acta physica slovaca vol. 49 No. 4, 567 Ű 578 August 1999

THE ISSUE OF PHASES IN QUANTUM MEASUREMENT THEORY^∗

Arun Kumar Pati^1 SEECS, Dean street, University of Wales, Bangor LL 57 1UT, UK Theoretical Physics Division, Central Complex, BARC, Mumbai - 400 085, India

Received 21 May 1999, accepted 24 May 1999

The issue of phases is always very subtle in quantum world and many of the curious phenomena are due to the existence of the phase of the quantum mechanical wave function. We investigate the issue of phases in quantum measurement theory and predict a new effect of fundamental importance. We call a quantum system under goes a quantum Zeno dynamics (QZD) when the unitary evolution of a quantum system is interrupted by a sequence of measurements. In particular, We investigate the effect of repeated measurements on the geometric phase and show that the quantum Zeno dynamics can inhibit its development under a large number of measurement pulses. It is interesting to see that neither the total phase nor the dynamical phase goes to zero under large number of measurements. This new effect we call as the Şquantum Zeno Phase effectŤ (QZPE) in analogous to the quantum Zeno effect (QZE) where the repeated measurements inhibit the transition probability. This Şquantum Zeno Phase effectŤ can be proved within von Neumann’s collapse mechanism as well as using a continuous measurement model. So the effect is really independent of any particluar measurement model considered. Since the geometric phase attributes a memory to a quantum system our results also proves that the path dependent memory of a system can be erased by a sequence of measurements. The QZPE provides a way to control and manipulate the phase of a wave function in an interference set up. Finally, we stress that the quantum Zeno Phase effect can be tested using neutron, photon and atom interference experiments with the presently available technology.

PACS: 03.65.Bz

1 Introduction

A theory with mathematical formalism of strong foundation, yet incapable of yielding a unique interpretation is the quantum theory of the present century. At the heart of the quantum theory lies the principle of linear superposition and the postulate of wavefunction collapse, which have given rise to several paradoxical problems over the years. We are confronted with two types

�Presented at the 6th Central-European Workshop on Quantum Optics, ChĹateau Chudobť”n, Czech Republic, April 30 - May 3, 1999.

1E-mail address: akpati@sees.bangor.ac.uk

0323-0465/99 cfl Institute of Physics, SAS, Bratislava, Slovakia 567 of basic dynamical evolutions in quantum theory, namely, one is the unitary, reversible evolution leading to deterministic solutions and other is non-unitary, irreversible evolution leading to probabilistic predictions. The former is referred to as Schrĺodinger evolution and the latter corresponds to von Neumann’s collapse mechanism in the standard ŞCopenhagen interpretationŤ of quantum theory. These two types of dynamical evolution cannot be reconciled. The combination of unitary and reduction mechanism on a quantum system give some interesting effects. The unitary evolution creates a linear superposition of all possible eigenstates and measurement leads to the collapse of the linear superposition to a particular eigenstate corresponding to the eigenvalue of the observable being measured. On the other hand, if the unitary evolution is interrupted successively at short time intervals by measurements (we call such a dynamics as quantum Zeno dynamics (QZD)) the quantum system continues to remain in its initial state. This inhibition of quantum transition under frequent observations in rapid succession is called quantum Zeno effect (QZE). Misra and Sudarshan [1] were the ^rst to predict the QZE for an unstable quantum system resulting in the inhibition of decay. There were various proposals to test the prediction of QZE. Due to a recent proposal of Cook [2], Itano et al. [3] have veri^ed the inhibition of a quantum transition in Be^+ ions which are laser-cooled and trapped in a Penning trap. These kind of set ups provide a clean environment to test fundamental and delicate quantum predictions.

One of the basic postulate in quantum theory is that to every process there is a probability amplitude. It is known that if we prepare a system in the state |Ψ_i⟩ and a measurement is performed to see if it is in a state |Ψ_f ⟩ at a later time, then the probability of transition from |Ψ_i⟩ to |Ψ_f ⟩ is given by the modulus square of the transition probability amplitude. The transition amplitude between two non-orthogonal states is given by the complex number ⟨Ψ_i|Ψ_f ⟩ whose modulus and phase (or argument) both have physical meaning. However, the issue of phase is always very subtle in the quantum world and in recent years our understanding of various phases has progressed. When we talk of phase of a state, it is the relative that is always important. The over all phase plays no role, because that gives a same ray in the Hilbert space. The relative phase difference between an initial and a ^nal state in general contains a dynamical and a geometrical phase. In brief, dynamical phase corresponds to time integral of average of the Hamiltonian and geometric phase corresponds to a path dependent term caused by the nontrivial geometry of the state space. Under QZD the transition probability is affected giving rise to QZE. It is pertinent here to ask an intriguing question: what happens to the phase under QZD? This question was ^rst realised by the present author. Speci^cally, we will be concerned with the evolution of the geometric phase under QZD. There are some deep reasons for this. First, in quantum theory the physical quantity of interest should not depend on a particular choice of gauge. The transition probability and geometric phase are in fact gauge invariant under U(1) action of the state vectors. Second, both these quantities are ray space objects and hence they are on the same footing. It is thus natural to study the behaviour of the geometric phase and not all other phases under QZD.

If the ^nal state has been obtained according to unitary and reversible dynamics, then the transition amplitude is ⟨Ψ_i|Ψ_f ⟩ = ⟨Ψ_i|U(t_f − t_i)|Ψ_i⟩. This evolution introduces non-cyclic dynamical phase and geometric phase. On the other hand if the state of the system follows non-unitary evolution due to sequence of measurements of non-commuting observables (hence the corresponding projectors also do not commute) then the system acquires a pure geometric phase. This type of geometric phase was ^rst encountered by Pancharatnam [4]. The important point here is that if the successive measurements are carried out along shortest geodesics, then |Ψ_i⟩ is in phase with |a⟩ and |a⟩ is in phase with |b⟩ but |b⟩ need not be in phase with |Ψ_i⟩. This non-transitivity of phase preserving relation is often responsible for giving rise to geometric phase [5].

It is now well known that unitary evolution introduces dynamical as well as geometric phases and evolution due to projections (measurements by non-commuting projectors) introduce only geometric phase. What is the situation when both the evolutions are present? In this paper we discuss the issue of phases in quantum measurement theory and focus our attention mainly on the geometric phases. The paper is organised as follows. In Sec. 2 we brie~y introduce the conecpts of total phase, dynamical phase and geometric phase. In Sec. 3 we investigate the behaviour of geometric phase when unitary evolution is interrupted by successive measurements of the von Neumann type. We predict that the geometric phase of the quantum system is also inhibited like the transition probability itself under quantum Zeno dynamics. The main result is that there is a ^nite, non-zero geometric phase with ^nite number of measurements which goes to zero under continuous measurement, thus erasing the memory of a quantum system. We may refer to this effect as quantum Zeno Phase effect (QZPE). In Sec. 4 we illustrate the effect with neutron spin undergoing rotation and projection. In Sect. 5 we we prove the QZPE based on a speci^c model of continuous quantum measurements. The dynamical equation is nonunitary and non-linear thereby invoking the irreversibility of the measurement process but in a sense the description was beyond von Neumann’s (orthodox) quantum mechanics. In Sec. 6 we propose an interference experiment to test the quantum Zeon phase effect. The continuous measurement version is dif^cult to implement in laboratory whereas the discrete and instantneous model can be tested by means of suitable interference experiments with neutrons or photons. In Sec. 7 the conclusion follows. An important implication of this effect is that it provides a quantum mechanical way of controling and manipulating phase shifts. In recent years controlling phase of quantum systems play a very important role in quantum information processing, so this effect could be useful in a wide variety of context.

2 Total phase, Dynamical phase and Geometric Phase

Before discussing the quantum Zeno Phase effect (QZPE) we brei~y mention what is all about the total phase, dynamical phase and geometric phase. Since we will be interested in quantum mechanical processes which involve both unitary and non-unitary operations, we will invoke the most general geometric phase de^ned by the present author. Therefore, we go beyond the one that was ^rst discovered by Berry [6] in his pioneering work on quantum adiabatic theorem. First, we brie~y sketch the adiabatic Berry phase. The Berry phase basically attributes a ŞmemoryŤ to the quantum system because it depends purely on the geometry of the evolution path thereby remembering its history. If we have a quantum system governed by an adiabatically changing Hamiltonian H(R) (with non-degenerate eigenvalue E_n(R) and eigenfunction |Ψ_n(R(t))⟩), then the wave fuction of the system acquires an extra phase given by |Ψ(T )⟩ = e^{− īh} ∫_T 0 E_n(t) dteiγ_n(C)|Ψ n(R(t))⟩, (1) where γ_n(C) = i ∮ ⟨Ψ_n(R(t))|∇Ψ_n(R(t))⟩.dR, is the Berry phase that depends only on the geometry of the path in the parameter space.

This concept was generalized to non-adiabatic, cyclic evolutions by Aharonov and Anandan [7]. Further, it was generalized to non-adiabatic, non-cyclic evolutions by Samuel and Bhandari [8]. A kinematic and group theoretic approach to geometric phase was provided by Mukunda and Simon [9]. More recently, it is shown by the present author [10, 11] that the geometric phase also arises for non-adiabatic, non-cyclic, non-unitary and non-Schrĺodinger evolutions of quantum systems. The adiabatic Berry phase and Hannay angle for open paths has been introduced by the present author in a recent paper [12].

There are also interesting developements on geometric phases by various authors in the context of measurement theory. Anandan and Pines [13] have considered a sequence of incomplete measurements and obtained a non-abelian geometric phase. Bhandari [14] has argued that in Einstein’s gedanken experiment for which path information in a double-slit interference experiment the geometric phase plays the role of a random phase which washes out the interference pattern. Pati and Lawande [15] have proved that the development of the geometric phase can be made to zero under the limit of high rate of information gain about an observable. Berry and Klein [16] have studied the geometric phase when light beam passes through twisted stacks of N polarisers or retarders and found a ^nite non-zero geometric phase in the continuum limit. Aharonov et al. [17] have shown that the back reaction due to measurement process can induce a gauge potential in the system. Recently Pati and Lawande [18] have predicted the quantum Zeno Phase effect within the collapse mechanism, which we discuss in next section. It is quite amazing that when a sequence of measurements are performed on a quantum system one can get the inhibition of geometric phase in the limit of continuous measurement.

We brie~y discuss the generalized geometric phase. Let us consider an arbitrary quantum system whose state vector |Ψ(t)⟩ ∈ H the Hilbert space of the system with ^nite or in^nite dimension. The dynamical evolution is effected by a Hamiltonian H. The state vector of the system evolves according to Schrĺodinger equation (in the absence of measurement process) ih̄ d dt |Ψ(t)⟩ = H(t)|Ψ(t)⟩. (2) Consider an arbitrary evolution (in general a non-cyclic) of a quantum system for a time T .

The ^nal state is |Ψ(T )⟩ = U(T )|Ψ(0)⟩. We know that the natural way to de^ne the phase difference between two non-orthogonal state is to take the inner product and then the argument of the inner product will give the total phase. This is the Pancharatnam way of de^ning the phase. The total phase is given by

Φ_t = arg⟨Ψ(0)|U(T )|Ψ(0)⟩ = arg⟨Ψ(0)|Ψ(T )⟩. (3)

It was shown by the present author [10] that the total phase contains a dynamical phase and a geometric phase and the corresponding expressions are given, respectively, by

Φ_d = 1 h̄ ∫_T 0 ⟨Ψ(t)|H(t)|Ψ(t)⟩ dt, Φ_g = i ∫_T 0 ⟨χ(t)|dχ(t)⟩, (4) where |χ(t)⟩ is the reference-state of the system introduced in [10, 11], given by |χ(t)⟩ = ⟨Ψ(t)|Ψ(0)⟩ |⟨Ψ(t)|Ψ(0)⟩| |Ψ(t)⟩. Here, i⟨χ(t)|dχ(t)⟩ is a connection-form whose line integral along open

path in the projective Hilbert space of the quantum system gives the desired geometric phase. This geometric phase is gauge invariant and does not depend on the detailed dynamics of the system. There could be an in^nite number of open-paths in the Hilbert space but for all of them the geometric phase de^ned above is the same for a given projection of the open-path in the projective Hilbert space of the quantum system. This phase is, in general, non-additive in nature and assigns a memory to the quantum system. It is important to note that the Berry phase and Aharonov-Anandan phase are special case of the generliased geometric phase.

3 Quantum Zeno Phase Effect within von-Neumann’s collapse postulate

In this section we discuss the quantum Zeno Phase effect using collapse postulate and unitary evolution. This has been recently predicted in [18] though the present author has conjectured it long back. Let us consider a quantum system where we have prepared it initially in one of the eigenstates of some observable O, which we are interested in measuring. The Hermitian operator O has an eigenvalue spectrum {O_n} and a complete set of eigenfunctions {|Ψ_n⟩}. The spectrum is assumed to be discrete and non-degenerate. The observable O need not commute with the Hamiltonian. We allow the system to evolve under the Hamiltonian H during the time interval [0, T ] such that one performs a series of measurements at times τ, 2τ, . . . , (N − 1)τ, Nτ = T . During the short time interval [0, τ] the system evolves unitarily. The sequence of measurements that are carried out are idealised to be discrete and instantaneous. We are interested in knowing how the geometric phase is affected due to N number of measurements on the quantum system. The fact that the geometric phase is non-additive in nature implies that the sum of the geometric phases acquired by the system from time 0 to τ, τ to 2τ ... (N − 1)τ to Nτ is not the same as the geometric phase acquired by the system from 0 to Nτ = T , unlike the dynamical phase which is additive.

Here we proceed to give a simple derivation of the result where the dependence of the number of measurement on the geometric phase can be seen explicitly. Starting from an initial state |Ψ_n⟩ the state at time τ is given by |Ψ(τ)⟩ = U(τ)|Ψ_n⟩ = e^{−iHτ /h̄}|Ψ_n⟩. (5) After performing a von Neumann measurement at time τ (denoted by a projection operator P_n = |Ψ_n⟩⟨Ψ_n|) to know whether the eigenvalue of the observable is still O_n, the state is given by |Ψ_{am1}(τ)⟩ = P_n|Ψ_n⟩ = |Ψ_n⟩⟨Ψ_n|U(τ)|Ψ_n⟩, where |Ψ_{am1}(τ)⟩ is the state of the system just after ^rst measurement at time τ. Similarly, the state of the system at time 2τ is |Ψ(2τ)⟩ = ⟨Ψ_n|U(τ)|Ψ_n⟩ U(τ)|Ψ_n⟩. When we perform second instantaneous measurement, the state after the measurement is given by |Ψ_{am2}(τ)⟩ = ⟨Ψ_n|U(τ)|Ψ_n⟩⟨Ψ_n|U(τ)|Ψ_n⟩)|Ψ_n⟩. If we proceed with N number of measurement steps, the state of the system just after Nth measurement is given by |Ψ_{amN} (τ)⟩ = ⟨Ψ_n|U(τ)|Ψ_n⟩ . . . ⟨Ψ_n|U(τ)|Ψ_n⟩|Ψ_n⟩. (6) This is the ^nal state of the system at time T under quantum Zeno dynamics. Therefore, the total phase of the system can be obtained by taking the argument of the inner product of the initial and ^nal state, in the sense of Pancharatnam. Thus, the total phase is given by

Φ^{(N)}_t (T ) = arg [ ⟨Ψ_n|U(τ)|Ψ_n⟩ . . . ⟨Ψ_n|U(τ)|Ψ_n⟩ ] , (7)

where inside the bracket we have N such products of amplitudes ⟨Ψ_n|U(τ)|Ψ_n⟩. If there is a complete set of eigenfunctions {|Φ_m⟩} coresponding to the Hamiltonian H with eigenvalue {E_m}, then we can write the each amplitude ⟨Ψ_n|U(τ)|Ψ_n⟩ as ⟨Ψ_n|U(τ)|Ψ_n⟩ = ∑ m e^{īh Emt}P_{nm}, (8) where P_{nm} = |⟨Φ_m|Ψ_n⟩|^2 is called doubly-stochastic matrix, with the property that ∑ n P_{nm} = ∑ m P_{nm} = 1.

The dynamical phase (which is an additive quantity) of the system under quantum Zeno dynamics is given by

Φ^{(N)}_d (T ) = −[⟨Ψ_n|H|Ψ_n⟩ τ h̄ + . . .] = −⟨Ψ_n|H|Ψ_n⟩N τ h̄ = − 1 h̄ ⟨Ψ_n|H|Ψ_n⟩T = − 1 h̄ ∑ m E_mP_{nm}T, (9) where we have inserted a complete set of eigenfunctions of the Hamiltonian. The dynamical phase does not depend on the number of measurements performed on the quantum system under going unitary evolution. Therefore, the dynamical phase is insensitive to the quantum Zeno dynamics.

Therefore,the geometric phase Φ_g is can now be expressed as

Φ^{(N)}_g = arg [ ⟨Ψ_n|U(τ)|Ψ_n⟩ . . . ⟨Ψ_n|U(τ)|Ψ_n⟩ ] + ⟨Ψ_n|H|Ψ_n⟩ T h̄ = N tan^{−1} [ − ∑ m E_mP_{nm}^T_{Nh̄} 1 − ∑ m E^2_mP_{nm}^{T 2}_{2N2h̄2} ] + ∑ m E_mP_{nm} T h̄ . (10)

The above expression clearly shows the dependence of the geometric phase on the number of measurements (i.e., the number of times the system’s wave-function has been collapsed) that has been performed on the quantum system.

Now the interesting situation arises, when one takes the large N limit, i.e., in the limit of continuous measurement, a continuous measurement is understood as the limit of a sequence of discrete, instantaneous measurements when the number of measurements tend to in^nity. Then the geometric phase behaves as Φ^{(N)}g lim N→∞ Φ_g (t) = lim_{N→∞} N tan^{−1} [ − ∑ m E_mP_{nm}^T_{Nh̄} 1 − ∑ m E^2_mP_{nm}^{T 2}_{2N2h̄2} ] + ∑ m E_mP_{nm} T h̄ → 0, (11)

where we have replaced tan^{−1} x = x for small x. This shows that continuous measurement in quantum Zeno dynamics setting can completely inhibit the development of the geometric phase. Since the geometric phase attributes a ŞmemoryŤ to the quantum system the above result shows that under quantum Zeno dynamics the ŞmemoryŤ of a system can be erased. It should be mentioned that QZPE is not a consequence of QZE. It is wrong to say that QZE implies stationarity of the quantum state and for a stationary state geometric phase is zero, so QZPE follows from QZE. We have shown here that under QZD neither the total nor the dynamical phase goes to zero. So QZPE is an independent, yet another non-trivial consequence of QZD. The prediction of quantum Zeno Phase effect QZPE requires only unitary Schrĺodinger evolution and the projection postulate. Recently, Pati and Lawande [19] have shown that the QZE in fact occurs for a wide class of systems, obeying non-linear, non-unitary equations and one may hope that the QZPE can also be predicted for non-linear systems.

4 Quantum Zeno Phase effect for neutron

In this section we illustrat the quantum Zeno Phase effect for the neutron spin undergoing Şfree evolutionŤ and measurement of its spin in its initial state. Let us consider a source which sends a spin-up neutron that passes through several identical magnetic ^eld regions. The magnetic ^eld could have components along all the three directions x, y and z. When the spin of neutron passes through the magnetic ^eld, it undergoes precession. During precession the spin state can acquire a geometric phase in addition to the usual dynamical phase arising from instantaneous rotation. The interaction of the spin with the magnetic ^eld B can be described by a Hamiltonian H = μσ.B, where μ is the magnetic moment, σ is the Pauli spin matrices. If the initial state is prepared in the state |Ψ(0)⟩ = | ↑⟩, then the state after a time t is given by |Ψ(t)⟩ = e^{− iμσ.} B_{h̄ t} | ↑⟩ = a(t)| ↑⟩ + b(t)| ↓⟩. (12) Here, a(t) = (cos^{ωt}_2 − in_z sin^{ωt}_2 ), b(t) = (n_y − in_x) sin^{ωt}_2 , ω =^{2μB}_{h̄} and n = (n_x, n_y, n_z) is the unit vector in the direction of the magnetic ^eld. If the evolution is not interrupted by the measurement process the non-cyclic geometric phase is given by

Φ_g (t) = − tan^{−1} ( n_z tan ωt 2 ) + n_z ωt 2 . (13)

which can be interpreted as half the solid angle subtended by the closed curve obtained by joining the end points of the open curve with a shortest geodesic. The open curve can be parametrised by the azimuthal angle ϕ = ωt and polar angle θ = cos^{−1}(n_z), on a sphere which is the projective Hilbert space for the neutron.

Let us now investigate the situation when the neutron spin is monitored N number of times during its evolution over a time period T and under going precession in several magnetic ^eld regions each with a length l (here l is very small). Let there be a device to select and detect the spin component of the neutron as in the proposed experiment to test the QZE by Nakazato et al. [20Ű22]. When neutron passes through a magnetic ^eld region for a small time τ = l/v, with v being the speed of neutron in the ^eld region), it undergoes rotation. The state of the neutron after passing through sequence of rotation and projection is |Ψ_{amN} (Nτ)⟩ = a(τ)^N | ↑⟩. Now the geometric phase shift relative to the initial state during a quantum Zeno dynamics process is given by

Φ_g (N) = −N tan^{−1} ( n_z tan ωT 2N ) + n_z ωT 2 . (14)

In the limit of large number of measurements the geometric phase for neutron spin goes to zero, demonstrating the quantum Zeno Phase effect, in conformity with our prediction.

5 Quantum Zeno Phase effect within a continuous measurement model

In this section we prove the quantum Zeno Phase effect using a continuous measurement model. Unlike the von-Neumann’s collapse mechanism, the present model does not assume the existence of projection operator which can bring an instantaneous change in the wavefunction. There are various models of continuous measurement, where one treates system and the apparatus both quantum mechanically. Further, if the apparatus is coupled to environment, then one can describe the mechanism of collapse through what is now called ŞdecoherenceŤ process. One could, for example, use the Lindbladian formalism [23] to describe the evolution of the quantum system through a reduced density matrix [24] and see how the geometric phase of the quantum system would change as the decoherence rate increases. However, this approach would need the knowledge of quantum phase for mixed states undergoing non-unitary, non-cyclic evolution, which we belive not yet de^ned. So, we take a different approach to continuous meaurement model. We consider the system to be quantum mechanical, the apparatus to be classical, and the interaction of system and apparatus is included in a phenomenological way. The system can be either be described by a wavefunction or a (pure) density matrix (because we have not integrated over the rest of the universe). The cost we have to pay is that the effective Hamiltonian of the sytem is now an non-Hermitian operator, which it has to be in order that the irreversibility arises during measurement process. We propose that the density operator ρ(t) of the quantum system obeys an equation ih̄ dρ(t) dt = [H_0, ρ(t)] − i{H_1, ρ(t)} + 2iTr(H_1ρ(t))ρ(t), (15)

where [H_0, ρ(t)] is the commutator and {H_1, ρ(t)} is the anti-commutator between corresponding operators. Here, H_0 is the free Hamiltonian of the system and H_1 is the interaction Hamiltonian which depends on the observables of the system, measurement apparatus coordinate etc. We can take in general H_1 to be

H_1 = H_1(A; Δa, a, f) = −h̄f G(A; Δa, a) (16)

where A is the observable of the system that is being measured, Δa is the accuracy with which the device records the observable, a is the result of the measurement and f is the freqeuncy of the meausurement process (the number of measurements per unit time interval). The exact form of the parametric operator G(A; Δa, a) is not speci^ed but any positive and bounded oprator would bring an irreversible change in the quantum system. The above equation is non-linear one but it preserves trace and positivity of the density matrix. In fact, the term which makes the equation non-linear, is responsible for preserving the traces during the time evolution.

If we have a pure state density operator ρ(t) = |Ψ(t)⟩⟨Ψ(t)| and take a speci^c form of the Hamiltonian H_1 = −h̄f G(^{A−a}_{Δa} ), then we can write an equation of motion for the state vector |Ψ(t)⟩ given by ih̄ d|Ψ(t)⟩ dt = H_0|Ψ(t)⟩ − i(H_1 − ⟨Ψ(t)|H_1|Ψ(t)⟩)|Ψ(t)⟩. (17)

This equation is equivalent to the one investigated by Kulaga [24] and derived using restricted path integral approach [25, 26] in the context of quantum Zeno effect. We use our density matrix equation to prove the quantum Zeno Phase effect. Let us consider the measurement of observable A which has a non-degenrate spectrum {a_n} and a complete set of eigenstates {|ψ_n⟩}. We assume for simplicity that the operator A commutes with the free Hamiltonian. With the above condition, we ^nd the solution to (15) as ρ(t) = 1 ∑ nm e^{−2f Gnt}ρ_{nn}(0) ∑ nm e^{− īh (En−Em)t}e^{−f (Gn+Gm)t}ρ_{nm}(0)|ψ_n⟩⟨ψ_m|, (18) where E_n ’s are eigenvalues of the free Hamiltonian, G_n = G(a_n; ΔA, a). To calculate the geometric phase, we need to express the generalized geometric phase in terms of the density operator ρ(t). Interestingly, such an expression has been be found by Wagh and Rackhecha [28] and is given by

Φ_g (t) = i 2 ∫ dt Tr(ρ(0)[ρ(t), ρ̇(t)])

Tr(ρ(0)ρ(t))

, (19)

which can also be obtained from our connection-form formula (4). The above formula throughs light on the quantum mechanical origin of the geometric phase. It is arises due to the noncommuting nature of the density operator and its differential. Since commutator of two Hermitian operator is a anti-Hermitian operator, we can write the above one as

Φ_g (t) = 1 2 ∫ dt Tr(ρ(0)C(t)) Tr(ρ(0)ρ(t)) = 1 2 ∫ dt ∑ nm ρ_{nm}(0)C_{nm}(t) ∑ nm ρ_{nm}(0)ρ_{nm}(t) , (20)

where C(t) = i[ρ(t), ρ̇(t)] is a Hermitian operator. On writting the density operator as ρ(t) = ∑ nm ρ_{nm}(t)|ψ_n⟩⟨ψ_m|, we can ^nd the matrix elements of C(t). It is given by C_{nm}(t) = i ∑ k (ρ_{nk}(t)ρ̇_{km}(t) − ρ̇_{nk}(t)ρ_{km}(t)) = ∑ k [2E_k − (E_n + E_m)]ρ_{nk} (t)ρ_{km}(t), (21)

where we have used the Hermiticity of the matrix elements in obtaining the above expression. Inserting the above equation into (20) and using (18) we obtain the geometric phase formula during a continuous measurement process, given by

Φ_g (t) = 1 2 ∫ dt ∑ nmk[2E_k − (E_n + E_m)]ρ_{nk}(t)ρ_{km}(t)ρ_{nm}(0) ∑ nm ρ_{nm}(0)ρ_{nm}(t) (22) = 1 2 ∫ dt 1 ∑ nm e^{−2f Gnt}ρ_{nn}(0) × ∑ nmk[2E_k − (E_n + E_m)]e^{− īh (En−Em)t}e^{−f (Gn+Gm+2Gk )t}ρ_{nn}(0)ρ_{mm}(0)ρ_{kk}(0) ∑ nm e^{− i}h̄^{(En−Em)t}e^{−f (Gn+Gm)t}ρ_{nn}(0)ρ_{mm}(0) In the limit of of high rate of information gain on the observable A, we have f → ∞. In this limit, the summations will reduce to single term for some n, m, k = n̄, if E_{n̄} = min {E_n} and G_{n̄} = min {G_n} and similarly for other indices. It can be seen from (22) that the when the limit is taken, the integrand (namely, the connection-form) goes to zero, i.e.

lim_{f →∞} Φ_g (t) → 1 2 ∫ dt 2[E_{n̄} − E_{n̄})ρ_{n̄n̄}(0) ρ_{n̄n̄}(0)

= 0. (23)

This proves that when we perform in^nity number of measurements on an observable then the geometric phase of the quantum system can go to zero, which is nothing but the inhibition of the quantum phase. But this time, we have proved it within a continuous measurement model without collapse postulate. We conjecture that the quantum Zeno Phase effect can also be proved within any model of quantum measurement. The effect seems to be independent of any particular measurement model.

6 A Proposal to test Quantum Zeno Phase Effect in experiment

A paradigm set up to measure the phase of a quantum state is through interference experiments. Here we propose a simple intereference experiment to test the quantum Zeno Phase effect using neutron. The idea can equally be applied for light passing through a sequence of polarisers and analysers. Recently the geometric phase has been measured experimentally by Wagh et al. [29,30] for neutron spin under going precession. Here, we sketch brie~y a neutron interference experiment to observe this new effect (QZPE). Let there be an incident neutron beam which is polarised along up direction and the beam is split coherently into two parts. In one arm (say 1) of the interferometer let there be several regions of magnetic ^eld and N number of detection devices. In the other arm (say 2) of the interferometer let there be a magnetic ^eld present over a distance L such that L = vT . The magnetic ^eld is applied only along zdirection (with a magnitude equal to B cos θ) just to compensate the dynamical phase shift in the interference pattern. The state of the neutron passing through the arm 1 of the interferometer is |ψ_1⟩ = K| ↑⟩ = a(τ)^N | ↑⟩, where K denotes the sequence of rotation and projection operation. The state in the arm 2 is |ψ_2⟩ = exp(−iμB cos θσ_z T/h̄)| ↑⟩. When the two neutron beams are recombined the intensity of the beam is given by I(N) ∝ |||ψ_1⟩ + |ψ_2⟩||^2 ∝ [ (1 + |a(τ)|^{2N} ) + 2|a(τ)|^N cos(Φ_g (N)) ] . (24)

This shows the interference pattern is not simply of the type 1 + cos ϕ. The modi^cation in the ^rst term is due to the non-unitary operation in the arm 1. The interference contrast and the phase shift of geometric origin depends on the number of measurements that have been performed in the arm 1 of the interferometer. This is an interesting observation and by changing the number of measurements we can have a different interference pattern. In the limit of large number of measurements |a(τ)|^{2N} = exp[−(n^2_x + n^2_y)^{ω2T 2}_{4N} ] → 1 and the geometric phase shift tends to zero, thus giving us a full maximum in the interference pattern- a consequence of the quantum Zeno Phase effect. (Interestingly, in the same set up one can test quantum Zeno effect also.)

7 Conclusion

In conclusion we have discussed various phase within quantum measurement theory. In particular, we reviewed one of our recent prediction on a new effect (Quantum Zeno Phase Effect), which says that under frequent measurements the geometric phase of any quantum system can be inhibited. This effect can be proved using collapse mechanism as well as any continuous measurement model. In future one may try to prove the QZPE using a particular model of decoherence. Interestingly, we have shown in this paper that under a QZD neither the dynamical nor the total phase goes to zero (though the later is affected under the number of measurements). Only the geometric phase goes to zero in the limit of continuous measurements when the system follows a QZD. The non-trivial result is that both the dynamical and total phase remains ^nite and geometric phase goes to zero in the limit of continuous measurements. More importantly, we have shown that under a QZD there is a �nite geometric phase which goes to zero in the limit of large number of measurement pulses. This in turn implies that repeated measurements can erase the ŞmemoryŤ of a quantum system. We have illustrated the idea for a neutron spin under going successive rotations and projections. Also we have suggested a method to observe this effect in neutron interference experiments. This can provide a new way of controlling phase shift in quantum interference set ups. We hope with the present available technology it should be possible to test the quantum Zeno Phase effect. Acknowledgments I wish to thank S. V. Lawande for encouragments and supports with whom some part of the work had been carried out in the past.

References

[1] B. Misra, E. C. G. Sudarshan: J. Math. Phys. 18 (1977) 756 [2] R. J. Cook: Phys. Scr. T21 (1988) 49 [3] W. H. Itano et al.: Phys. Rev. A 41 (1990) 2295 [4] S. Pancharatnam: Proc. Indian Acad. Science A 44 (1956) 247 [5] J. Anandan: Nature 360 (1996) 307 [6] M. V. Berry: Proc. R. Soc. A 392 (1984) 45 [7] Y. Aharonov, J. Anandan: Phys. Rev. Lett. 58 (1987) 1593 [8] J. Samuel, R. Bhandari: Phys. Rev. Lett. 60 (1988) 2339 [9] N. Mukunda, R. Simon: Ann. Phys. 228 (1993) 205 [10] A. K. Pati: Phys. Rev. A 52 (1995) 2576 [11] A. K. Pati: J. Phys. A 28 (1995) 2087 [12] A. K. Pati: Annals. Phys. 270 (1998) 178 [13] J. Anandan, A. Pines: Phys. Lett. A 45 (1989) 141, 335 [14] R. Bhandari: Phys. Rev. Lett. 69 (1992) 3720 [15] A. K. Pati, S. V. Lawande: Phys. Lett. A 223 (1996) 233 [16] M. V. Berry, S. Klein: J. Mod. Optics 43 (1996) 165 [17] Y. Aharonov, T. Kaufherr, S. Popescu, B. Reznik: Phys. Rev. Lett. 80 (1998) 2023 [18] A. K. Pati, S. V. Lawande: quant-ph/9806079 [19] A. K. Pati, S. V. Lawande: Phys. Rev. A 58 (1998) 83

578 Arun Kumar Pati

[20] S. Pascazio, M. Namiki: Phys. Rev. A 50 (1994) 4582 [21] H. Nakazato, M. Namiki, S. Pascazio, H. Rauch: Phys. Lett. A 199 (1995) 27 [22] Z. Hardil, H. Nakazato, M. Namiki, S. Pascazio: Phys. Lett. A 239 (1998) 333 [23] G. Lindblad: Commun. Math. Phys. 48 (1976) 199 [24] K. Jacobs: Topics in Quantum measurement and quantum noise, Ph.D. Thesis, quant-ph/9810015 [25] A. A. Kulaga: Phys. Lett. A 202 (1995) 7 [26] U. Tambini, C. Presilla, R. Onofrio: Phy. Rev. A 51 (1995) 967 [27] C. Presilla, R. Onofrio, U. Tambini: Ann. Phys. 248 (1996) 95 [28] A. G. Wagh, V. C. Rakhecha: Pramana-J. of Physics 41 (1993) L479 [29] A. G. Wagh et al.: Phys. Rev. Lett. 78 (1997) 755 [30] A. G. Wagh, V. C. Rakhecha: Phys. Lett. A 197 (1995) 107, 112