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In this work we present a strong chiral meson Lagrangian up to and including
O(p°) in the momentum expansion. It is derived from the Nambu-Jona-Lasinio
(NJL) model using the heat-kernel method. Identities related to the properties of
covariant derivatives of the chiral matrix U as well as field transformations have
been used to obtain a minimal set of linearly independent terms.

1. The Bosonization of the NJL Model

The effective four-quark interaction of the NJL model [1] is a low-energy approxima-
tion of QCD, the standard model of the strong interactions of quarks and gluons. The
bosonization of the NJL model generates an effective chiral meson Lagrangian which
results from the quark determinant (see [2] and references therein). Applying the heat-
kernel techniques [3, 4] for the analytical calculation of the quark determinant one can
derive a momentum expansion of the effective meson Lagrangian. In particular, the
terms of O(p?) lead to the kinetic and mass parts of the Lagrangian, and the terms
of O(p*) can be brought into the general form which was introduced by Gasser and
Leutwyler [5]. A phenomenological analysis of the chiral coefficients L; shows a good
agreement with the predictions of the NJL model. It 1s reasonable to expect the same
of the next order in the momentum expansion, where precise experimental data are not
yet available.

In previous works [4, 6] we have presented the heat-kernel expansion of the quark
determinant up to the order hg of the heat coefficients, containing the complete infor-
mation about the O(p®) terms of the effective meson Lagrangian in the NJL medel.
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is the effective action for scalar, pseudoscalar, vector and axial-vector mesons. The first
term in Eq. (2), quadratic in the meson fields, arises from the linearization of the four-
quark interaction. The second one is the quark determinant describing the interaction
of mesons. The quark determinant can be evaluated using the heat-kernel technique
with proper-time regularization [3, 4]. Then, the real part of log (det iD) contributes to
the even intrinsic parity part of the effective Lagrangian while the imaginary part gives
the odd intrinsic parity effective Lagrangian which at O(p*) is related to the anomalous

action of Wess and Zumino [10, 11].
The logarithm of the modulus of the quark determinant is defined in “proper-time”

regularization as

o 1 % 1 N
Loy log(D'D) = — 1\ dr —Tr exp( — D'D7) (3)
1 T .

log | detiD| = — 5 3 Fogges

with A being the intrinsic regularization parameter. The "trace” Tr’ is to be understood
as a space-time integration and a “normal” trace with respect to Dirac, color and flavor
matrices, Tr' = %%a Tr, and Tr = tr - tr¢ - trp. The main idea of the heat-kernel

method is to expand < z | @GA.:@:)UJ | y > around its "free” part
1 2 2 .
é — = em#THa-y)? /(4]
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in powers of the proper time 7 with the so-called Seeley-deWitt coefficients hi(z,y)
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k

The new mass scale p arises as a nonvanishing vacuum expectation value of the scalar
field S, and corresponds to the constituent quark mass.
After integration over 7 in (3) one gets
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where T'(n, z) = boo dt e~'t" "1 is the incomplete gamma function. Using the definition
of the gamma function I'(a, z), one can separate the divergent and finite parts of the

quark determinant
1 ~
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is logarithmically divergent, and the finite part has the form
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Fol? are the field strength tensors,

where £'pv

Fiy = 8,Vs =8,V + Vi, V] + (A, A,
Fh = 0,A, — 8,A, + [V, A] + [Au, Vi,

and
VuH =0,H +[V,,H —+*{A,, H}.

2. The Chiral Lagrangian

We will consider here a nonlinear parameterization of chiral symmetry corresponding
to the representation ® = QX Q. The matrix of scalar fields 3(z) belongs to the
diagonal flavor group, while the matrix Q(z) represents the pseudoscalar degrees of
freedom ¢ living in the coset space SU(n)r xSU(n)r/SUv{(n). It can be parameterized
by the SU(n) matrix

@E-ET%VV%Tsém
/\MNHO ‘ M ‘

with Fj being the bare 7 decay constant. Under chiral rotations
q— q=(PréL + Prér)q
the fields & and x&w\ L are transforming as
@ - & = {06k,

and

AR AR = ¢p(8, + AR)eL, AL — AL =¢1(0,+ AL)E].
The effective meson Lagrangian in terms of the collective fields is obtained from
the quark determinant by calculating the trace over Dirac indices in Trh;(z). The

“divergent” part of the effective meson Lagrangian is defined by the coefficients hg, h;
and hy of the expansion (4)

Laiy = meiaﬁﬂﬁo“ »va ﬁbtﬁe+§&|®le+3oﬁl\sm
+5 ASSN iﬁvwv_ 3?&-51 éﬁpmziv (5)
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D, and D, are defined as

= F}, & F2, The covariant derivatives

Dy = O +(AL  —# AR) | Dyw = 04 +(AR « — w 4L),
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where it is understood that Dy and D, act upon expressions transforming as Ep i

and £g - - .mmu respectively. Assuming ¥ 4 and therefore & = w2 = pU the T,
grangian of O(p?) can be written in the form
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y = TI'(0, .:M\>NV and < @g > is the quark condensate.
The terms of O(p*) of the effective Lagrangian result from the logarithmically divey.
gent part of the quark determinant and from the coeflicients h3 and h, contributing 4q
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contribution of O(p*) can be written as ;.T
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where M = (¢ + mo) (D +mg) — u2. We will assume the approximation I'(k, p/AY) x
L'(k), valid for k 21, and p?/A? <« 1.

The effective meson Lagrangian of O(p*), Eq.(6), can be brought into the standard ,
form introduced by Gasser and Leutwyler in ref.[5] (see appendix, Eq.(12)) After using
the field transformations [12], which are at O(p*) equivalent to the application of the

classical equation of motion (EOM) (see appendix 13), the NJL model gives the following
predictions for the chiral coeflicients
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Appendix A. Identities and Field Transformations

A1 Identities

1 f
In order to reduce the number of terms as much as possible we have made use o
1 1t1 i 1 listed here.
dentities and relations, which are e. . . .
mm<%ww~hwmnw:m5= contains different types of derivatives which satisfy the following

rules:

GEAQHQNV = (D,01)0; + QwaMQmV — AUFQCQN + Q;thmV >
Du(0102) = (Du01)03 4 0:(D,,05) = (D,01)02 + 01(D,,05)

D,(0102) = (D,01)02 4 0:1(D;,05) = (D,0,)03 + 01(D,03) v
p o 7 9
_ = = (D,01)02 + 0:(D,0,) . (
D,(0105) = (D,01)02+0y(D,05) = (D,0:)02 + O(D,

. ed
In order to reduce the number of terms which contain Goldstone bosons only, we applie

the following relations

= L
(D4, D,JO=FLO~-OFF,,
[0, D))o = [F}3,0).

R
[Du, D,]O = F,0 - OF

[ D50 = £ O (10)

We have also made use relations arising from the unitarity of the matrix U:
DD DUt D.UY .
bUut=-vDUY, D,DUU'+UD,DU' =~ (D,UD,U' 4+ D,UD,UY)
I = 3
A2 Field Transformations

1 iminate with

initi i 1 dundant terms which can be eliminat .
| Lagrangian also contained re ‘ o
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: 4 i ‘ er | > monteniu
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. 17 5 . - R . ; - " .4 T

) “vc:_““ SO_N_E miss using the classical EOM only. Before the application of fi
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transformations the most general Lagrangian of O(p

%) typically has the form (see MQ.A&v
) :

Lo=1L) Aib\hqd\hccvm + Lytr (DUD, U ?SUGQ
+Litr Abtqutqsyqutqc + Litr APS%EV tr (xU +Ux1)
+Lgtr (DLUD U (Ut 4 UXY) + L (tr (xU + Ux'))*
+L% (tr (xU' — QXJVN + Lgtr (UxtUx! + xUtUt)
+Loir (FLD'UD U1 4 pR VDU = Ligte (URR Gt o)
—Hib (FLFE + FEFE) + Hyr (1)
A tr A%Q%%v + dotr Q%Sm +x.mmiv :
It contains 2 more structures than the

order to eliminate the two additional
the chain rule to U/t — 1. After som

standard Lagrangian of Gasser and Leutwyler. In
terms, one rewrites D2l [/t apd UD Ut ing
e algebra the Lagrangian of Eq.(11) can be written -

as s

EoM

La= L% 4 eitr (020Ut - cmmq:emwzv +eatr (U1 = Uxhyo@) ), a2

where h%bh is the Gasser and Leutw

yler Lagrangian defined in [5] and QM& a has the &
functional form of the classical EOM of O(p?): :
. - 1
00 m(U) = DUt — y D2yt _ xUT+Uxt + 3t (U - oyt). (13)
The unprimed (G&L) and primed coefficients are related through e
N@ = \H« N\M” \mu N\u” W+>Ha N\A“ .\»v N\m”hm'\/mu Mi.
A Ag AL Ay o4
Le=Lg, L;= \ﬂ+wlm+ﬂﬁ Ls = WIMIIWM Lg = Ly, _
A
Lio=1L%, Hi=H| H,= m+lm_.+»§
I P YR ¥
T oo
In our NJL-based approach the coefficients A; are
N, N,
AL = 2 N

5 \/m = — £ Ty.
6 1672 1672
Using the field transformation technique
Eq. (12). For that purpose we write

(12] we will get rid of the last two terms of ,«”

U(z) = exp(iSy(V))V(z), (15) ©
?Note our different convention for the definitions of the tensors FLA, pL,R _ INTJ%,”W.
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where S2(V/) is given by

. VH 2 1 d&a\q
S2(V) = |~M%.Ab Vvi-Vv )
; \/lH + mkv Axa\* — Wy ~ wﬁ Ax«l - <XJV ) (16)
IRNZRNT; 3
If we insert U = exp(iS)V into L4(U) we obtain
17
Lo(U) = La(V) + 6D LoV, 8) + 6D Lo(V,8) + ... (17)

17) we have dropped an irrelevant total derivative. The mc.vonmwmvaw denote the
" m@H Mm S (or D,S,...) and the corresponding expressions are given by
powe s

WLV,S) = i (1508(V)) = 06")

DLV, Sy) = m.m: @G&:\Sg@ — DS,D,VV — D'2Sy)
30Vt Vx)SE) =06,

§3Ly(V,S) = 0@%) x 0(53) = O(p°). (18)

m ‘

H_HG MN.Mﬁ term 18 OHM#% :wﬂwwwmﬁwgﬂ at QA@ v m\=n— ﬁw:\—w we &O not ve 1ts Ox_v__f__ _AZ:—

(( ﬁr our Owo:uﬁ OM rm.w @Q AH@V ﬁrO ﬁ@ﬂwmw QA thAw_“wNv H:@A.\Mm@—% OWEOOMM ﬁrnw _gﬂ two
1 ’ ¥ ’

4
ibuti f Eq. (12) (U — V at O(p?)). .
nosmm“:%w%mﬁ“&s”:ﬁoﬁ Vh» has a similar form as that of £; in Eq.(17)

La(U) = La(V) + DLV, S) + O(°), (19)

where

] 20
5V L4V, S) = mf_ (50834 (V) = 06 (20)

F the Lagrangian in Eq.(11) we obtain for the O(p*) contribution to the EOM
rom
operator

05 (U) = %%AE ~ .W:thv ; (21)
where
E; = AMR - Ev: (D, UuD*UY) - (D*U U - U DU
+ 214 -uD, (B0 DU D UY) + D, (DUDV! b@v al |
+ (aLy+2L5)| - UD, AU.JSE.QS.V D, Acng Ut btqw U % |
+ Lo U+ UXY) (D20 Ut = UD'UY) 41 (DU DU - (U - xU )]
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+ Li[-UD, (D'ut (vt + Ux") + D, (k0 +Ux1) D*v) 0t

+Ux! D,UD*Ut - DU D vt xU1]
+ 2Lgtr (XU + UxY) - (Uxt - xUt)
= 2Latr (xU' - UxY) - (Uxt + xU1)
+ L[ xh) - )’
+ Li[~UD'(FR D*Ut) + DH(D*U FR)U' - UD*(D Ut FL)

+D* E&Q.SS_

~ Lio[UFB Ut ptev _ pL y pRav ut]

+ WD DUt - ppw o] 4, [0 D’ - D 0t]. )
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