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A neuron of area V1 of the human visual cortex typically responds preferentially
to a specific stimulus orientation; thus an orientation is assigned to a neuron
of area V1. These orientations establish a global order: they form circles at so
called pinwheel singularities. In the present paper, the self- organization of that
global order is explained as follows: The couplings from neurons of the retina
to neurons of area V1 are modeled with a neurostatistical Hebb dynamics. As a
result, neurons of area V1 exhibit orientation preference and neighbouring neurons
exhibit an effective quadrupolar orientation interaction. So the global orientation
emerges according to a quadrupolar model, this is mapped to an xy- model, the
latter is egivalent to the Kosterlitz—Thouless model, exhibits so called pinwheel
singularities at any temperature T and the Kosterlitz—Thouless phase transition
at a critical temperature T¢.

1. Introduction

Phenomena. The human brain can be regarded as a highly complex physical system
that exhibits a variety of observable and measurable phenomena. In the present paper,
the self- organization of orientation preferences of neurons in the visual area V1 is
modeled. A neuron of that area responds preferentially to a specific orientation; so an
orientation is assigned to each neuron of area V1. These orientations exhibit a global
order: the orientations form circles around so called pinwheel singularities [2, 16, 20]
{see Fig. 1.). Fred Wolf et al. showed that the experimentally measured orientations
can be reproduced by assuming electrical charges at the singularities and by drawing
the orientations parallel to the lines of constant electrostatic potential [19]. How does
such a specific order emerge?

Dynamics. The neurons in the retina stimulate (indirectly) the neurons in area
V1, the latter neurons fire according to that stimulation and to stochastic fluctuations.
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Fig. 2. Network architecture with presynaptic ON- center neurons. The :mnion._n
is illustrated in one dimension. Top: Sensor neurons 3; of the retina. Middle: Presynaptic
ON- center neurons s; of the retina. Bottom: postsynaptic neurons §; of area V1. Arrows:
Transfer of electrical potentials ¢;;: Membrane potential in the nerve fibre from s; to 3;. S\.w /2:

afferent synaptic efficiency. hwlu._.\w and mwt;\w” lateral synaptic efficiency. hulrp..S\..w /2 w:m
L}, ;WZ/2: synaptic efficiencies that transfer the membrane potential ¢;; to a neighbouring

postsynaptic neuron.

V1 do neither identify a coupling dynamics according to a gradient of a potential, nor
an equivalent xy- model, nor a Kosterlitz- Thouless type pinwheel singularity, nor a
Kosterlitz- Thouless phase transition. .

Altogether, the self- organization of area V1 is modeled straight forwardly sﬁr. the
simple and physiologically plausible neurostatistical Hebb- dynamics [6]. This v:o.Em
the following results: Neurons in area V1 exhibit orientation preference. The ordering
of orientation preferences takes place according to an xy- model, equivalent to the
Kosterlitz- Thouless model. The experimentally observed [2, 19, 20] pinwheel structure
is explained quantitatively by the xy- model. A Kosterlitz- Thouless phase transition
is predicted for areas V1 with an effective temperature below the Kosterlitz- Thouless
transition temperature.

Organization of the paper. The complete network model is specified in section
2. The complete analysis of the network model is presented in [6] and it is beyond the
scope of the present paper. In section 3, the used results about the above mentioned
potential V are cited from [6]; a similar potential is derived in [5], so the reader may
refer to that paper for a rough description of the potential derivation. Moreover, the
pinwheel structure is derived from the potential V and the conditions for the Kosterlitz-
Thouless phase transition in the visual area V1 are derived in section 3. The explained
phenomena, future perspectives and conclusions are summarized in section 4.
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2. Network Model .

Network architecture.

steps t = 1, 2, 3, ... The network consists of 2 model
(see Fig. 2.), both are modeled as square lattices fo
uniformly distributed stimuli at the sensor neurons ;.
retina [10]) contains so called ON. center neurons s;,
corresponding sensor neuron 3; and inhibited by the four (on the modeled square lattice)
next nearest (that is diagonal) neighbours of 8;. Each ON- center neuron transfers its
electrical potential via its axon to its specific neuron 3; of the area V1; Thereby the mﬁwu
transfers additiona) smalj potentials proportional to o and to L? ~ 42 as indicated in
Fig. 2. These small additional potentials ar
self- organization of the ares V1 [6]. The number of ON- center neurons is denoted by
S; the number of postsynaptic neurons is denoted by I; for simplicity I = § is studied
here, while the genral case is investigated in [6]

Network dynamics. [n general, the neuronal dynamics is characterized by a

lransition probability from Presynaptic strates {s;(t)} to a postsynaptic state s; (¢ + 1)
according to the corresponding couplings K; .i

r simplicity. The retina receives
The model retina (as well as the

Plsi(t+1)] = %Mﬂﬂfﬁ with A;(t + 1) = gMN»,:.S&S.‘ 3

Here T is a formal temperature that models statistical

fluctuations, b, is a formal local
field and K are the couplings.

Each neuron takes the value +1 or ~1 at discrete time
retina and a model area V1~

each of which is stimulated by the -

¢ necessary and sufficient for the orientation
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The sensor stimulation is uniformly distributed )
P({5c)): p(se =1) = p(8k = =1) = 1/2. | _ A
In the spirit of the above general neuronal dynamics, this gives rise to the following
stimulation of the ON- center neurons.

4
SR FL o ns) = 5/2 - = §j,,/2 with
P({s;}) ¢ plsj) = =5 with h(3;) = 5,/ M
z < 1/4, and with a positive model parameter . (3)

ind1 he value
Thereby the next nearest neighbours are marked by _.ovmmﬁ%rsm_%m \30 WMM. M‘. MQMS.:Q
o §; e indices
i i f the center neuron §;. .
= 1/4 provides the dominance o : : /aet
a::_aa:m m\nm Mvns.o&cnmm according to the &Emnﬁoam on the &w&w Ammmmﬂmém )
a%ﬁ&a particularly modeled neuronal dynamics is characterized as fo .

3 ¢ 2 K 4T K
ho(t +1) = wM [Kij+ L Kioj + L3, Kigj + L Kigj + L i, Kio]
1 M : .
J

[sj 4+ asj, +asj, +asj, +as;,]. (4)

d (t + 1) for inner neurons 3;
1 rguments (t) for sensor neurons an !

m,ow mmwo%”“ mmwwzw_mwmmm h; are omitted; the time arguments for oo:E_Mmhm. .MNM:MM_ M,HMH
MM@ relations Ki;(t + 1) = Kj;(t) + AK;;(t) and Li;(t + 1) = Lyj(t) + ALij

i ly for W;; below. . . .
oE%an Wm Wcm:m%wmmyw_mowomﬁwmzw &M:aﬁ&nm is explicated with the following difference
e He
equations ‘
DNA‘&. — MQNA&. Tu. + asj, + asj, + asj, |m_..Q...m.Q.L Amv
(8 + L}, iBio + L, ii + L, i5ia + LY, i5i]-
I the change of couplings corresponds to the contributing electrical potentials, for
. e, the ¢
inska ia §; to §; Fig. 2.)
instance from s;, via §; to §;, (see . ,
The oocv::mwm are transformed with Kj; = W;;. So one gets

., . . I
S s S 5l (6)
X[ + L, i5iq + L2, sy + L2, 350 + L, 355

10,2 13,%
Analogously one obtains

s . 7
AL:: =al:, M ”ws.s\.w.ﬂ. [sj + asj, + asj, + asj, + asj,). ]
1,1y — 32y 2.
i

C ling norms. According to empirical findings [17], the couplings at one neuron
oup - Ace
are roughly constant; this is modeled as follows.

S ! 9 2 __ 2,

SNowli=q Y Wi=q% LL L+ L+ L =0
ij ¥ - ’

.\ 1

LR, &£, 4+ 4%, B, = (8)

iig 1,13 1,16 19
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Moreover, each lateral coupling has a maximal value T S

N&.fm M N\Sm.ﬁ.

3. Analysis of the Network Model

Efficient notations. It is adequate to introduce the average of a term y with respect
to presynaptic configurations ag follows.

<Y>u= 3" P({s;})y. (10)
{s;} «
In the stable states tha
each postsynaptic heuron §; is coupled afferent]
neuron; this ON- center neuron 1is denoted by
that occur here as a result of the dynamics j
heuron s; sends signals to exactly one postsyn
.&3. Next one may introduce the functions

of the dynamics introduced above [g],
¥ to exactly one Presynaptic ON- center
Su(i). Analogously, in the stable states
ntroduced above [6], each presynaptic
aptic neuron; this neuron is denoted by

t occur here as 3 result

Q=4 Q&S T asu@), + asug, + FSu(i)g + asu(), ]
8 [sue) + @sugy, + Qsu(a(i

2
Ns tesuiiy, + @?E:iv Zu -
Cited results. In the human nerveo

the time scale of milliseconds while the
of hours to years (10, 17);

of a systematic adiabatic approximation [8]) for the elimination of neuronal degrees of
freedom is adequate. Moreover, the purpose of the present study is to Investigate the -
self- organization of couplings; this is especially difficult for large fluctuations; so the 1+
leading order (called high temperature limit here) of the high temperature expansion -

(1/T- expansion) underestimates the organized structures and establishes a °
tive approach’; in this sense a high tempe .

these two limits one obtains the following

Potential theorem, In the adiabatic limsy of fast neuronal changes and slow cou-
pling changes and in the limit of large fluctuations T holds: The averaged change of 4

ne@ﬁ&:%mna:@ﬁim& 3\282533& neuronal and synaptic dynamics in the 355.:&
Space is proportional {o the gradient of the potential V as follows: .

us system, the neuronal chan

ges take place on,,
synaptic changes take place :

v av
(AW;) = Towy (AL ) = AL

: QQA L
with V = |meu_u§.

A proof is presented in [6].
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€ = @ = i . The
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i i ller than 8a? otherwise;
—e_ curs, if the model parameter z is smal n .
m:gm@:gm:“gmi u_v ’ omom stable, see [6]. It is obvious and shown explicitely in [6] that
arrange . , | : . in 6] that
o”m eurons of area V1 exhibit orientation preference with the arrangement o
the n r
i i ied in the following. , . .
b Mmmmmnwwwnwmwwwmwnmou interaction. One may consider two :m_.mrvoczbm WM:M%MW
§ H& P _5 area V1, each of which has an arrangement o — ¢ — o o_m_ﬂwmmu\zwaw e ON
. r o rons in SS_ retina. These two arrangements may be paralle or Omgm.mmm aéo.
Tt son: tial V results from a parallel or from an orthogonal configuration o e o
Wil pe ms_u —eo—o0? That is, what potential difference AV oceurs mo.n paralle Mwm '
mﬂmzmm:gm_s anbmoamwam o—e—o7? In order to answer this question EmQMmJn one mBMMﬁm
m\ . .
o;rw%o:w: ossible parallel and all possible orthogonal pairs of suc ,mmwwmcmob< '
e m.m,oﬂ simplicity, the parameter dependence of that potential difference
o—e—o, : ‘
1 ly roughly in the following. . . . -
moﬁwa_%moﬁm o%ew Mmmmm:vwcanm neurons of area V1 receive noaao:_mwm:m__m via MHMMMMMM
teral s i 1 tsynaptic lateral signa,
i 1 roportional to « and via postsy . . | transfer
- _mﬁmnm.& m%ﬂM _Mmmwm\wmmu %oovmmm 2.) This gives rise to an attractive ozwcwwimos EMMMa
1 . 1 on
Emmwwam“mmm roughly proportional to a3? and Eocozn._o:@_ ﬁm wr.a Fazmno% cM mo:as.o:
wwaémms the two presynaptic arrangements o—e —o. This _ms%ﬂ n BM M MM‘% e
1 tso—e—oand a
al configuration of arrangemen most : .
.M@MMMNMMW M%MMm:SSOM of arrangements o —e —o. So the potential difference is roughly
. . 9 .
proportional to the length difference times o2, i. e.,

14
AV & Adaf? ~ 202, (4

. ; uum
Next one may use the considered lattice model as m:.mvwaoucgmﬁ_o: of a QMMHM:Q:IO
Bommmﬂxg the lattice model, there occur just two orientations of an mm._.wzmmawﬂozgﬁosmw
; i 1 del, there occur arbitrary o :
i izontal. But in a continuum model, . . dlons.
W@Q_nm_ MVM WMM estimate the effective orientation interaction of a .noz_n:‘.:ca :‘5”0?& "
eros A_“uo_“m AV of the lattice model? For this purpose, a 3:.:60.0 mx@mﬂm_mznmm 1
wamm H@No because it takes care of the symmetry Eowmwﬂmm of ozmd?.‘wSo% %8 m_w nces and
vmoM:wm mﬂ typically converges quite rapidly. The _mmm:ﬁ o.&ma orien mewww i
vmném.wz two orientations with polar angles ¢; and ¢, is (in the mos p
the quadrupole interaction as follows

Da\gﬁa =-A OOmuﬁﬁ& - AVSV, Awmv

ith eter A. This parameter A can be fitted to the results for the lattice model,
With a param .
that is,

AVigni = —A = =208? so A = 2a°. (16)
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with the following nearest neighbour interaction

Da\noa“ = lQQw OOmAMT?. - &SC

So far, the positions of the retinal ON- center neurons have been cho

in order to obtain continuous orj i

. § orientations; whereas th iti
V1 are still on a square lattice. So the mvoﬂa Xy- Lt doserties
energy function Y

nearest neighbours on square lattice

H=—J >

<éj>

Thereby the sum MA..L.V denotes summatio

cos(¢; — ¢m) with

model is described by the olmuamaomw_ﬁ

R S .
(18)-
sen nozﬁsco,:m.q__ww
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10
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n of the nearest neighbour pairs on thi

sifjiare lult; : . ;
quare lattice. This model is equivalent to the Kosterlitz- Thouless model [12, 1] and

Its properties can thus be recalled from the literature as follows
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4. Summary

If one regards the Hebb- rule as the first principles dynamics of self- organization in
the cortex, then it has been shown from first principles, how pinwheel structures (see
Fig. 1.) form in area VI of the visual cortex at any nonzero fluctuation rate. This
formation dynamics is equivalent to that of the Kosterlitz- Thouless model, i. e. to
that of electrical charges in the plane. Thereby the charges correspond to topological
singularities of orientation configurations.

It is remarkable that this orientation ordering in area V1 is formally equivalent to
the orientation ordering of the xy- model, though the first is due to a nonequilibrium
process of the open nerveous system, whereas the second is due to an equilibrium state
of a closed statistical mechanical system: The formal equivalence is due to the effective
potential dynamics in coupling space (see Eq. (12)).

This study explains the following findings: Orientation preferences can be quanti-
tatively described as equipotential lines of an electrostatic model system with charges
at the singularities [19]. The number of singularities with clockwise rotation is equal to
that with counter clockwise rotation [16].

So far it was an open question, whether the pinwheel singularities observed in area
V1 are in some possibly dynamical equilibrium state, or whether they or some frozen
relicts of an initial state. The present study provides a clear answer: they are in
a dynamical equilibrium, because a state without singularities contradicts the Mermin
Wagner theorem, as a result of the present analysis. A state without singularities would
be pathological, because only one orientation preference would occur; in this sense the
present result shows why the orientation system is robust against a uniform orientation
preference state.

This study predicts a Kosterlitz- Thouless phase transition of the orientation singu-
larites of the visual area V1, at some critical fluctuation rate T,. It will be intersting
to identify the conditions of T¢ in physiological terms, and to possibly find the phase
transition in the future.
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