acta physica slovaca vol. 44 No. 2, 93 - 98 April 1994

CANONICAL HAMILTONIAN FORMULATION OF THE
LOTKA-VOLTERRA EQUATIONS!

C. Cronstrém?3
Department of Theoretical Physics, University of Helsinki,
Siltavuorenpenger 20C, SF-00170 Helsinki, Finland

Received 5 January 1994, in final form 25 February 1994, accepted 2 March 1994

A canonical Hamiltonian formulation is given for a fairly general system of
Lotka-Volterra equations. This requires certain restrictions on the equations in
question, which are spelled out in detail. A set of canonical coordinates and
momenta are constructed explicitly. The Hamiltonian (which is bounded from
below) is also given explicitly.

1. Introduction

The Lotka-Volterra model [1] is defined by the following system of non-linear
differential equations, i

dN; .
7 = \nu.za..*'.ﬂ.m}&zlﬁ 1)

The equations above were originally proposed as evolution equations in population
dynamics, in which case the quantity N; denotes the (normalised) population of the
i:th species in a system with n competing species. The quantities k; in the equations
above are so-called rate-constants, and the matrix {A;;) with constant matrix elements
defines the non-linear interaction between the species. The matrix (A;;) ought to
fulfill certain conditions which relate to the concept ”crowding inhibits growth”. This
condition will in this paper be implemented by the requirement that the matrix (4;;)
be antisymmetric,

Aij = —Aji (2)

i,j=1,2,...,n.

The system defined by (1) is interesting in its own right, and has found various
applications in physics and chemistry {2].

In what follows I will describe the conditions under which the system (1) admits
a canonical Hamiltonian formulation. This is a joint work with Milan Noga, which
will be described in more detail elsewhere [3].
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2. New variables

We first consider the stationary (i.e. time-independent) solutions z; of the m@:m..
tions (1),

NH.AF..TM\»QN.L =0 va
j=1

Assuming z; # 0 in.general, we have

n
MU \»d. z; = —k; A&
j=1

i=1,..,n
In the view of the assumed antisymmetry of the matrix (A;;), the Eqns. (4) have
solutions for general k; only if the dimension of the state space (the number n in Eq.
(14)) is an even number. It is furthermore desirable that the solutions z; of Eqns.
(4) be positive; this requires some further conditions on the rate parameters k; and
matrix elements A;;, which do not restrict these quantities unduly. In what follows
we simply assume the requisite positivity conditions,

z>0, i=1,...,n (5)
It is now convenient to introduce new variables v; as follows,
N; _
v; = log —* (6)
z;

The equations (1) take the following form in the new variables v;,
) ;
‘F_ = M\»: 23 Amcu. - : A.Nv
ji=1 E

In view of the antisymmetry condition (2) one finds immediately a conserved quantity
which we call G(v), ;

Glo) = Y zle” = w) 8)

It should be noted that the quantity G(v) defined by Eq. (8) is bounded form below
(for positive z;). This is an indication that the quantity G{v) defined by Eq. (8)
might be a suitable Hamiltonian for the system (7); that this is indeed the case will
be shown below. i

It should be noted that the variables v introduced in Eq. {6) as well as th
conserved quantity G(v) given in Eq. (8) were considered already in the paper by
Goel et al. mentioned above in Ref. [2]. However, these authors did not analyse the
canonical structure of the Lotha-Volterra system. We consider this question below in
great detail.

In order to discuss the canonical formulation of the system (7) it is necessary to
introduce canonical coordinates w:m momenta in stead of the variables v;. At this
stage one does of course not know that such variables exist; it will be demonstrated
below by explicit construction.
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3. Canonical variables

Let us to begin with assume that there exist canonical coordinates q, and momenta
(a=1,-, W:v which are linear combinations of the variables v;,

n n
qa = MUQE:E y Pa= MUQ&S va
i=1 i=1

1
a = “—.M, ey =R

2

The relations (9) ought to be invertible, {remember that n is an even number),

Haq

vi =Y _(Viada + ViaPa) (10)

a=1

;From Eqns. (9) and (10) follows immediately that

MQ&.Q? = bap AHMV
i=1

MQE.SQ =0 (12)

i=1
> BaiViv = bab (13)
=1
n
> Bailly =0 (14)
=1
as well as
MUAQ:Q&. + ViaBaj) = bi5 (15)

a=1
The equations (11)-(15) are of course nothing but consequences of the assumed linear
relations (9)-(10) between the quantities ¢a, Pa and v;. Let us then return to the
question of the canonical structure. At this stage we assume nvwo the system )
admits a canonical Hamiltonian formulation, with the Hamiltonian H proportional

to the conserved quantity G{v) defined in Eq. (8],

H = CG(v) (16)
where C is some suitable constant. The equations (7) then ought to be equivalent to
the following canonical equations

_eH . _ oH -
qa = Pe y Pa= 94
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Using the relations (9) one finds the following set of differential equations from Eqns,

A.Nv‘

da = MQS.\»J.N.N. Ameu. - : va
i, Y

Pa = Mm&.\w:& (" —1) (19)
i

Using Eqns. (10) and (16) one finds

ot CY zi(e¥ —1)V; (20)
%an j=1 ¢
OH 3 25(e™ — 1)Uz 21)
mmn j=1

Comparing the pairs of equations (18),(19) and (20),(21), respectively, with the canon-
ical equations (17) one finds indeed that the differential equations (18),(19) are canon-
ical Hamiltonian equations provided the following conditions hold true,

> oaidij = CVy, (22)
=1

Y BaiAij = ~CU; (23)
i=1

So far we have shown, that the system (7) admits a canonical Hamiltonian formula-
tion, with canonical coordinates ¢, and momenta p, given by Eq. (9), and Hamil-
tonian given by Eq. (16) if and only if constants gy, B4 and Usia, Via can be found,
which satisfy all the conditions (11)-(15) and (20)-(23), respectively. The existence
of such constants will be demonstrated below.

4. Auxiliary linear problem

We now consider a linear cigen-value problem, which is related to the existence
of coefficients g;, Bq; and Us,, Viy which fulfill the conditions given above in Sec.

III. The eigen-value probblem in question consists of the following pair of eigen-value
equations

M AjkTar = AaYaj (24)

k=1

n

M\f&@nw = 'v,a.ﬁ& Awmv

k=1
It 1s a simple matter to demonstrate the existence of real-valued eigenvectors x, and
Ya with eigenvalues A, which can be taken to be non-negative without loss of gener-
ality. This can most easily be demonstrated by considering first e.g. the eigenvalue
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EoEoE for the matrix AT A, where AT denotes the transpose of the wsﬁm%:::owlo
matrix (Aqj). Furthermore, we have assumed the :55« (Aij) to be :o:-mim:_g (i.e.
det A # 0) which implies that the eigenvalues A, are different from zero, i.e. can be
chosen to be strictly positive,
Ag >0
1

a= w.w.:qmn Awmv

For simplicity we will in what follows restrict attention to the case in which the
eigenvalues Mg are distinct,

atbedi#E N (27)
Under the stated conditions one finds that the eigenvectors z, and y, (if properly
normalised) form a bi-orthogonal and complete set,

AHQ, “gv = MU TajlYpj = 0 Awmv
Jj=1
b=1 ~=
g‘ - 3ty M
Aﬁm. va = mns ) G\S Q@V = mn@ Awwv
and .
m:
Muﬁ.aina& + YakYar) = ke (30)
a=1

We now claim that the constants og;, 8. and Ujq, Vie introduced in Sec. ﬂm can be
taken to be proportional to the eigen-vector quantities £4; and ya;, respectively.
Thus, let

gk i= Yalak Aw:
Qin ‘= Palak Awww
and Byh
lo = 2224, (53
Yada
Sn = Q H&. Awus

where the quantities ¢, and 1, are constants to be determined. .

All the necessary (and sufficient) conditions (11)-(15) and Aw.wv-ﬁwv are now satis-
fied with the choices (31)-(32) and (33)-(34), respectively, provided the constants ¢,
and ), satisfy the following condition,

Ya Ya Ag = Aw@v

The validity of the assertion above follows straightforwardly from the oﬁ.v:,&;mo:m of
bi-orhtogonality (28)-(29) and completeness (30} of the eigenvector quantities q and
Ya.
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Without essential loss of generality we choose to satisfy the condition (35) as
follows,
Pa = .%a = Mﬁ.i ) Awmv
a
To summarise: we have demonstrated that the following variables ¢, and p, are
canonical coordinates and momenta, respectively, for the system of equations (7),
with the Hamiltonian given by Eq. (16),

,\WM TaiV; (37

1
Q n
%a=1/3" > yaivi (38)
%=1

The quantities 7,4, y,; and ), are defined by the eigen-value problem (24)-(25).

No doubt the consuderations above could be replaced by general arguments from
symplectic geometry. However, we have in this lecture preferred an elementary dis-
cussion based on linear algebra, which is perfectly adequate in the present case.

Needless to say, the discussion above can be modified sG as to include the special
cases of coincident eigenvalues or of singular matrices {Ai;), which implies the oc-
curence of zero eigenvalues A,. A particular case of the latter kind has recently been
analysed by A.Yu. Volkov [4], who refers to L.D. Faddeev and L, A Takhtajan {5] for
background material. The Hamiltonian obtained by the methods given in this paper
differs (in a substantial, non-trivial way) from that obtained by Volkov.
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