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GROUP-THEORETIC APPROACH OF CLASSIFICATION
OF SIMILARITY SOLUTIONS FOR AN UNSTEADY
FLUID FLOW THROUGH A POROUS MEDIUM

SANYAL D. C..") Kalyani

A group-theoretic approach of classification of similarity solutions in natural
convection for an unsteady flow of a viscous incompressible fluid through a porous
medium is considered. Two cases are considered: (i) the permeability of the medium
is constant and (ii) the permeability is a function of the space and time coordinates.
It is shown that similarity solutions are possible in both cases.

L. INTRODUCTION

The study of similarity solutions of partial differential equations based on the
concepts of continuous transformation groups has been treated extensively by
Birkhoff [1], Morgan [2], Michal [3] and Chakraborty [4] have also
paid attention to this field. The main object of this method is to reduce by one
the number of independent variables in some system of partial differential
equations.

In the present paper we will find whether the similarity solution of the
differential equations involved in the problems of the unsteady flow of a viscous
fluid through a porous medium of given permeability is possible. We discuss
here two different cases: the first is that the permeability of the porous medium
is constant and in the second the permeability is assumed to be a function of the
spacae coordinates and time.

II. CASE I: PERMEABILITY CONSTANT

As an application of the group-theoretic approach we consider the case when
the fluid flows through a porous medium of permeability K. The relevant
equations in usual non-dimensional forms are
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where u, v are the velocity com

number, G the Grashoff numbe
number,

We assume that the permeability K is constant.
Let us now introduce the fo
transformations [2):

ponents, T is the temperature, P, the Prandle
1, E the Eckert number and R is the Reynold

llowing continuous one-parameter group of

[=t+ va, X =e"x, V=y+wa ="y 5= v, T=e%T @)

Then the expression

is constant conformally invariant under the transformation (4) if
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The expression
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is an absolute invariant under
Also the expression -
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the transformation (4) under the conditions (5).

s

to be constant conformally invariant of transformation (4) satisfying (5), is that
the dissipation term must be zero.

The expressions @,, @, and @, can be ex
T and K, F, F, and their derivatives, where
they are absolute invariants of the subgroup of the transformation of the

independent variables X, y, t. From the nature of the transformation group (4)
under the conditions (5) we choose 7, and 7, as follows:

pressed in terms of the variables i,
the variables 7, and 7, are such that

— - Vaf v
m=e Jm:\_@. Th=e"x slve.

(6)
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Hence 7, and 7, are functionally independent absolute invariants of the trans-
formation group

[=t+wva ¥=e¢%x, j=y+wva, d=¢"u, i=v, T=e"T. ®)
We now proceed to find the functions F, F, and F. We have
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where g; (i = 1, 2, 3) are functionally independent absolute invariants of the

transformation group (7). We choose g; mm.wozoim“
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bsolute invariants of the group of transformation (8).
It may be seen that g; are absolute
From (9) and (10) we have

u=e"x" "R, ),

o A<_\<uv._.

v=¢ ‘¢ mﬁé_u Jwvu A— _v
T=ex""ME(®y,, m,).
Using (11), the expressions for @, (i = 1, 2, 3) take the forms
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In the expressions for @, (i = 1, 2, 3), the independent variables are m, n, and
the dependent variables are F|, E, F,.

Using the above variables, we set up a new group of transformation as
follows:

— bn,, m,=b%n,, F,=b°F, F=bF, F=bF, (15)

Under the transformation (15), the nx_unmmm_o: for S becomes
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o = QTJSN_ gia_ﬁ_? vm+s|+sl‘@+
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@, will be an absolute invariant under the transformation group (15) if
&= —&, &= —&, &= B@lm_
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Hence the :m:mmo::maoz group (15) reduces to
=0y, m,=b%n, F=0"F, F=6""""""E, F=b"F. (16)

It is seen that the expressions @, and @, remain absolute invariants under the
transformations (16).

Let us now proceed to express 7, and 77, by means of a single variable 77 as
follows:

£

n=1m " an
It may be verified that 7 is an absolute invariant under the transformation (16).
We now choose the dependent variables H(n) (i = 1, 2, 3) as follows:

E =n, “H(),
=" VY Hy(n), (18)
F=n *"Hyn).
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Using (17) and (16), the equations (12) to Gé reduce to

2

ﬁ: “H, ~ &1 &t@l*ﬁﬁAﬂ‘va: ~.~_||: Hi——n H +
vz & & )

€ £
-

I-2— £ M. _INW 7 & 1m|_ & yrr
+7 &*NQ.TEN_MILJ *Hy+ 1 NEQIMJ *Hi+1n H\ +
2

_h

- -2 1
+m0+mvam§|la “Hitn “H{+aH - —n “H =0, (19)

& & &
o 1-a - =L -4 v ~a
(1+2)n T L A P
V3 & & V3
v &\ "o iz
[(B-2) e )= 20)
Vi &

1 ’ 'y a | & ,
Mu.gmu+wa-.~w+ zut‘u‘_‘_.mw_H ‘Hy+ 1 .ELIMNT:S.T " H —
r ’ 1

AR -2 & vl ' oF
Ailuv: “H,Hy— D1 &m_ETiT H+ 1 im_lo
Vi

¢) e v
(21)
Thus we find that the equations (1), (2) and (3) can be reduced to the ordinary
differential equations (19), (20), (21), respectively. Hence there exists a similarity
solutions for such a problem. The boundary conditions can be fixed up for H;

(i = 1,2, 3) and the equations (19) to (21) can be solved by using these boundary
conditions.

III. CASE II: PERMEABILITY IS VARIABLE

Let us now consider the case when the permeability K is a function of the
space coordinate x and time ¢. To find the similarity solution of the equations
(1) to (3), we introduce the following continuous parameter group of trans-
formations:

i=adu G=a, T=aT, Z=a"x, j=a"y, i=a't, K=d'K 22

Then the expression @, is constant conformally invariant under the trans-
formation group if

p=m—2n, q=—n, r=m—4n, s=2n, [=2n (23)
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Thus the group of transformations (22) becomes
2n n

G=A "u, 5=A "o %= Ax, jo=Amy 74
K, i (24)
where A = g™

It can be easily verified that the expression @, is a constant conformally
invariant under the group of transformations (24). The expression @, is constant
conformally invariant under the transformations (24) provided we neglect the
dissipation term.

We can reduce the three independent variables X, y and ¢ to two independent
variables 1, and 7,, which are absolute invariants under the transformation (24)
such that the expressions @, (i = 1, 2, 3) in the independent variables x, y and
t and the dependent variables u, v, T and the known function K can be reduced
to expressions in the independent variables 7, and 1, and the dependent varia-
bles F,, F,, F; which are functions of 7, and n, and in terms of a known function
F(n, m,). .

We choose the variables 7, and 7, as follows:

2n n

m=tx ", m=yx " (25)

It can be verified that 7, and 7, are absolute invariants under the group of
transformations (24).

We can also find out the following absolute invariants involving the depen-
dent variables:
2n

P, ] L )
gr=ux" | g=vx", gz=Tx" , g, = st. (26)
It can be verified that g, (i = 1, 2, 3, 4) are functionally independent,

We can define the dependent variables as follows:

4n _. n
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Using the transformations (27) and the definitions of 7, and 1, given by (25) in
the equation @, = 0 we get :

2n ,O0F n " OF, 2 OF,
m OF/on, lmﬁl n— lsawl_+m|=| _v :_&JF mb— -

m @J_ m @dw m @dw
o'F,
— 1 @i_ —mE+ nFE=0. (28)
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Similarly, the equations @, = 0 and @; = 0 are respectively transformed to

Hm—=fh=—m—ily—=l, (29

. @m. _muﬁ
& R[(Z- 1) g+ 2g 2 LBl g BoLTE_ o )
an, m m 0n m 0Om, om, P, onp;

The independent variables in (28) to (30) are 5, and 7,, while the dependent
variables are 73, F, F and the new known function is F,.
Now we introduce a new transformation group as follows:

M=b"m, h=b5m, F=F,E=b"E, F=b%%, E=1"F (1)
Under the transformations (31), the left hand side of the equation (28) is
constant conformally invariant provided

6, =28, &= —26,, 6,= —6,, &= —43, O = —26,. (32)
Then the transformations (31) under the conditions (32) become

a_ﬂvwma_, @w“@&dw mﬂwlumﬁu: Nﬂm”@!&ﬁv

-

E=b""F, F,=b""F, (33)
It can be seen that the left-hand sides of the equations (29) and (30) are constant
conformally invariant under the transformations (33).

We next proceed to find the absolute invariants of the independent variables
under the transformations group (33). It can be easily verified ¢hat the trans-
formation of the independent variables 7,, 1, given by

=1
n=mn’m G4
is an absolute invariant of the group of transformations (33). Absolute in-

variants containing the dependent variables are given by

N fem

hy = Fn, h,=En!, Fﬂmd_ﬁ hy = Fen,. (35)

Equations (28) to (30) can now be reduced to ordinary differential equations if
we express the dependent variables and the known functions as follows:

F=n7'"H(n), E=n Hn), E=n72H®n), fi=n"'H(m). (36)

It can be easily verified that h, (i = 1, 2, 3, 4) are functionally independent. Using
the transformation (36) and the definition (34) for nin equations (28) to (30) we
obtain ,
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1
AE_ + 5 :Ev — H} — HH{+ H{+ H; — HH, = 0, (37
H, + H; =0, (38)
1 L,
ANS +1 ssv — HyHy = HyHS 4 HY = (39)

r

Thus the equations (37) to (39) are ordinary differential equations of the
independent variables H,, H, and H, and these variables are functions of the
dependent variable 7. The function H, is involved in equation (37) as a known
function.

Hence, we can conclude that since the equations &, =0 (i=1, 2, 3) are
reduced to ordinary differential equations, a similarity solution in this case is
possible. The boundary conditions for H,(i= 1, 2, 3) can be fixed up at this stage
and the equations (37) to (39) can be solved for H, by using these boundary
conditions.

Let us consider the free convection flow. Then the boundary conditions are
u=v=0, T=T, at y=0,
and u, T—»0 as y— .
The boundary conditions under the above group of transformations reduce to

H=H,=0 at n=90

and H,, H,—»0 as :;.+8,
where T, = 1 2x.
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TEOPETUKO-TPYIINOBON MOAXOJ JJIA KJACCUOGUKALIMM NOAOBUSA
PEIMEHUNA JJS HECTAUMOHAPHBIX TOKOB YEPE3 ITOPUCTYIO CPEAY

Pa6oTa nocsauieHa TEOPETUKO-TPYNNIOBOMY TIOAXOLY ANs KjaccudHkaLuu noJo0Ha petueHuit
B €CTECTBCHHOH KOHBEKIMH HECTAUMOHAPHOIO YOTOKA BA3KOH HECKMMACMON XUAKOCTH Yepe3
NOPHCTYIO Cpey. YUTEHB! ABA Cy4as: 1) NPOHHIAEMOCTE CPE/lsl PaBHA NOCTOSHHOM ¥ 2) NPOHH-
HAeMOCTh ABAAETCS PyHKLMEH NPOCTPAHCTBEHHO-BPEMEHHBIX KOOPANHAT. NOK432HO, YTO PELUICHHS
noaobus BOIMOXKHBI B 000X chy4asx.
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