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We investigate nonclassical single-mode fields with the property that only number-
states (Fock-states) differing by a multiple of a certain integer k (k > 2) are
allowed to be occupied and that the entropy of the fields takes its maximum value.
For special initial conditions, such maximum-entropy states are the stationary
solutions of a master equation which takes into account k-quantum absorption as
well as k-quantum emission processes only. The number-probability distribution of
the even-number maximum-entropy state arising for k = 2 has a close resemblance
to that of a squeezed-vacuum state.

1. Introduction

It is well known that the density operator of a radiation field being in thermody-
pamical equilibrium with its surrounding can be determined by maximizing its entropy
under the constraint that the mean energy (or the mean photon number, respectively)
is kept constant. The expression which is valid for the thermal density operator also
holds for the density operator of a chaotic radiation field that results from the contri-
butions of many statistically independent classical light sources [1]. In this contribution
we generalize the concept of the maximum-entropy state of a single quantized harmonic
oscillator of frequency w to nonclassical k-quantum maximum-entropy states (k =2,
3, ...) that arise when only energy eigenstates are allowed to be occupied the energy
of which differs by a multiple of khw. These states do not posses a positive-definite
P-representation, i.e. they are intrinsically nonclassical.
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2. Properties of the states

We can discriminate k different kinds of k-
we label by the integer parameter q where 0

quantum maximum-entropy states which
elements obey the equation

< ¢ < k—1. The diagonal density-matrix

kag)y_ ] 0 for n#mk+q
" | Pmktq for n=mk+gq (1)

where m = [n/k] is the largest integer that does not exceed n/k. The von-Neumann-

entropy, which takes its maximum value in the equilibrium state, can be written as

oo

[ o)

stka) = — Mmmﬂmc:ﬁ ) == MU Prkt+qIn(Pmitq)- (2)
n=0 m=0

In order to obtain the number-probability distribution of the maxim

we have to maximize the expression (2) under the constraints 2 om Pmk+q = 1 and

2om(mk + )pmkrq = @ with 7 being the mean number of quanta. Using the method
of Lagrange multipliers we find that the entropy St%4

um-entropy states,

) takes its maximum value when
k T—-q \7
P S  k\m—g+k) ®)

The structure of Eq. (3) is analogous to that of a thermal or chactic photon-number

distribution [1] with mean photon number {m— ¢)/k. In the k-quantum maximum-
entropy states all higher order photon-number moments can be expressed by the mean

photon number [2]. Whether the photon statistics is super-Poissonjan or sub-Poissonian,
depends on the values of the parameters 7,k and gq.

In the special case k =2, ¢ =10 only Fock-states belonging to even photon numbers

are occupied. As can be seen from Fig. 1, the photon-number distribution of the even-
number two-quantum maximum-entropy state has a close resemblance to the recently
measured (3] oscillating photon-number distribution of a squeezed

-vacuum state arising
from spontaneous parametric down conversion. The Q

-function Q(a) = {a|p|a)/x of
this special maximum-entropy state takes the form
1 2elel? n
(2,0) =2 2 4
Q" (e) - m+m8mr Ja| Tra (4)

from which we can derive the Wigner-function by Fourier transformation. In the same
way, it is possible to obtain simple analytic expressions for the Q-function and the
Wigner-function of the odd-number two-photon maximum-entropy state. It turns out
that in the latter case the Wigner-function is strongly negative for o = 0 [2]
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Fig. 1. Number-probability distribution P(n) = pan of an even-number two-quantum

maximum-entropy state with mean number of quanta n =5 and of a mn:mmumméwn:.ca state
with the same value of 7. For clearness, the separate dots are connected by a full line (two-
quantum maximum-entropy state) and by a dashed line {squeezed vacuum).

3. Generation of the states

We assume that the considered harmonic-oscillator mode interacts with mc:oc:&:wem.
reservoirs only by k-quantum emission processes (with emission constant ;) and k-

quantum absorption processes (with absorption constant vk )- This can be described by
the master equation

. P .k k_Tk
p = lmww Agxn:blwarxﬁ + pa m.q v

r
Iwwh Aa?mwn - wn»baf,. + bndﬂ mxv , (%)

In the Fock-representation Eq. (5) yields

(n+ k)! n!

Pn = (Yepask — Bipn) — 3 (VePr — Bepn—k) (6)

n!
for the diagonal elements pnn, = pn of the density matrix. .Hrw ._ﬁ,m,so:wQ mo_w:omu:
of Eq. (6) depends on the initial conditions. If for k& > 2 the initial state fulfi mr._wm
condition ﬁmm_\zt = 0 for all ¢ # go, the m.u‘mnm:g a<o_<m,m towards a steady state which
is a k-quantum maximume-entropy state with ¢ = go. The steady-state mean quantum
number is then given by [2]

k (7
— 7)
n=qo+ —5—-
/B — 1
In particular, the required initial condition is fulfilled when the system 1s prepared :H
a qo-quantum Fock-state. According to Eq. (7), a steady state can be only reachec
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when the absorption constant -y, exceeds the emission constant Br. This is obvioyg
from physical reasons since already in the case 3 = Y the mean number of quants
would grow to infinity due to the excess caused by spontaneous k-quantum emission.

Finally we address the question as to how the k-quantum maximum- entropy states:
could be produced in a real experiment. With respect to the even-number two-photo
maximum-entropy states one could think of radiation fields resulting from the contri.i
butions emitted spontaneously by many statistically independent two-photon emitters, ,
in analogy to the classical chaotic fields [1] resulting from spontaneous single-photon'
emission. However, even if 2-quantum maximum-entropy fields could be produced thisi
way, their detection seems to be extremely difficult because of the different emission &
angles involved in spontanecus emission.

On the other hand, an interesting possibility for the generation of nonclassical k-
quantum maximum-entropy states becomes obvious when the concepts of quantum &
optics are adopted to the description of the motional quantum state of a trapped ion in %
a harmonic-oscillator potential. When the ion is irradiated by laser light of frequency
wy, which is tuned to a definite vibrational sideband of the internal electronic transition
with resonance frequency wq, the center-of-mass motion of the ion is influenced in a
specific way due to the recoil experienced in each cycle of absorption and subsequent
spontaneous emission. By changing the laser frequencies and intensities it is possible to
design different kinds of coupling between the quantized vibrational harmonic-oscillator
mode with trap frequency w and the surrounding reservoir of the vacuum modes of the
electromagnetic field [4]. Provided that the jon is excited at the k-th lower motional
sideband (wp = wp—kw), k phonons are annihilated during each absorption-spontaneous
emission cycle of the ion, and for excitation at the k-th upper sideband (wr = wo + kw)
we have the case of k-phonon emission. When the ion is irradiated by two appropriately
detuned incoherent lasers, a combination of k-phonon absorption and k-phonon emission
resulting in the master-equation (5) could be experimentally realized. The ratio /G
would then be determined by the ratio of the squared Rabi-frequencies or of the laser
intensities respectively. In particular, in order to prepare the even-number two-quantum
maximum-entropy state the properties of which are shown in Fig. 1, one could start
from the motional gréund state of the ion.

In summary, we have introduced specific k-quantum maximum-entropy states which
posses nonclassical properties and shown that these states could be produced in a real
experiment.
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