acta physica slovaca vol. 49 No. 4, 665 Ű 670 August 1999

SYNTHESIS OF OPERATORS:

UNIVERSAL QUANTUM GATES FOR A TRAPPED ION^∗

G. Drobnťy^{a1}, B. Hladkťy^a, V. Bu“zek^{a,b} (a) Institute of Physics, Slovak Academy of Sciences, Dťubravskťa cesta 9, 842 28 Bratislava, Slovak Republic (b) Faculty of Informatics, Masaryk University, Botanickťa 68a, 602 00 Brno, Czech republic

Received 10 May 1999, accepted 17 May 1999

We investigate physical implementations of universal quantum gates which perform arbitrary unitary transformations of unknown inputs. In particular, two approaches for synthesis of arbitrary unitary operators acting on vibrational states of a trapped ion are considered.

PACS: 03.65.Bz,42.50.Dv,32.80.Pj

1 Introduction

Remarkable progress in controlled manipulations of individual quantum systems (e.g., trapped ions and cold atoms in atomic physics and cavity QED) opens new perspectives for applications such as processing of quantum information and quantum computing which utilize fundamental principles of quantum physics [1]. There are several physical systems considered as candidates for implementation of quantum computing, for example, trapped ions [2] on which we focus our attention.

In general, processing of quantum information and quantum computing require to build from the available elementary systems quantum networks while keeping the coherent control over complex dynamics. Closely related tasks are preparation and manipulation of quantum states [1]. For example, deterministic quantumŰstateŰsynthesis procedures [3Ű5] offer an important tool to construct any desired state of quantum systems. However, a complete control of quantum systems requires engineering of arbitrary Hamiltonians which govern the unitary evolution [6, 7].

In this paper we consider realization of universal quantum gates for qubits which can be encoded in vibrational levels of a trapped ion. Our aim is to ^nd a constructive algorithm to realize an arbitrary unitary operator V̂ which transforms any unknown vibrational state |ψ⟩ of a trapped ion to |ψ^′⟩ = V̂ |ψ⟩. We assume that quantum information is stored in a ^nite number

�Presented at the 6th Central-European Workshop on Quantum Optics, ChĹateau Chudobť”n, Czech Republic, April 30 - May 3, 1999.

1E-mail address: drobny@savba.sk

0323-0465/99 cfl Institute of Physics, SAS, Bratislava, Slovakia 665 of Fock states, i.e., V̂ is de^ned only on a ^niteŰdimensional Hilbert subspace H_N spanned by vibrational number states {|0⟩, , . . . |N⟩}.

We consider two approaches for synthesis of desired quantum gates. The ^rst one is based on switching of two interaction channels in the spirit of Harel and Akulin [7]. The second one uses transparent encoding of the desired transformation matrix into numberŰstate ŞlatticeŤ of two vibrational modes (with one of the modes acting as an ancilla).

2 Engineering of unitary evolution

Recently Harel and Akulin have shown that by switching between two distant constant perturbations any desired unitary evolution of quantum systems can be attained. The power of the method has been illustrated in controlling the 1-D translational motion of a cold atom. The idea behind this method is quite general [6]. Speci^cally, as discussed by Reck et al. [7] any discrete ^niteŰdimensional unitary matrix can be decomposed (factorized) into a sequence of 2×2 matrices corresponding to beam splitter transformations. Obviously, also other decompositions are possible. We assume that the unitary operator V̂ can be written as an alternating sequence of switching between two evolution operators Û^{(p)} = exp[−iH^{(p)}τ]

V̂ = Û^{(b)}_{ξM 2} Û^{(a)}_{ξM 2} �1 . . . Û^{(b)}_{ξ2} Û^{(a)}_{ξ1} (1)

associated with two different interaction channels. To synthesize M×M unitary matrix we need M^2 independent real interaction parameters {ξ_j }^{M2}_{j=1}. The requirement suggested in Refs. [6,7] to ensure the decomposition (1) is that the set of commutators

[Ĥ^{(a)}, [Ĥ^{(a)}, . . . [Ĥ^{(a)}, Ĥ^{(b)}], [Ĥ^{(b)}, [Ĥ^{(b)}, . . . [Ĥ^{(b)}, Ĥ^{(a)}] (2)

of all orders up to M^2 form a complete basis for the M × M unitary matrices.

The sequence (1) represents the system of nonlinear equations for M^2 real interaction parameters ξ_j . For properly chosen interaction channels the task requires a technique which ensures the solution (however not unique, in general). The novel method proposed by Harel and Akulin [7] is based on an Şidentity mapŤ (with just M parameters) from which the required parameters ξ_j are found as ŞperturbationsŤ which are solutions of a set of linear equations.

In our particular case we consider an implementation of universal quantum gates for a trapped ion. The motional degrees of freedom can be well controlled via irradiating the ion by two properly aligned laser beams (e.g. along x axis) which stimulate a Raman transition. Frequency difference of the ŞRamanŤ lasers can be tuned to the electronic transition or appropriate vibrational sidebands. As alternating ŞperturbationsŤ we utilize the effective interaction Hamiltonians which are typical for recent experiments [2]: Ĥ^{(a)} = g_aF(â^†_xâ_x)|b⟩⟨c| + g^⋆_aF(â^†_xâ_x)|c⟩⟨b|, Ĥ^{(b)} = g_bâ^†_xF(â^†_xâ_x)|b⟩⟨c| + g^⋆_b F(â^†_xâ_x)â_x|c⟩⟨b|. (3) Here â_x, â^†_x are the annihilation and creation operators for the vibrational mode x (i.e., two counterŰpropagating laser beams are aligned along the x axis), |b⟩, |c⟩ are the internal electronic levels. The nonlinear term F(â_xâ_x) = e^{−η2x/2} ∑ k=0 (−1)^k η2^k_x (k+1)!k! â †k x â^k_x applies for operating the trap outside of the LambŰDicke regime; the LambŰDicke parameter is speci^ed as η_x = ω_x/(c √ 2m_aν_x) (in units with h̄ = 1); ω_x, ν_x are frequencies of the laser ^eld and vibrational mode in x direction; m_a is the mass of the ion. For more details see Refs. [2, 3]. Note that nonvanishing commutators (2) require to operate outside of the LambŰDicke regime with the nonlinear term F. The independent interaction parameters are given as ξ_j = |g_p|e^{−iφj} τ_j with j = 1, . . . , 2N^2. It means that 2N^2 real parameters represent interaction ŞlengthsŤ |g_p|τ_j and the additional set of 2N^2 real parameters are phases {φ_j } of the interaction constants g_p of the interaction Hamiltonians Ĥ^{(p)} (3) which can be properly adjusted.^2

It is worth noticing that the interaction Hamiltonians (3) cause transfer of amplitudes also outside the subspace H_N to higher number states which can be temporally occupied during intermediate steps in the sequence (1). Moreover, the practical realization of the decomposition (1) requires a truncation of the Fock space and matrices of unitary operators Û^{(p)}. Therefore, to realize the quantum gate V̂ on H_N (just for the ^rst N + 1 number states) we extend the de^nition of the matrix V from H_N to H_N0. For our particular choice N^′ = 2(N + 1) the extra diagonal elements are equal to unity and the others vanish. It means that instead of V̂ its extension V̂^′ V̂ ′ = (^ V 0 0 ^1 ) (4) is decomposed according to (1) with M = 2N^′. In this way we can reduce the error due to the ^nite-dimensional truncation of the unitary operators involved.

Let us note that the transfer of amplitudes which leads to temporal occupations of higher Fock states [during intermediate steps in (1)] invokes questions about the in~uence of decoherence on higher number states as well as validity of the Hamiltonians (3) which assume the rotating wave approximation at trap frequencies.

To avoid even temporal excitations of the number states outside of the desired ^nite-dimen-sional subspace we can consider also different encoding of qubits. Besides of the vibrational mode x we can utilize also vibrational mode y. In particular, we consider subspace with a �xed total number of vibrational quanta N − 1. As one of the ŞperturbationsŤ we can again use Ĥ^{(a)} but instead of the oneŰmode Hamiltonian Ĥ^{(b)} in (3) we use the effective twoŰmode interaction Hamiltonian [8] which has been used in an algorithm for synthesis of 2D vibrational states [5]: Ĥ^{′(b)} = g^′_bâ^†_xF(â^†_xâ_x)F(â^†_yâ_y)â_y|b⟩⟨c| + g^{′⋆}_b â^†_yF(â^†_yâ_y)F(â^†_xâ_x)â_x|c⟩⟨b|. (5) Note that both Hamiltonians Ĥ^{(a)} and Ĥ^{′(b)} commute with the operator of the total number of vibrational quanta N̂ = â^†_xâ_x + â^†_yâ_y. It means that by the sequence of switchings between these two interaction channels we can represent an arbitrary unitary quantum gate (operator) which acts on the �nite dimensional subspace spanned by N + 1 twoŰmode number states {|N, 0⟩, . . . |0, N⟩}. This approach completely avoids temporal occupations of the states outside of the original Hilbert subspace.

In the next section we discuss brie~y another approach based on a direct encoding of the desired operator V̂ into the ŞlatticeŤ of twoŰmode number states as introduced in [5].

2The interaction constants g_p ∼ E�_a E_b/Δ where E_p are complex laser amplitudes and Δ is a detuning of the lasers from the off-resonant level of the Raman transition. In other words, the phases φ_j can be adjusted as a phase difference of the laser beams. On the other hand, if only interaction times {τ_j } are considered as adjustable parameters the sequence (1) has to be doubled up to M = 2N.

3 Constructive algorithm for synthesis of operators

Another kind of the implementation of the unitary transformation V̂ is based on the mapping

|ψ, 0⟩^{V̂}−→|0, ψ^′⟩ = |0, V̂ ψ⟩ of twoŰmode vibrational states. In particular, we consider the ion to be con^ned in 2D trapping potential and we utilize the vibrational mode y as ancilla. Schematically we can write the realization of the transformation V̂ as the mapping |0, ψ^′⟩ ⊗ |b⟩ = (N + 1)^{−1/2}P̂_{|b⟩} B̂ Â |ψ, 0⟩ ⊗ |a⟩ (6) where |a⟩ is the third (auxiliary) electronic level. The operators Â and B̂ represent a sequence of four types of unitary operations (see below) and the ^nal projection P̂_{|b⟩} on the state |b⟩ selects conditionally the right outcome.

Besides the interactions (3) we utilize two additional interaction channels associated with laser stimulated interactions. Namely, the following (effective) interaction Hamiltonians: Ĥ^{(1,m)} = (Δ_y + ŝ_x)(|a⟩⟨a| − |b⟩⟨b|) + g_1|a⟩⟨b| + g^⋆_1 |b⟩⟨a|, (7) Ĥ^{(2)} = g_2â^†_yF(â^†_yâ_y)|b⟩⟨c| + g^⋆_2â_yF(â^†_yâ_y)|c⟩⟨b|, Ĥ^{(3)} = Ĥ^{(a)}, Ĥ^{(4)} = Ĥ^{(b)}

are considered. The dynamical Stark shift described by the operator ŝ_x = ∑ m s_m|m⟩_x⟨m| with s_m = χ [ 1 + e^{−2η2x} L^0_m(4η^2_x) ] is induced by a detuned standingŰwave laser ^eld applied in x direction [4]. For χ ≫ |g_1| and the detuning of the laser ^eld in the y direction Δ_y = −s_m the effective Hamiltonian H^{(1,m)} resonantly addresses only the states with ^xed number m of excitations in the mode x [4].

Step A. To be more explicit, the complex operator Â in (6) denotes ŞwrittingŤ of the matrix V_{n,m} (multiplied with the amplitudes of unknown state |ψ⟩ = ∑ m c_m|m⟩) into the 2D vibrational ŞlatticeŤ of number states |m, n⟩. This writing is done Şcolumn by columnŤ for the subspaces (columns) with a ^xed number m of phonons in the x direction [particular columns are selected by means of H^{(1,m)}]. After the action of Â the entangled state of the whole system becomes |ψ^A⟩ = N,N∑ m,n=0 V_{n,m}c_me^{iφAm} |m, n⟩ ⊗ |a⟩. (8)

The operator Â can be written as

Â = ∏^N_{m=0} Û^{(1,m)}_{−π/2 exp(iϕm)}Â(m)Û^{(1,m)}_{π/2} , Â(m) = Û^{(2)}_{|m,N;b⟩}Û^{(3)}_{|m,N−1;c⟩} . . . Û^{(2)}_{|m,1;b⟩}Û^{(3)}_{|m,0;c⟩}. (9) The subscript of the unitary transformation Û^{(1,m)}g_1τ indicates the required setting of the corresponding interaction parameter g_1τ = |g_1τ|e^{iϕm} (for clarity, all explicit expressions for parameters are given in the LambŰDicke limit η_{x(y)} → 0). For other transformations Û^{(p)}_{|Φ⟩} (p = 2, 3) the subscripts denote steps in 1D quantum-state synthesis as explained below.

According to Eq.(9), we can select the column with m phonons in x direction by means of Û^{(1,m)}_{π/2} which ~ips the electronic level |a⟩ to |b⟩. On the selected column we apply 1-D quantum state synthesis as the action of the operator Â(m) which ŞpreparesŤ the superposition ∑_N n=0 V_{n,m}|m, n⟩⊗|b⟩. After that the level |b⟩ is ~ipped back to |a⟩ as we apply Û^{(1,m)}_{−π/2 exp(iϕm)} (choosing also the proper phase factors ϕ_m [5]).

The appropriate interaction parameters for the involved 1-D quantum state synthesis can be found when we solve the inverse task based on ŤsweepingŤ down the probability from the component states of the given superposition in the y mode into the vacuum: |m, 0⟩ ⊗ |b⟩ = Â†(m) ∑_n V_{n,m}|m, n⟩ ⊗ |b⟩. Thus the subscripts of the unitary operators Û^{(p)}_{|Φ⟩} (p = 2, 3) in

(9) indicate that the interaction parameters g_pτ = e^{iϕ}|g_pτ| are chosen in such way that after the action of the Û^{†(p)}_{|Φ⟩} the amplitude (population) of the component state |Φ⟩ becomes equal to zero (see Ref. [3] for details).

Note that we apply the stateŰsynthesis procedure only in y direction and the resulting state (8) remains unknown. After the action of Â the matrix elements V_{n,m} are encoded into columns of the 2D vibrational ŞlatticeŤ of number states |m, n⟩. In the next step an appropriate superposition within ŞrowsŤ of the 2D vibrational numberŰstate ŞlatticeŤ is performed. Step B. The operator B̂ makes the proper superpositions of the amplitudes within the particular rows (subspaces with ^xed number n of phonons in y direction) of the vibrational ŞlatticeŤ. The resulting amplitudes of the states |0, n⟩ ⊗ |b⟩ (n = 0, ...N) are proportional to c^′_n = ∑ m V_{n,m} c_m. The state of the system |ψ^B ⟩ = B̂|ψ^A⟩ after this synthesis step reads |ψ^B ⟩ = 1 √ N + 1 |0, ψ^′⟩ ⊗ |b⟩ + N−1∑ m,n=0 z_{m,n}|m, n⟩ ⊗ |a⟩. (10) The operator B̂ can be written in the form

B̂ = [∏_{N−1} m=0 B̂(m) ] Û^{(1,N)} −iπ/2, B̂(m) = Û^{(1,m)}_{−i arctan(1/√N+1−m)}Û^{(3)}_{−iπ/2}Û^{(4)}_{−iπ/(2√m+1)}.

(11)

The operator B̂ acts in ŞparallelŤ on the rows with different n. First, the operator Û^{(1,N)}_{−iπ/2} transfers the population from the internal level |a⟩ to |b⟩ only on the column with m = N phonons in the mode x. Further, this population is transfered to the level |b⟩ on the neighboring column with m = N − 1 performing the transformations Û^{(3)}_{−iπ/2}Û^{(4)}_{−iπ/(2}√_{m+1)}. The equal superposition of the amplitudes V_{n,m}c_m and V_{n,m−1}c_{m−1} for m = N is obtained after action of Û^{(1,m−1)}

−i arctan(1/ √ 2), i.e. undergoing one half of the Rabi ~ipping. Decreasing m (the

number of quanta in the mode x) the basic sequence B̂(m) is recurrently repeated. Note that Û^{(1,m)}

−i arctan(1/ √ N−m+1) adds the amplitude Vn,mcm (with a proper weight) to previously super-

posed amplitudes ∑_N k=m+1 Vn,kck while performing an adequate part of the Rabi ~ipping.

Step C. Comparing the state |ψ^B ⟩ (10) with the desired one we can see that the target state is entangled to the internal level |b⟩ and undesired component states |m ≠ 0, n⟩ to |a⟩. Therefore we can perform a conditional measurement to project the state vector (10) on the internal level |b⟩.^3 3The internal state can be determined by driving transition from |a⟩ to an auxiliary level |r⟩ and observing the ~uorescence signal.

In spite of the conditional selection this algorithm is universal. Both the sequence of the ŞelementaryŤ operations which represents the desired transformation (choosing appropriate interaction parameters) and the probability of the right outcome are independent of input (unknown) states.

4 Conclusions

One of the important applications of the synthesis of operators is a realization of universal quantum gates for qubits which can be encoded into vibrational levels of a trapped ion.

We have discussed two different approaches for synthesis of unitary operators for a trapped ion. The ^rst one is based on a sequential switching of two different interactions. It was shown that to avoid temporal occupations of the states outside of the ŞtargetŤ Fock subspace a twoŰmode arrangement has to be required. The second approach is more transparent. This constructive algorithm involves a direct encoding of transformation matrices into the ŞlatticeŤ of twoŰmode numbers states. However, a conditional selection of the right output is required. Both approaches are applicable outside of the LambŰDicke regime with the number of elementary operations which scales as N^2.

Acknowledgments We thank Gil Harel and Vladimir Akulin for correspondence, and Jason Twamley for discussions. This work was supported in part by the Slovak Academy of Sciences (project VEGA), by the GACR (201/98/0369), and by the Royal Society.

References

[1] See the special issue on Quantum State Preparation and Measurement, edited by W.P. Schleich and M.G. Raymer, in J. Mod. Opt. 44, no. 11/12 (1997); special focus issue on Quantum Computing/Quantum Cryptography - Message Coding with the Help of Quantum Mechanics, edited by S.L. Braunstein, in Fortschr. Phys. 46, no. 4/5 (1998) [2] J.I. Cirac, P. Zoller: Phys. Rev. Lett. 74 (1995) 4091; for review articles on trapped ions see D.

Leibfried et al.: J. Mod. Opt. 44 (1997) 2485; D.J. Wineland et al.: Fortschr. Phys. 46 (1998) 363; and references therein [3] C.K. Law, J.H. Eberly: Phys. Rev. Lett. 76 (1996) 1055; S.A. Gardiner, J.I. Cirac, P. Zoller: Phys.

Rev. A 55 (1997) 1683 [4] B. Kneer, C.K. Law: Phys. Rev. A 57 (1998) 2096 [5] G. Drobnťy, B. Hladkťy, V. Bu“zek: Phys. Rev. A 58 (1998) 2481; B. Hladkťy, G. Drobnťy, V. Bu“zek:

quant-ph/9905049 [6] S. Lloyd: Phys. Rev. Lett. 75 (1995) 346; S. Lloyd, S.M. Braunstein: ibid. 82 (1999) 1784 [7] G. Harel, V.M. Akulin: Phys. Rev. Lett. 82 (1999) 1; M. Reck, A. Zeilinger, H.J. Bernstein, P.

Bertani: ibid. 73 (1994) 58 [8] J. Steinbach, J. Twamley, P.L. Knight: Phys. Rev. A 56 (1997) 4815