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By treating the statistics of the arrival times of the individual micromaser pump
atoms with the help of the theory of stochastic point processes, a method is de-
veloped for investigating the properties of a one-atom micromaser with stationary
non-Poissonian pumping. The resulting equations can be simplified when the
pump statistics belongs to the class of stationary renewal processes. For this
case the photon statistics of the cavity field as well as the level-selective statistics
of the atoms leaving the cavity is studied in dependence on the strength of the
pump-atom correlations or anticorrelations, respectively, and on the pump-atom
correlation decay time.

1. Introduction

A micromaser is pumped by excited Rydberg atoms which, one after the other,
interact with the microwave field in a high-Q cavity [1]. Normally the pump atoms are
statistically independent thus obeying Poissonian injection statistics. However, one may
think of other kinds of pump statistics and investigate the problem as to what extent
the micromaser properties are changed. For this purpose in the literature commonly
the model of periodic pumping is used where pump atoms are allowed to arrive, with
certain probability, only at distinct instants which are located equidistantly in time
[2]. This model is an intrinsic non-stationary one. In contrast to this, in the present
contribution we study a micromaser with stationary non-Poissonian pumping by using
the theory of stochastic point processes in order to describe the statistics of the pump-
atom arrival times.

The coincidence probability density Pi"(¢;, ;) for the injection of two pump atoms
into the cavity at the time instants {; and ¢2, notwithstanding the possible injection of
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other pump atoms in between, characterizes the pump-atom correlations. Fo

- r r.%»w
we make the specific Ansatz

Pi™Mty,t2) = r?(1 + Q.@L)_:Lw_v

with  being the pump rate. The parameter C describes the strength of the correlatiq)
(C > 0) or anticorrelations (-1 < C < 0) between the pump atoms and i §
correlation decay rate. For positive or negative values of C one may speak o:v&u:
atom bunching or antibunching, respectively. AT
The pump-atom counting statistics with respect to a counting interval of length™ 7"
characterized by the factorial moments of the number N of pump atoms counted m:,,mw;a*
T'. These moments can be found by integrating the multi-time pump-atom oan,Em:ﬁmm
probability densities [3]. In particular, we obtain #

T T
(N(N — 1))y = \c &H\c dt; Py™ (1, 15). QO
The mean number of pump atoms counted during T is given by (N)y = 7T.. When
the special relation (1) is valid, pump-atom bunching (C' > 0) is connected with super-
Poissonian counting statistics and antibunching (C' < 0) yields sub-Poissonian. pump -
statistics. Apart from the case of uncorrelated pump atoms (C = 0), or Poissonian -
pumping, respectively, the relative variance of the pump-atom counting statistics de-:
pends on the length of the counting interval. -

It is our aim to investigate the influence of the parameters r, C and T introduced in -
Eq.(1) on both the properties of the radiation field in the cavity and the level-selective -
statistics of the atoms leaving the micromaser. We still mention that for a special kind
of stationary super-Poissonian pumping the radiation field has already been studied
using a quantum-field model for the injected atomic beam [4]. b

R

2. Properties of the cavity field o .,,W,.WM,MWN

[ERSURALSF B

Over the time between the passage of two consecutive pump atoms the %um:wwﬁ,
operator p of the field changes due to cavity damping. With the help of the damping -
operator L this can be expressed in the usual way as p(t + 6t) = exp(Lédt)p(t). We make
the conventional assumption that the damping is negligibly small over the transit :
of a single atom. The effect of an atom on the field is described by

Pt + tine) = Mp(t) = (D + E)p(t)

where the Jaynes-Cummings operator M has been formally divided into two uw‘_..‘.»..m.
accounting for the possibilities that the pump atom gets de-excited into the lower ‘_‘m,,\w_v,
or remains in the upper level, respectively, during the transit. Assuming the initial field .
to be diagonal in the photon-number representation we obtain with Prn = Pn .

AD\J:: = mmzwﬁ.m:?:/\mvﬁzlﬂ AAV
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+and (Ep)un = [1 - sin®(gtiney/n F D)lpn (5)

here g denotes the atom-field coupling constant [5]. The action of the damping oper-
W]
ator L reads

(Lp)an = (16 + 1)[(n + 1)Pnt1 — npa] — ¥0[(n + 1)Pn — npn—1] (6)

ith v and n, being the damping rate and the thermal photon E:bvo.b mmmm_wna,.\m_%.
" >Noo~.&=m to the theory of stochastic point processes, the pump statistics is uniquely
described by the complete set of all exclusive ﬁaocmvm:@ .mmsm:wo.m.@wa (t1,t2, o 1)
where k = 1,2, ... . These quantities determine H.rm probability densities for the E.:.,&_
of k pump atoms at the time instants ¢, ..;.s.q S;.ro:n any oerw_. pump atom .&:Szm
in between. Especially, the pump-atom waiting-time distribution is given by f(r) =

-1tn T).
" m@,mmmc“cov want to consider an injection-time oozmmaocm@ density operator p° which
refers to the state of the field immediately before the ﬁ.&.ﬁ; of an 9.85. muoﬁmxmav_ou
if the photon number in the cavity could be Emvmsw.& in the mﬂmsonw&.a_oﬁoagﬂ
regime always immediately before a pump atom arrives, one would obtain the mean
value ¢ = 5, np%,. On the other hand, by determining the photon number always
immediately after the transit of a pump atom, one would .m:a the mean vwonmb ::Evo_.
Y (M%) nn. As will be shown later, it is just the evolution of Em operator ¢° {7) which
is needed for calculating the statistics of the de-excited atoms _mmSnm the micromaser.

For the moment we suppose that an atom has traversed the cavity immediately prior

to the initial time ¢ = 0. The injection-time conditioned density-operator p°(r) then
follows from the initial density operator p(0) with the help of the equation

2
() = Mﬂqa?vlov (M
where

0 T ti
1 i T
Q«n?.v = ”M! wuﬁo.ﬂvmh + ‘M\o ﬁ:r,\c &Nklu...

t2
\ %@ﬂ%;:...,;,J%:L:E%?-:-;...55v. (8)
0

On the right-hand side of the above equation we took into account , with proper ﬁ.novw.
bility, all possibilities that exactly k atoms (k = 1,2,...) may mmzm .o:amwm& the cavity in
the interval [0, 7] where (for k > 1) this has occurred at the time instants £1,1,. ..,
which are randomly distributed according to the corresponding mx.o_:m:\w E.,ovwv;;%
densities QH.HEAOAT ..., 1k, ) of the injected pump Wa.oam. A considerable simplifica-
tion can be achieved when the pump statistics is described by a renewal process s;._onm
the exclusive probability densities factorize into products of waiting-time distributions
between neighboring atoms according to

k

Pty te) = 7 [[ £ = tic0). (9)

i=1
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Applying the convolution theorem of the Laplace transformation we obtain from

and (9) * Fas (),
Ue(r) = .WS%J \ dtf(r — )OI MU ().

N ] ok
Taking into account the relation Pi"(0,00) = r2, the steady-state solution for th

injection-time conditioned density operator p° can be shown with the help of the wamwﬂ.w
and (10) to obey the mapping condition [7] il

00
H C S - Lt —c
Jm o) =7 = [ et g

which expresses the fact that p° is reproduced by the interaction with a single pum

atom and subsequent damping over the average waiting time between consecutive pump
atoms. .

LT
In order to enable a quantitative treatment we now assume that the waiting-time
distribution is given by

f(r) = Amly: + levﬁ._.v C.sz
(A,A2 > 0, > —1). The coincidence probability density Pi™(0,7) can be a&a:_wa&r,_
from the whole set of all exclusive probability densities Qir 50,4y, .., t, ) [3]. Making,
use of Eqs.(9) and (12) we find that the resulting expression is equal to Eq.(1). The
parameters A;, A2 and a are related to r,C and T of Eq.(1) by the equations

Az = W? +r(1+C)l+ w,\i +2rT(C ~1) + r2(1 + C)? Fd

and

4)
ki
[7]. For antibunched injection of pump atoms where —1 < C < 0 the expression
(1) is only compatible with the properties of a renewal process when the condition
T' > r(1+4+/[C])? is fulfilled. ;

- It is interesting to note at this point that there exists a specific physical oxm:uw_m., A,

_F'=x1+0) C
r-xQ1+0) =

=

Sl

where Eqs.(9) and (12) are valid. Indeed, the statistics of the de-excited atoms K%E@ ;
a micromaser with Poissonian pumping which is in the one-photon trapped state iis
described by a renewal process exhibiting complete antibunching and obeying Eq.(12) .
with @ = —1 [8]. These atoms could be used to pump a second micromaser which works
on an adjacent lower microwave transition.

The advantage of the Ansatz (12) consists in the fact that it reduces the integra
operator equation (10) to a system of two coupled linear differential operator equations
We obtain :

Ue(7) = Ui(7) + Ua(7) (15)
where Ay

T, = LU; 4+ — 2172
] H+>m+9v:

MUy + Us) — MUy, :9
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Fig. 2: Normalized coincidence probability densities .Em .onv for the .wcamwmum m?mx&.ﬁm wnomnm
(dashed Iine) and w5*(0) for the outgoing excited atoms (dotted line) in noavwﬁmo”oﬁl.w ) e
normalized intensity correlation function g2(0) of the cavity field (full line) at np = or
pumping with r/y = 10,C = —0.2 and I'=81.

A1z

MUy + Us) — AUs (17)
\/M+Q>» A ! wv

~.\.N = LU +

2 = .Th
with the initial conditions U (0) = (A3 + aA})/ (A2 + Q»C 1and Q.i_ov alU1(0) m:%
above system can be easily solved numerically and, for simple special cases, even
Iytically. .
When we are interested in the photon statistics of the .Q.Z:.Q field we rmiw to wbﬂz
the field density operator p that is not injection-time conditioned. The o.<o_=1~o= of t M
latter from an initial time ¢ = O to a final time ¢ = 7, which are both arbitrarily locate



372 q mQHNOW.

with respect to the pump-atom arrival times, is described in analogy to Eq.(8) by 7 j
00 0 . L 00 T bi L
p(r) = \ &ﬁw\. &ucaw«sﬁou?vmhﬂ + MU,\» &~k+~,\. &S«»\. dig_q...
T —o0 k=1YT7 0 0 :

t2 0 . :
\ &?\ &CCﬁ.uQP..._?t?i?i?&..gm&.w28. (18)
0 —-00 [

The steady-state solution § = lim, . p(7) yields expectation values for the field quan-
tities which are equal to their time-averaged values in the stationary micromaser Smmnm
For pumping according to a renewal process, 5 and the injection-time conditioned op-
erator p° are related by the equation [7]

p
r(M-1)p°+L5=0. G& 5

It turns out that for Poissonian pumping (C' = 0) both operators are equal. “For
antibunching of the pump atoms (C < 0 in Eq.(1)) the difference between  and g
leads to the inequality # > fn° for the time-averaged mean value 7 of the cavity photon -
number and for its injection-time conditioned average value 7., whereas for vcnormuw “
(C > 0) the opposite inequality is valid. The relative standard deviation of the photon-
number distribution calculated numerically from the steady-state solution of Eqs.(15)-

(17) and from Eq.(19) is shown in Fig.1. In comparison to Poisssonian pumping, it -
is increased for super-Poissonian pump statistics (bunching of the pump atoms) and
decreased for sub-Poissonian pumping (antibunching).The deviation from the results

obtained for Poissonian pumping is diminished with growing decay rate I’ of the pump- -
atomn correlations or anticorrelations, respectively. .,,

3. Statistics of the de-excited atoms

In analogy to the treatment of a micromaser with Poissonian pumpingg [9] we can .

calculate both the probability density Wy for detecting a de-excited atom at the exit of
the micromaser in the stationary regime and the coincidence probability density S\%aﬁd

for detecting two de-excited atoms with time difference 7 . For the corresponding -
normalized coincidence probability density we find the expression 3 ,...,.

W3(r) _ [TrDU(r)DF]
Wi~ [IDF)P

which can be easily evaluated numerically with the help of Eq.(4) and of the solution of
Eqs.(15)-(17). In order to obtain the normalized coincidence probability density ws*(r)
for the detection of outgoing atoms in the upper micromaser level one simply has to
replace the operator D in the above equation by the operator E (see Eq.(5)). Itis
interesting to compare these level-selective coincidence probability densities with the
normalized cavity-field intensity correlation function go(r) = (at(0)a'(r)a(r)a(0))/A’
with a and a! being the photon annihilation and creation operators. For Poissonian
pumping .Emh?.v and g2(7) have shown to be equal at zero thermal photon number [9]-
For non-Poissonian pumping, however, this is no longer true, as illustrated in Fig.2.. ;'

wid(r) = (20)
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4. Summary

For a micromaser with stationary non-Poissonian v:.EE:m a method has been n.*m-
veloped for investigating the photon statistics of the cavity field and the level-selective
tatistics of the outgoing atoms in dependence on the mﬁm:mn.r of the pump-atom cor-
wm_ma.—osm or anticorrelations, respectively, and on the correlation decay rate.
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