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The intermittent behaviour of final state hadrons in multiparticle production seems
to be caused by the Hanbury-Brown and Twiss (HBT) correlations of identical.
hadrons. We follow this approach in a simple case of correlations of two hard
bremsstrahlung photons. We point out that even rather conventional types of the
assumed space-time behaviour of multiparticle production in hadronic collisions
lead to the intermittent behaviour of photons bremsstrahled by charged hadrons.
We present some conjectures concerning the applicability of this mechanism to
correlations between two identical final state hadrons.

1. Introduction

The study of strong correlations (spikes) in rapidity distributions of multiparticle pro-
duction in hadronic collisions at high energies has lead Bialas and Peschanski [1] to the
conjecture of the existence of intermittency in multiparticle production. The concept
of intermittency is well known in hydrodynamics [2] where it is connected with some
features of turbulence.

Since pioneering papers by Bialas and Peschanski [1] the intermittent behaviour of
multiparticle production has attracted a considerable attention both from the theoreti-
cal and experimental side; most of the work done is cited and described in recent reviews
[3, 4, 5. The origin of the intermittent behaviour has been sought at the beginning in
the presence of cascades with self-similar features. Later on the experimental results
3,4, 5, 6, 7] have shown that the short range correlations between identical particles
in the final state are considerably stronger than between non-identical ones. This is
consistent with the conjecture that the intermittent behaviour is caused — at least to a
large extent — by the HBT correlations of identical particles {8, 9, 10, 11, 12, 13].

In Ref.[8] Bialas suggested that the intermittent behaviour of the two body corre-
lation function is caused by the fluctuating size of the region emitting these particles.
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To describe this conjecture in more detail we have to introduce some standard notatiop
[3]. The correlation function of two identical particles is defined as

1y
1

Ca(y1,y2) = pa(y1, ¥2) — p1(y1)p1(y2) Gv.,

where, for the sake of simplicity, we consider the correlation in rapidity.The inclusive
distributions p;, p2 are

1 do ( ) 1 d
] 2 3 = -5 1
Gincl dY1 Pl Gincl dy1 dy»

ply) =

are normalized by conditions

Il

i) dn {n) i
‘: p2(y1,y2)dyidys = (n(n - 1)) ,

what leads to the following normalization of the correlation function
[ crtune) v dvs = (ot = 1) = (@

In Egs.(1-4) the distributions and average values (n), (n?) refer only to the selected
identical particles, e.g. to 7. o
When studying the correlation between particle three-momenta k;, k2 one simply
makes the replacement . .
U1 llv \nw. Y2 — .#u Amv

otherwise the Eqgs.(1-4) remain unchanged. —

The term intermittent behaviour of particle spectra has been defined by wmm_.mw, mum,
Peschanski in the following way. Suppose we consider the rapidity interval —Y/2 < QA
Y/2 of length Y and divide it into M bins each with the length § = Y/M. The mo&oA
factorial moment in one of these bins is defined as average over events T T

F,(8) = (n(n—-1) A:vm: - q+1))

sl

LA iBY

and for practical reasons one can average still over the bins. For the second mwnﬁonmwm .

moment we have
(n(n—1)) _ [ p2(y1, y2) dyr dy2

(n)? 1 o) dwa)’?

The distribution of final state particles is called intermittent if for a fixe
é — 0 we have : .

fa
po=(3) B@

The constant fa, 0 < fa < 1 is called the intermittency exponent. The behaviour
corresponding to the Eq.(8) is obtained for

Fy(8) =

EAS — 1) ~ _S - Sﬁ? @
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what is easily seen when the integrals in Eq.(7) are calculated for a small interval of
length &, when pi(y1) can be taken as a constant. Assuming, what is most natural,
that the product p1(y1)p1(yz) is not responsible for this behaviour, we can claim that
the intermittency of the second factorial moment is equivalent to the requirement

Ca(yr,y2) ~ 1y — yo| 12 (10)

for (y1 —y2) = 0.
In studying of the HBT correlations, for reviews see e.g. [14, 15, 16], we introduce
the spatial distribution of sources and the amplitude for the emission of the particle,

-

e.g. positive pion, with momentum k from the point 7. The amplitude is written as
AR, 7) = \/ B(F, k) 4D gif 7 (11)

where the phase of the amplitude is assumed to be strongly dependent on 7.
The probability to emit a pion with momentum k is then given as

P(k) = ‘\Emi%mw (12)

The internal bracket { ) stands for the averaging over phases and the external one over
the fluctuating size of the source. Assuming, for averaging over phases, that phases are

completely chaotic )
Aa..%_*.v-_%_&v = §(7 - 7) (13)

we find
PRy = \ R %mv (14)

The remaining averaging over fluctuations of the size of the source can be taken explicitly
if the fluctuations depend on some specified parameters. Supposing e.g. that the source
is always spherically symmetric, its radius R fluctuates,and the density of the source g
depends on R [8] we have

P(k) = \Emv %\Emm R) 7 (15)

where F(R) is the probability density that the radius of the source is equal to R.

-

The probability to emit two identical pions with momenta k1, ko is given as

2

Pky, ko) = ’ \ \ A(ky, 7y) A(ks, 72) 371 &3 (16)

When averaging over phases we assume again the complete chaoticity

Am&imn_m_v+&mm.milﬁm~H.._vlimu.hiwv =4( ~ DL&T& = ﬁuwv +4(r — QUMKT..‘M = Qu_v
(17)
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5 = o 5 o I - and the correlation function C3(¢) becomes
Assuming further that k; is close to ks and A7, k1) = (7, ka) = p(F, K),

(R + F2)/2 we find Cald) = \ F(R) dR exp(~R%¢?) (24)

Taking the probability distribution of the scaling form (8]

F(R)=vyL"R"16(L - R) (25)

identical particles.
Replacing in Eq.(1) rapidities by momenta we have

Ca(ky, k2) = pa(ky, ka) — p1(k1)p1(k2)

Comparing Egs.(18) and (19) we find that

where L denotes the maximal size of the fluctuation one finds the scaling behaviour

Cag) ~q™7 for ¢2 Khm. (26)

what according to Eq.(19) corresponds to the intermittency.

For a quiet source the density p(7, Mv is the superposition of sources of different size.
Using the same example of Gaussian distributions we have

5B = [ S(R)dR s exp Almlwv (27)

The correlation function in this case becomes

Ca(ky, ko) =

For a spherical source with fluctuating radius R described by the probability distribution
function F(R) R

Caolky, a) = \ dR F(R) \ k1=Fa) 755 . R) %m_

Calg) = \ %_,‘%_@E_N | o)

The normalization of (7, k) is given by the condition that P(k,) as given by Eq E,N Inserting (27) into (28) we find

corresponds to pi(y1) in Eq.(2). In what follows we shall not be interested in the

s 2
normalization, since our main concern is the presence of singularity in the correlation : Calq) = |83 [ €97 [ F(R)dR 1 exp | — m (29)
. . : : . . TP 7
function corresponding to the intermittent behaviour, see Eq.(10).
Changing the order of integration we have
2. Two ways to intermittent behaviour via HBT — fluctuating versus ,
.1 2

For a fluctuating source the size fluctuates from one event to another and the correlation RN
function is given by Eq.(21). For a quiet source the density of sources is moszKFo,.v = _ \ F(R)dR exp AI 9 v (30)
same for all the events, but the density may be a superposition of noavonmﬁm;ﬁwwu, 2
different sizes. To show the difference we shall use a simple example of Gaussian moﬁwﬁ For (R vanishing ub & > F snd scsling a
discussed by Bialas [8]. For a fluctuating source we take the Eq.(21), with B

f(R) ~ R#'Q(L - R) (31)

o 1 2
P ks ) = R3n3/2 BGA mmv we obtain again the scaling behaviour of the type given in Eq.(26). Some technical
details can be found in Ref.[8].

Previous elementary arguments lead to a point which we consider as rather impor-
tant. The concept of intermittency has been introduced [1] on the basis on analogy
with turbulence, fractals and fluctuations. The simple example discussed by Bialas [8]

as a normalized Gaussian distribution. Denoting § = ky — k2 we have as its Fourier
transform o

3

- 2,2
\m&.m@?ﬂ k: R)d3 = exp Alm L v (23)
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seems to indicate that the scaling behaviour Eq.(10) observed experimentally,even if
explained by the HBT interference,is neccesarily connected with fluctuating size of the
source. :

The purpose of our discussion above has been to show that this is not the case and
that mathematically the same results can be obtained both with fluctuating size of the
source .wﬂ_& with the source which is not fluctuating but its density is superposition” of
sources of different size. In the former case the size and shape of the source may be
very different for different events, whereas in the latter case the density of sources is
roughly the same for all the events. vl

In ete~ and hadronic collisions where strong intermittent behaviour of particle
correlations is observed one does not expect that in standard events the transverse
dimensions of sources will be very large. On the other hand the longitudinal dimensions
may be, and probably are, large because of the space-time evolution of the ooEmmoL

The large dimension is thus the longitudinal one (along the axis of the collision). _
It is rather easy to construct simple examples of the longitudinal density of sources
leading to the scaling behaviour of the correlation function. Denoting the longitudinial

axis as z and the density of sources as p(z) we find for the correlation function

2

L .
Oy = | [ #te) e )

-L

we assume here that j(z) is symmetric j(z) = p(—z) and that p(z) vanishes for |z| > L.
Taking j(z) of the scaling form

1

|22

plz)=A ., O0<y<1 : 33)

we have

1

2

dz| =¢ 7|44 =1
3 cos(gz)dz| =q¢ 7|4
2”7 0

———— cosz dz| - Am&

El

L
Calg) = |44 \o

Similarly as in the case of the three-dimensional case considered by Bialas we find the
approximate scaling of Ca(g) for ¢ > 1 /L.

To show, how the integrand in Eq(34) looks like we present in Fig.1 the ?somoj

f(a) defined as

El

where we set v = 1/2.
The preceeding discussion seems to indicate.that

a) the model of fluctuating source and the model of quiet source are o@s?m?:ﬁ,ﬂ.,ﬁm

b) the density of sources as given by the usual picture of the space-time evolution .om
the ete™ collision might be able to explain, at least to same extend the ormana.\m.mu

L

intermittency patterns. e

fla) = ‘\.,va !P.M cos z dx ; AmmV :
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Fig. 2a Schematical illustration of production of charged particles in different positions on the
z-axis. Particles with larger values of |z] = |zcms| have larger velocities.

The statement a) is true in what concerns two-particle correlations. It is most likely
not true when considering three- and more-particle correlations and in particular the
relationships of these many—particle correlations to two particle ones.

The item b) is more complicated and requires detailed study. As a smallstep in this
direction we shall discuss in the next section a simple model which has the standard
space—time evolution and exhibits the intermittent behaviour.

3. Interference of hard bremsstrahlung photons in a model with
longitudinal space—time evolution

We shall now study a simple model of HBT interference of hard bremsstrahlung photons.
This choice has two reasons. First, the amplitudes for bremsstrahlung emission are well
known; second, we have recently studied similar problems and the present model is a
natural continuation of our preceeding studies {17, 18]. The term “hard bremsstrahlung”
means simply that momenta of photons are large enough to justify the assumptions
about the chaoticity of phases usually made in HBT studies. The point is explained in
detail in [18]. In our model the photons are radiated by charged final state particles.
For simplicity we shall neglect the transverse momenta of final state hadrons. In this
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1. E+p,
E-p,

=g F

In the picture of the space-time evolution we are using, each hadron is oE;m%
the space—time point z = 0, y = 0, z, t. The “space-time rapidity” 7 is momdom me

1. t+2

==

2 t—z

and the strong correlation between 7 and y is assumed

n=y

Fig. 2b The same situation Wmm in

Fig.2a in t—z diagram. The: mo_i;

ncj\m corresponds to 2 — 3% =

=

12 where 7 is the formation time'

of the charged particle in :..m rest
frame. s
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Fig. 4 The correlation function as given by
Eq.(44) C(k1, k2) plotted as In C(g) versus Ing
for

a) 70 =1, w=100 MeV, Yo = 1;

b) 0 =1, w =100 MeV, Yo = 2;

¢) 7o =1, w =100 MeV, Yo =

d) 70 =2, w =100 MeV, Yp =

In(C(a))

Fig. 5 InC(q) given by Egs.(44) and (46) vs
Inq. Notation of curves and values of param-
eters:

a) Yo=3, n=1Lo=1

b) Yo=3,70=1,0=2;

) =3, n=1,0=3;

d) o=3,0=2,0=3.

in(gyMeV)

Momentum, energy and velocity of i-th final state hadron are given by standard expres-
sions
E;=mecoshy;, pi=msinhy, v = Mul = tanhy; (39)
’ .
where m = my is the mass of the particle (a pion). The particle is emitted at the
Space-time point
#;

— =tanh; (40)

t; = 19 coshn;;  2z; = 7o sinh;, ;
i

where 7, is the parameter characterizing the space-time evolution of the process. The
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scheme of the calculation is rather simple. We take a set of rapidities of final state
particles (y1, Y2, - - -, ¥n). According to Eq.(39) we calculate their momenta, energies -
and velocities. Making use of Eq.(38) we determine the space-time positions in i:ov
these particles were created.

By such an assumption the bremsstrahlung emitted by these charged vmnfo_@n
completly specified as well as its HBT interference pattern. We shall present here
only a simplified version of the scheme of calculation, technical details can be mocua 5,
Refs.[18, 19]. :

We consider the situation shown schematically in Figs.2a and 2b. The E%%W
attached to each of produced particles symbolizes its momentum, energy and <m_oQ$. :
as given by Eq.(39) as well as the coordinates (f;, z;) of its emission point.

We are interested in the correlation function for two hard bremsstrahlung vroaowm ,

wA\aH« \ﬂmv

%AMC%AMNV =14 Ca(k1, k2) . ApC

EAM? va =

Here w? ) is the probability to detect a single photon with momentum ky and ﬁQ.a.r m»v
is the probability to detect two photons with momenta 5 and 3 We shall use the
notation

T2 Colky, ka) = Co(T, K) (42)

The simplest kinematical situation is shown in Fig.3. The average momentum Kis
perpendicular to the z-axis and lies in the (z,x) plane. Momenta k1, ko are also within -
this plane. The difference of the two momenta ¢ is parallel to the z-axis. To make the -
problem as simple as possible we assume that we have just n charged _uwg_n_om S_&w;
rapidities :

m\..HIM\cuTW.T.l.:_ 1i=1,2,...,n

The correlation function Ca(g) is given by the folloving expression ;.,

i vl vl TIAF: TAE%—L cos[2q(zi — z)] - - F
{Zw-27"Hz w0+ 207

The prime in the sum over i, j in the numerator indicates that the term 1 = 138
omitted, w = |ky| = |K2| is the common energy of the two photons and v, 2 “are given -
by Eqgs.(39,40). “

The formula looks rather complicated but physics behind it is rather simple. Terms'
containing (g vi/w) or v; are relativistic factors typical for the emission of cnmﬁmm,mnmv.\ ,
lung. The velocities v; are in fact v; /c where c is the velocity of light. In the ommm;érwn
vi/c <& 1 the Eq.(44) simplifies to

Ca(g) =

R (49
{5 v} AMM cwv e

Calq) =
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which no:mmﬁosmm to the HBT interference of identical particles emitted with intensities
@novog_ouw_ to v? in points z;.

In a more realistic model one should introduce probabilities P{y;) for the emission
of a charged particle with rapidity ;. The data on multiparticle production suggest
parametrization of the form

1 2
P(y) = ﬁoxv AIM@ﬁv (46)

where o increases with the c.m.s. energy of the collision. The corresponding factors
P; = P(y;) are then inserted into expressions Eq.(44) or Eq.(45).

In Figs.4 and 5 we give results of our calculations of the correlation function C»(g).
The dependence of InC2(g) on In(g/MeV) in both Figs.4 and 5. shows a similar quali-
tative shape. A slow decrease at low values of In(g/MeV) is followed by linear decrease,
what according to the Eq.(10), this time for the variable ¢, corresponds to the intermit-
tent behaviour of the correlation function. The onset of this behaviour (the beginning
of linear part) starts at value of g which corresponds to the expectation based on the
uncertainity principle

m ~ 219 sinh Yy (47)
qo
plus an effect due to the photon formation length. For instance in the case of curve c)
in Fig.4 we have 27 sinh Yy & 20 fm, what according to Eq.(47) leads to go ~ 10 MeV
and In(go/MeV) = 2.3 and around this value the linear part really starts.

In this way our toy model indicates that the intermittency can be, via the HBT
mechanism, connected with the “standard” picture of the space-time evolution of a
hadronic or ete™ collisions, at least for the case of the correlation between hard brems-
strahlung photons.

4. Conjectures on the applicability of this mechanism to the correlations of
_pions

In models of space-time evolution based on .rwmwomwsmgﬁm one cmE&G assumes that
the connection between rapidity y of the particle and the space—time rapidity n charac-
terizing the point in which the particle has been emitted is given by the Boltzmann—type

mmhﬁon
&:! ﬁeoOmrSIS ,,
Iy = exp A T T»mv

In models based on the leading logarithm approximations in perturbative QCD [20]
the gluons are produced in the first stage of the collision by the QCD bremsstrahlung
process. In the second stage the gluons hadronize by a process which, being non-
perturbative, is less understood. But some bremsstrahlung features may be preserved
during the hadronization.
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The termal emission and bremsstrahlung amplitudes differ in one important aspect.:
To see that, consider the amplitude for the bremsstrahlung of the photon s.;v,._mo‘ﬁﬂ
momentum k and polarization €, emitted by a charged particle which has the fou
momentum p after the emission (and p+k before that) and the mass M. The amplitude
for bremsstrahlung is . .y

£.p £p
Alk,e;p) ~ = =
k&P~ P M Ba—pk

here E, 7 denote energy and momentum of the charged particle and w, k the mmam
quantities for the photon. Making use of E = mycoshyn, p, = mr mS#SE
kr cosh yy, ki = kr sinhy, and of cosh y, cosh yy — sinh y sinhy, = cosh(ys = wt»
get ep
mrky cosh(yn — yy) — Pr-kr

where the index k (v) refers to hadron (photon). The amplitude decreases much more
slowly with the difference (y, —y-) than the expression in Eq.(48) with (y—n). Thisslow
decrease permits to have sizeable interference of bremsstrahlung photons originated by:
charged particles with a rather large rapidity difference. So far as Em.binw_ hadrons are
originated by bremsstrahlung type mechnism via gluons. in perturbative QCD ES or mm.:
for instance, a part of pions is bremsstrahled by nucleons, the mechanism described in-
the previous section can apply also to their HBT interference. i

Let us note that the amplitude for a bremsstrahlung of a pion by a :ﬁo—mo.u mmvm.? I
by the expression ’ a

A(k,&;p) ~

Bkip) ~ —2& k) 9k
’ (p+k)?*-M2 Ew-—jk+m?
9(p, k)

mll mE. cosh(yy — yx) = pr.Fr +m?

~

with the notation corresponding to the one used in Eq.(49). So far as the term ﬂn._;wmw .
small with respect to other terms in the denominator the expressions Eq.(50) and (a1 .
are rather similar. The factor g(p, k) in the numerator is the formfactor for Emmlﬁmwﬁx,
NN+ B
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5. Comments and conclusions

In the first part of the present paper we have shown that in what concerns the
intermittent behaviour of the two—particle correlation function there are two possible
ways how to interpret it via HBT interference. The former is given by the model of the
fluctuating size of the source [8] the latter assumes that the source is not fluctuating but
is a superposition of densities corresponding to various sizes of the source. Although
being equivalent in the case of the scaling of two-particle correlation function, the two
interpretations will probably not be equivalent in the relationship of 3-particle to 2—
particle correlations. If this conjecture turns out to be true, then the two interpretations
might be disentangled by experimental data.

In the second part we have presented a simple model for the HBT interference of
bremsstrahlung photons which exhibits the intermittency patterns for the case of a
rather standard model of the space—time description of hadronic collisions.

Qur model is really only a very simplified toy model and only further, more detailed
study might lead to firmer conclusions. Finally we have made a conjecture that due
to possible bremsstrahlung features of production of hadrons in ete™ and in hadronic
collisions, the present toy model could also be relevant for the HBT interferometry
of identical hadrons. If this conjecture would turn out to be true, the intermittency
analysis of experimental data would be an extremely useful tool for gaining information
on the space-time evolution of hadronic collisions.
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