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We show that the distribution of information at the output of the quantum cloner
can be efficiently controlled via preparation of the quantum cloner. We present
a universal cloning network with the help of which asymmetric cloning can be
performed.

1. Introduction

An unknown pure state of a qubit can be “swapped” between two parties (Alice and
Bob) by a unitary transformation. To be specific, let us assume that Alice has a qubit
initially prepared in a pure quantum state |¥),,

[¥)ap = @0]0)ay + a1(1)a, (1)

described as a vector in an 2-dimensional Hilbert space H,, spanned by two orthonormal
basis vectors |0),, and [1),, . The complex amplitudes «; are normalized to unity, i.e.
lag|* + |a1|* = 1. Simultaneously Bob has a qubit initially prepared in a specific (i.e.,
known) state |0),, which is a vector in the Hilbert space H,,. From the general rules
of quantum mechanics it follows that there always exists a wunitary transformation U
acting on #H,, ® H,, which swaps Alice’s and Bob’s states, i.e.
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Operational meaning of this state swapping is as follows:

(1) Prior the swapping Alice does not know what is the state of her qubit. But, in
principle she can perform an optimal measurement on her system (see [1, 2]) which
would allow her to estimate the state. The quality of this estimation is characterized
by the mean fidelity F [3, 4]. Taking into account that Alice has only a single qubit,
then the maximal value of the mean fidelity of the estimation is F = 2/3. After the
measurement is performed Alice can communicate classically her result to Bob (and,
in fact, to an arbitrary number of recipients) who can recreate the estimated state. If
this type of classical communication is not allowed by the rules of the game, then Bob
can only guess what is the state (this estimation via “wild guessing” corresponds to
the minimal value of the mean fidelity, which in the case of a single qubit is F = 1/2)
[3, 4]. Obviously, as soon as Alice performs the measurement the state |¥),, is “lost”,
so there is nothing relevant to swap.

(2) If Alice does not perform a measurement on her quantum system she can quantum-
mechanically swap the state |¥) to Bob. After the swapping she cannot gain information
about |¥) (except, if Bob classically communicates any results of his measurements to
her).

In this swapping scenario, when no classical communication is allowed, either Alice
or Bob has the state |¥) and it has to be decided a priori (i.e., before the measurement)
who is going to have the qubit (Alice or Bob). At this point one can ask a question
whether it would be possible to find a unitary transformation such that both Alice and
Bob would have the state |¥) simultaneously. That is, the question is whether a unitary
transformation U such that

1900100y 5 [0 00 [ @), 3)

does exist for an arbitrary (unknown) input state |¥).

Generalizing the proof of the Wootters-Zurek no-cloning theorem [5] it is easy to
show that the linearity of quantum mechanics prohibits the existence of the perfect
cloning expressed by Eq.(3). This is a major difference between quantum and classical
information: it is possible to make perfect copies of classical information, but quantum
information cannot be copied perfectly, i.e., quantum states cannot be cloned perfectly.
Nevertheless, if the requirement that the copies are perfect is dropped, then it is possi-
ble to make quantum copies. This was first shown in Ref. [6], where a transformation
which produces two mutually identical copies of an arbitrary input qubit state was
given. This transformation was shown to be optimal, in the sense that it maximizes the
average fidelity between the input and output qubits, by Gisin and Massar [7] and by
Bruss, et. al. [8]. Gisin and Huttner [9] have shown that the quantum cloning can be
efficiently used for eavesdropping. Gisin and Massar have also been able to find copying
transformations which produce k copies from [ originals (where k > [) [7]. In addition,
quantum logic networks for quantum copying machines of qubits have been developed
[10, 11, 12], and bounds have been placed on how good copies can be [13, 14]. It has
been shown recently [15] that the inseparability of quantum states can be partially
cloned (broadcasted) with the help of local quantum cloning machines, i.e. distant par-
ties sharing an entangled pair of qubits can generate two pairs of partially nonlocally
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entangled states using only local operations. Gisin has presented an interesting proof
[16] of the optimality of the quantum cloner showing that the bound on the fidelity of
the universal quantum cloner [6] is compatible with the no-signaling constraint. Cerf
[17, 18] has introduced a family of quantum cloning machines that produce two approx-
imate copies from a single qubit, while the overall input-to-output operation for each
copy is a Pauli channel. Cerf has also introduced a concept of asymmetric quantum
cloning when at the output of the cloner the two clones are not identical, but simulta-
neously they are specifically related to the original qubit (see below). It has been shown
in Ref. [19] that states of quantum systems in arbitrary-dimensional Hilbert spaces can
be universally cloned (i.e., the fidelity of cloning does not depend on the input). The
cloning transformation presented in [19] allows one to study how quantum registers can
be cloned. It has been shown later by Werner [20] that this cloning transformation is
optimal. Moreover, Werner in his elegant paper have constructed a universal transfor-
mation for an optimal cloning which produces k copies from [ originals (where k > )
of an M dimensional system. Zanardi [21] has presented a group-theoretical analysis of
the universal quantum cloning.

1.1 The problem

Let us assume the initial qubit to be in an unknown state p,,. Our task is to clone
this qubit universally, i.e. input-state independently, in such a way, that we can control
the scaling of the original and the clone at the output. That is, we are looking for
a cloner (the asymmetric cloner [17, 18]) in which we can control a flow of quantum
information in such a way that the two clones at the output can be represented as

pAEL(;ut) — Sij((zid) + 1 —25] 17 (4)
where j = 0,1. Here we assume that the original qubit after the cloning is “scaled” by
the factor sg, while the copy is scaled by the factor s;. These two scaling parameters are
not independent and they are related by a specific inequality (see below). We note the
two extreme cases, when (a) sop = 1 and s; = 0 and, vice versa, when (b) sg = 0 and
s1 = 1. These correspond to the following situations: (a) the information is completely
preserved in the original qubit, and (b) the information is totally transfered (swapped)
to the copy. Symmetric cloning corresponds to the situation when sy = s;.

Our main task in this paper is to find a cloning network in which the control over
the flow of information (i.e. the control over the values of the scaling parameters sq
and s1) can be performed via preparation of the initial state of the cloner.

2. Network for asymmetric cloner

For simplicity, let us assume that the original qubit is initially in a pure state (1),
ie. |\Il>((120") = a|0) + 1 |1). To perform asymmetric cloning we have to unitarily couple
to the original qubit with two additional qubits denoted as a; and b; which are initially
in a pure state [0),, ® |0)p, = |00).
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Fig. 1. Graphical representation of the network for the asymmetric cloner. The logical
controlled-NOT Py, given by Eq.(6) has as its input a control qubit (denoted as e ) and a
target qubit (denoted as o ). We separate the preparation of the quantum copier from the
cloning process itself. The cloning, i.e. the transfer of quantum information from the original
qubit, is performed by a sequence of four controlled-NOTs. We do not specify the details of the
preparation part of the network which generates the state |\Il)((£rbip) out of the input [00)4,p,.
This is a well known network for generation of an arbitrary two-qubit state.

At the first stage of the cloning these two qubits are transformed from the state |00)

into the state
W) (PTP) — 1100 + Cs|01) + C5]10) + Cy|11) (5)
a1by 1 2 3 4 3

where the complex amplitudes C; will be specified so that the conditions given by
Eq.(4) are fulfilled®. At this stage the original qubit is still not involved in the process
of cloning, but the choice of C;’s later affects the flow of information in the cloner.

After the preparation stage we assume that the interaction between the original
qubit and two additional qubits a; and b; is performed via a simple sequence of four
C-NOT gates (see Fig. 1). The operator which implements the C-NOT gate, sz, acts
on the basis vectors of the two qubits as follows (k denotes the control qubit and I the
target):

I:Dkl\(])k\(])z = |0)&|0)s;
Pr|0)k[1)e = |0)x] 1) (©)
P|Dgl0) =[xl
P Dk = [1)k|0).

We assume the specific action of four controlled-NOT operations

out o 7 o S in re
|\II>( ) :Pb1(lnpfllflopfloblpflofll‘\I!)t(zg )‘\I!)(p p), (7)

agai b a1bs

3We do not specify this preparation part of the cloning network (see Fig. 1) because it is well know
that the state (5) can be prepared from |00) via a simple sequence of local operations and C-NOT
gates [22].
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(see Fig. 1) during which the information is transfered from aq qubit to other two qubits.
(out)

From the state vector [¥),

given by Eq.(7) we obtain single-qubit density operators

P = Trayn, (W00, (9]

ap apaiby
At = Tryyy, [|‘I’>Ez?;?bl<‘1’|] 7 (8)

which explicitly depend on the complex amplitudes C; = ;e (here ¢; = |C}|). These

amplitudes come into play via the preparation of the state |\Il)yi2jp) (5). Our task now
is to specify these four amplitudes so that the density operators (8) fulfill the scaling
condition (4). Comparing Eqs.(4) and (8) we find that the density operators (8) can be
written in the scaled form (4) if the complex amplitudes C; and the two scaling factors
so and s; are related as

[Sso+ S /[1—s /[1—s
C1 = %; C2 = TO; Cq4 = T]a (9)

and
S1
cos(f1 — 6y) = ;
! 2 \/(.@04‘81)(1 7.90)
cos(fy — 04) = %0 (10)

JGot s —s1)

while C5 = 0. With these complex amplitudes C; the quantum network as described by
Eq.(7) realizes the asymmetric cloner. From Egs.(9) and (10) we find that the scaling
factors sg and s; have to be related as (see Fig. 2)

8(2)4-8%4-808] — S0 — S1 SO (11)

To understand more clearly how the asymmetric cloner works we assume three
specific preparation states (5) of the cloner:
(1) Let us assume that the cloner is initially prepared in the maximally entangled two-
qubit (Bell) state

w)rrer) %uom +111)), (12)

which can be prepared from |00) via a simple sequence of the Hadamard transformation
on the qubit a; followed by the C-NOT operation with a; being the control. It easy to
see that the cloner which is prepared in the state (12) does not affect the original qubit
which at the output is in the same state as in the input, i.e. we find that so = 1 and
S1 = 0.

(ii) The cloner, which is initially in the completely disentangled state

0D = (0),, @ %um + 1), (13)
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Fig. 2. The ellipse delimiting the range of possible value of the scaling parameters sg and s1 of
the two clones that simultaneously emerge as outputs of the asymmetric cloner. We see that
the symmetric universal cloner corresponds to sg = s1 = 2/3.

acts as the state swapper, i.e. in this case sop = 0 and s; = 1, which means that the
initial state of the original qubit aq is “unitarily teleported” to the qubit a;. The state
(13) can be obtained from |00) by the action of the Hadamard transformation on the
qubit b .

(iii) The optimal universal quantum cloning [6] of the original qubit (i.e. s = s1 =2/3)
can be realized when the cloner is initially prepared in the state

075 =\ 2100+ om0 (19
This state can be prepared with the help of a simple network presented in Ref.[11].

3. Instead of conclusions: Pauli cloners

We have presented a simple logical network with the help of which asymmetric
cloning of qubits can be performed. This network is suitable for cloning of pure as well
as impure input states. In fact, an impure state of a qubit can be represented as a state
of a subsystem of a composite system of two qubits. This composite two-qubit system
itself is assumed to be in a pure state. Let us therefore consider cloning of the initial
qubit ag which is initially entangled with a reference qubit r. To be specific, let us
assume that the two qubits are prepared initially in the maximally entangled Bell state
|®T),q,. Here the four maximally entangled states of two qubits are defined as usually

|®E) = —(]00) & [11));

f
E

Let us assume that the cloner is initially prepared in the state

[P%) = —=(/01) £[10)). (15)

1) PPP) = @) + X | + X3 T + X, |0, (16)

a1b1
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Fig. 3. Graphical representation of the network for the Pauli cloner. The logical controlled-
NOT Py, are specified as in Fig. 1. Here again, the cloning, i.e. the transfer of quantum
information from the original qubit, is performed by a sequence of four controlled-NOTs.

and we apply the sequence

|\Il>({mt) = pb1 aopalaopaobl Pﬂoal |(I>+>(m) ‘\II>(IJT€IJ)= (17)

Tapgal by raop a1bq

(out)
ranpal bl

of four C-NOT’s on the qubits ag and aqb; (see Fig. 3). The 4-qubit state |¥)
the output reads

at

W) = XY@ + Xa|® ) )+ Xa U)W 4 X)) (1)

ragal b]

which means that the network (17) realizes the Pauli cloner introduced recently by Cerf
[18].
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Note added After this paper was completed a paper by Niu and Griffiths [24] appeared
in the Los Alamos e-print archive in which asymmetric cloning is studied from a different
perspective and alternative cloning networks are presented.
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