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Presence of intermittency in high energy particle collisions is deduced by means
of the scaling properties characterizing factorial moments. Those statistical mo-
ments are usually expressed in two forms differing essentially in normalization. In
the present contribution rigorous relations between those (full) moments as well
as between corresponding scaling characteristics are derived. The last mentioned
relations involve besides the scaling indices and corresponding intercepts also the
number of bins as well as newly introduced quantities called effective average mul-
tiplicities. The quantities characterizing multifractality in terms of the frequency
G-moments enter those relations too. It is called here for such an elaboration of
the experimental data which allows to obtain all information enabling one to verify
the relations published in the present paper. The piece of knowledge extracted so
far from the experimental data by several groups of physicists does not allow to
perform such a verification. However, the additional information needed for that
verification can be extracted from the existing data by those groups without any
essential complication.

1. Introduction

In the frame of high energy physics the intermittency [1] as a multifractal phe-
nomenon is characterized by scaling properties which can be deduced from large rapid-
ity density fluctuations observed in real experiments. Such large fluctuations can be
represented also by scaling properties of several other statistical moments (compare e.g.
{21, [3]). Those scaling properties are usually described in terms of the corresponding
sets of scaling indices (e.g. [4], (5], [6]). In this connection a natural question arises,
namely, to what extent those individual sets of scaling indices are mutually related.
Correct answer to such a question allows to extract from the data only the necessary
minimal amount of scaling indices (or scaling characteristics) enabling us to obtain the
rest of them by means of the appropriate mutual relations.

In the present contribution we derive relations between two kinds of factorial mo-
ments and the frequency G-moments as well as between corresponding scaling indices
and intercepts. Especially, in the next Section the fundamental quantities are intro-
duced and we arrive to several types of relations in the third Section. The last Section
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summarizes shortly main results of the present paper and we call there for publication
of additional data which are badly needed e.g. for performing the consistency testg
between several sets of scaling indices. L

2.Scaling indices and intercepts

Large dynamical fluctuations, when analyzed in terms of the intermittency, wma,.

treated usually by means of factorial moment,
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where M is the number of bins (it is understood that they are of equal size), n; (with
J=12, ...,M) is the number of particles observed in the j-th bin and N = Mu. n;
is total number of particles observed in the event under consideration. Presence of
intermittency is manifested by validity of the power-law dependence,
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in the range, say,
Miow < M < Mpyign . (5)

The right hand side of both rel.(3) and (4) represents the leading asymptotic term; the
scaling indices QM: and amﬁ as well as the intercepts \M: and \va are assumed to be
independent of the number of bins M as far as the inequalities (5) are satisfied. The
angular brackets on the left hand side of rel.(3) and (4) (as well as in the following part
of the present contribution) denote averaging over all events.

Several authors investigate the presence of multifractality phenomenon in terms of
frequency G-moments introduced in the form, [4], [7] ‘
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where ©(z) is the step function, ©(z < 0) = 0 and O(z > 0) = 1. With respect to
rel.(6) the multifractality appears if the following scaling is observed,

(Gg) o gM™™ (7)

again with the number of bins M satisfying ineq.(5). In rel (7), 7, and g, denote the
scaling indices and intercepts which are associated with G-moments,
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For our purpose the following expression is important,
E = Egn) = n(n—-1)...(n—q¢+1). (8)
We write (8) in the form,
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here
e t = ¢g—1 . (10)

Crucial formula allowing to establish the relations we are looking for can be expressed
as it follows (some more details can be found in {8]),
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etc., ¢ being given by (10).

3. Relations between moments and their scaling characteristics

3.1 Relations between full form of statistical moments (1), (2) and (6)

With respect to rel.{8) and (11) the factorial moments m‘%: and mwgu rel.(1) and
rel (2}, respectively, can be expressed in the form,
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the expression for Eq(nj) being given by (8) and {(11), and the coefficients Ax, (k=

0,1,2,...) by (12). The last relation gives, REE
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etc., we obtain from (15),
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Rel.(18) expresses the fact that both (full) factorial moments (1) and (2) characterizing
one event, are related in the following way, S

(18)

2_
R = (s ) g

1
the coefficients Ay, (k = 0,1,2,.. ) are given by (12). Rel.(19) suggests that ﬁn@v - F} v
with increasing (total) number of particles, N, in the event under consideration.
Moreover, the factorial moments 53 and ﬁ%su rel.(1) and (2), respectively, are
related also with the frequency G-moments, rel .{6); namely, rel (13) gives,
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and rel.{(14) leads to the expression,
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Bearing in mind rel.(16) and (6), rel.(21) induces
FOM'™1 =G,
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Rel.(22) can be expressed also in the form,
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the coefficients ¢y, ¢s, ¢4 are seen in rel.(17). Alternatively, rel.(21) gives also
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As it is seen, the full moments
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(iii) F{*) and G, are related by (22) and (24); and
(iv) £, F® and G, are related by (23).

We recall that (a) the low multiplicities (n; < ¢) don’t contribute to relations mey
tioned above, and (b) the terms involving realistic finite values of the total multiplig

N, might contribute considerably in those relations.

3.2 Relations between scaling characteristics

A. Let us perform the averaging over events. In this case,
(i) rel.(18) or (19) gives,
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(v) and rel.(24) gives,
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B. To relate the scaling characteristics, i.e. slopes and intercepts, as they are E-
troduced by (3), (4) and (7), let us assume that appearance of fractal structuref1s

associated with

characterized also by effective average multiplicities, 2%: and 2%5
the factorial moments »@3 and M_QE“ respectively,

1
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as well as by the effective average multiplicity 2%3 associated with the frequency G-
anmbﬁm“ .
(NT2Gy) o NS Pg,Me (32)
Relations (30), (31) and (32) with A = 0,1,2, ... extend the relations (3), E and (7),
respectively, specifying occurance of the multifractal structure; especially, with A = 0
the corresponding intercepts %:_ %3 and g, (together with the scaling indices 7, and

atﬁn%vv can be determined. Moreover, it is assumed again, orma.wo_.@ov“ (31) and
Amwv are satisfied by the number of bins, M, which obey the inequality (5).

C. Now, remembering rel.(30), (31) and (32) our main results are formulated as it

follows,
(i’) with respect to rel.(25),

Ay = g 1+ S 2 e (33)
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Rel.(33) suggests that if we take into account the equality

a) = o), (34)

then the intercepts &C and .&S are related by,
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Wwhere the coefficients c1, ¢y, ... are given by (17). In this case, €q.(34) as well as (35)
are independent of the number of bins, bearing in mind ineq.(5) (compare with the
statement under rel.(3) in ref. [9]);
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Again, if the effective average multiplicity 2%3

is satisfied, then we obtain from (40) = v farge and the relation gy~ ¥
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D. We add here some few comments: The main results formulated in this Section
are represented by several relations between full form of the factorial moments and
the frequency G-moments as well as by several asymptotic relations between scaling
characteristics of those moments. Especially the last results are presented in the form
of asymptotic series expansions in negative integer powers of the respective effective
average multiplicities Zﬁm:vzﬂms and 2%5 introduced by rel.(30), (31) and (32), re-
spectively; those relations extend the conditions which specify the appearance of the
corresponding multifractal phenomenon.

In the case when it is convenient to invert some relations mentioned above, the

method described by rel.(19), (20) and (21) of ref. [8] might be applied.

4. Conclusions

In the present paper there are derived several relations between (full) factorial mo-
ments represented by two forms and the frequency G-moments, as well as between
quantities characterizing their scaling properties.

To verify the corresponding relations, besides the scaling indices published usually,
there are badly needed also the intercepts (namely for as broad range of the order ¢
as possible) and the effective average multiplicities. When handling the experimental
data, the last two kinds of quantities are accessible without any substantial compli-
cation. We call therefore for such elaboration of the data which will allow eventually
their publication. Of course, all pieces of information should refer to the same set of
events elaborated by the same methods. Moreover, the possibility to follow the energy
dependence of those quantities will be acknowledge by many groups.

The aforementioned verification might serve also as a consistency test for various sets
of scaling quantities describing multifractality. To our best knowledge, in this region of
physics there is missing any consistency test of such a kind.
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