic properties
of the representation. The dimension of the irreductible representation is just � . Therefore, it is
clear from Eq. (17) that the degree of degeneracy of the lowest Landau level is also � .

In this paper it has been disscussed that the degeneracy of the lowest Landau level of an
electron interacting with a magnetic field

�
moving on the Poincaré upper half plane is due to

the quantum group symmetry ��������� 	 . With the help of the irreductible cyclic representation of��� ����� 	 when the � -deformed parameter is a root of unity, it is found that the degree of such
degeneracy coincides perfectly with the dimension of the ��� ����� 	 representation and equals to � .
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