
acta physica slovaca vol. 48 No. 3, 199 { 205 June 1998RECONSTRUCTION OF DIAGONAL ELEMENTS OF DENSITYMATRIX USING MAXIMUM LIKELIHOOD ESTIMATION1Z. Hradil2Department of Optics, Palacky University17. listopadu 50, 772 07 Olomouc, Czech RepublicR. My�ska3Joint Laboratory of Optics of Palack�y University & Phys. Inst. Czech Acad. Sci.,17. listopadu 50, 772 07 Olomouc, Czech RepublicReceived 15 May 1998, accepted 26 May 1998The data of the experiment of Schiller et al., Phys. Rev. Lett. 77(1996) 2933, arealternatively evaluated using the maximum likelihood estimation. The given dataare �tted better than by the standard deterministic approach. Nevertheless, thedata are �tted equally well by a whole family of states. Standard deterministicpredictions correspond approximately to the envelope of these maximum likelihoodsolutions. 1. IntroductionQuantum state provides the complete information about quantum systems. Re-cently quantum tomography has been devised for prediction of quantum state on thebasis of homodyne detection with rotated basis of quadrature operators [1,2,3]. Thetechnique has been applied to analysis of realistic measurement and now, quantum statereconstruction is routinely used in various applications [4].Nevertheless, potential problems of deterministic schemes has been reported. Thepositive de�niteness of the reconstructed density matrix is not guaranteed within de-terministic data inversion yielding some nonphysical predictions. Positive de�nitenesscan be preserved using information theory [5]. The approach based on the maximumlikelihood (MaxLik) estimation is closely related to the standard treatment. Instead ofthe question: \What quantum state is determined by these data?" the question consis-tent with quantum theory reads: \What quantum state seems to be most likely ?" The1Special Issue on Quantum Optics and Quantum Information2E-mail address: hradil@risc.upol.cz3E-mail address: myskar@risc.upol.cz0323-0465/96 c
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Fig. 1. Homodyne detection and reconstructed data for coherent stategeneral formulation of the MaxLik problem was given in [6,7]. The extremum densitymatrix is given by nonlinear operator equationR̂(�̂)�̂ = �̂; (1)where R̂ =Xi fi�ii �̂i; �ii = Tr(�̂�̂i): (2)Here �̂i represents the projectors corresponding to (in general unsharp) nonorthogonalmeasurement. The measured relative frequencies are denoted here as fi;Pi fi = 1: Thestate may be reconstructed on the subspace where the projectors provide the resolutionof identity operator R̂ = 1̂. Although the form of equation (??) suggests an iterativesolution, it is not easy since the iterations need not be convergent in general. Solutionsimpli�es signi�cantly provided that the projectors �̂i commute. The diagonal elementsof density matrix in common commuting basis may be estimated very e�ectively, asshowed by Banaszek [8,9]. This numerical approach will be used here for evaluation ofthe diagonal elements of density matrix for the experiment reported by Schiller et. al[3]. All the necessary steps of general reconstruction scheme will be demonstrated onthis example.
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Fig. 2. Reconstruction of diagonal elements for coherent state2. ReconstructionThe diagonal elements of density matrix only will be reconstructed. Data corre-sponding to the random{phase homodyne detection [10] are su�cient for this purpose.Projectors enumerated by position are given as�̂(x) = 12� Z 2�0 d�jx; �ihx; �j: (3)They commute and are complete on the full interval x 2 (�1;1): Nevertheless, anyrealistic measurement will register only a �nite sampling of discrete decomposition.Denoting the position of a particular bin in x{coordinate as xi; the projectors in numberstate basis read�̂(xi) = �x 1Xn=0 nXk=0�k(xi)�k(1� �)n�k�nk�jnihnj; (4)�k(x) = 12kk!p� e�x2H2k(x): (5)Here � denotes the e�ciency of counting of photoelectrons, enumerated by index kand �x is the width of the bin. This detection of discretized quadrature componentsreproduces the identity operator as R̂ =Xi �̂(xi): (6)
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�Q��!Fig. 3. Histogram of relative entropies and moments of particle number operator for variousMaxLik estimates.Diagonal elements of R̂ in number state basis shows the subspace where this operatorequals approximately to identity. Here the reconstruction may be done applying theMaxLik procedure. Relative entropy (log of likelihood function)K(�=f) = �Xi fi ln �iifi � 0 (7)shows how the given state approaches the ideal condition �ii = fi: Provided that thiscondition is met, the relative entropy equals to zero. In the following the relativeentropy will be evaluated for various states and given data fi: For comparison, therelative entropy will be expressed in % with respect to the entropy of measured data,S(f) = �Pi fi ln fi:The data corresponding to measurement of coherent and squeezed state will be con-sidered explicitly. All the calculations has been done for an overall e�ciency � = 0:85here. The Fig. 1 plots the data measured by random{phase homodyning and recon-structed data using deterministic and MaxLik approaches. The reconstruction of diag-onal elements of density matrix in number state basis is plotted in the Fig. 2. Deter-ministic reconstruction yields slightly nonphysical results indicated by several negativediagonal elements obtained. A typical MaxLik estimation of diagonal elements is plot-ted in the upper right panel. However, the estimates depend on the starting point ofthe iteration process. The procedure has been repeated 100 times with di�erent start-ing points. The average of all estimates is plotted in left bottom panel of the Fig. 2.
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Fig. 4. Homodyne detection and reconstructed data for squeezed stateDiagonal elements R(n) plotted in the right bottom panel of the Fig. 2 deliminate thesubspace for reconstruction as nedge = 50.The MaxLik estimates �t the measured data obviously better. While the relativeentropy for the deterministic \state" is about K(�=f) � 1:6% of the value S = 4:717;the relative entropy of the MaxLik estimates 
uctuates around the value 0:31% of theentropy S only. The histogram of relative entropies is plotted in the left upper panel ofthe Fig. 3. Signi�cantly, all these states �t well the input data and there is no observabledi�erence in �tted data statistics. Other panels show the uncertainty of moments forvarious MaxLik estimations. Moments are normalized with respect to the average ofall the MaxLik estimates (denoted by index AV ). The x{coordinate represents thedeviation of the moments hn̂ki=hn̂kiAV � 1 for k = 1; 10; 50: All the low momentsare estimated very sharply within the accuracy 10�2%: However, the 50{th momentsalready 
uctuate within 30%: The average number of particles is estimated here as�nMaxLik � 29:6: The value obtained from the deterministic approach is �ndet � 25:6; i.e.30:1 considering e�ciency �:Similar analysis may be done for the data corresponding to squeezed state. Thehistogram of random-phase homodyne detection and reconstructed data are plotted inthe Fig. 4. The dimension of subspace for reconstruction is about nedge = 100 (notplotted here). The reconstructed diagonal elements are shown in the Fig. 5. Thedeterministic reconstruction has been considered on too small subspace as seen on theupper left panel. The MaxLik estimation has been done 100 times on a 75 dimensionalsubspace, because the higher dimension is out of the range of our program. While



204 Z. Hradil, R. My�ska
� � �� �� ��

����
���
����
���
����
���

67$1'$5'�(67,0$7,21

� �� �� ���

����

���

����

���

����

0$;/,.��(67,0$7,21

� �� �� ���

����

���

����

���

����

$9(5$*(�2)�0$;/,.�(67,0$7,216

Q

3�Q
�

Fig. 5. Reconstruction of diagonal elements for squeezed state
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�Q��!Fig. 6. Histogram of relative entropies and moments of particle number operator for variousMaxLik estimates



Reconstruction of diagonal elements... 205deterministic estimation is characterized by the relative entropy Ksq(�=f) � 15% ofthe value S = 4:02; the relative entropy of MaxLik estimates 
uctuating around thevalue 0:15% are considerably better. The histogram of relative entropies is plotted inthe upper left panel of the Fig. 6, the other panels show the uncertainty in momentsof various MaxLik estimates. The value of moments is again related to the averagedMaxLik estimate as in the Fig. 3. 3. ConclusionThe MaxLik procedure �ts the measured data better than the deterministic scheme,but the results are not single valued. Instead of a single state predicted by the determin-istic scheme, there is a family of states �tting the data equally well. Hence the MaxLikstate reconstruction is more uncertain in comparison to the deterministic prediction.However, this uncertainty corresponds to the probabilistic nature of quantum theory.Measured data do not determine an unique state and the reconstruction has to take itinto account.Acknowledgements This work was supported by the TMR Network ERB FMRXCT96-0057 \Perfect Crystal Neutron Optics" of the European Union and by the grant ofCzech Ministry of Education VS 96028. We are grateful to S. Schiller and G. Breiten-bach for providing us their data. References[1] K. Vogel, H. Risken: Phys. Rev. A 40 (1989) 2847[2] D.T. Smithey, M. Beck, M.G. Raymer, A. Faridani: Phys. Rev. Lett. 70 (1993) 1244[3] S. Schiller, G. Breitenbach, S.F. Pereira, T. M�uller, J. Mlynek: Phys. Rev. Lett. 77(1996) 2933[4] U. Leonhardt: Measuring of the Quantum State of Light (Cambridge University Press,Cambridge, 1997)[5] V. Bu�zek, G. Adam, G. Drobn�y: Phys. Rev. A 54 (1996) 804[6] Z. Hradil: Phys. Rev. A 55 (1997) R1561[7] Z. Hradil, J. Summhammer, H. Rauch: \Quantum tomography as normalization of in-compatible observations", submitted to Phys. Rev. Lett.[8] K. Banaszek: \Maximum{likelihood estimation of photon number distribution from ho-modyne statistics", to appear in Phys. Rev. A 1998[9] K. Banaszek; in this issue of acta physica slovaca 48 (1998) 185[10] M. Munroe, D. Boggavarapu, M. E. Anderson, M. G. Raymer: Phys. Rev. A 52 (1995)R924


