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THE EFFECT OF THE INHOMOGENEITY
ON A STRESS-STATE OF AN ISOTROPIC
BODY WITH A CIRCULAR HOLE SUPPORTED
BY AN ELASTIC RING

MAMRILLOVA, A..') Bratislava, SARKISYAN, V. S.%) AZARYAN, S. ALY
NAZARYAN, Z. A.%) Erevan

The stress distribution is investigated on a contact line between a thin planar plate
and a ring. This is the planar problem in the elasticity theory of inhomogeneous
isotropic bodies with the circular hole supported by the elastic ring under given
boundary and contact conditions.

For a given inhomogeneity (11), the complex stress function is constructed (as the
solution of the boundary problems (6) and (7)): for the thin planar plate it is given
by (12) and for the ring by (13). We analyse numerically three cases: a) the case when
the materials of the ring and of the planar plate are similar (see Fig. 1), b) the ring
is absolutely stiff (see Fig. 2), and c) the ring is absolutely flexible (see Fig. 3).

L. INTRODUCTION

In the last decades authors pay much attention to the contact problem of the
theory of elasticity. This is caused by the actual requirements of modern tech-
nology and engineering.

There are many works devoted to the investigation of contact problems. We
shall mention the most important monographs by N. I. Muschelishvili
[5], G. N. Savin [8], I. Ya. Stayerman [14], L. A. Galin [3], I. V. Vor-
ovich and V. A. Babeshko [2], V. A. Lomakin [4], V. S. Sarkisyan
[9(1), 9(2)].

Our work follows [5] and has investigated the stress distribution on a contact
line between the thin planar plate and the ring for the inhomogeneous isotropic
materials under given boundary and contact conditions. We have calculated the
coefficients of concentration and we construct the diagrams of stress distribu-
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tion along the contact line (thin planar plate and ring) in three different cases.
The effect of inhomogeneity in all cases represents 30 = 35%,

The use of composite materials (inhomogeneous, anisotropic, manycom-
ponent etc.) allows to investigate on the basis of solved classical problems,

important problems of the theory of elasticity of inhomogeneous bodies new in
practice.

homog. body (Kol

Fig. 1

Fig. 2
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We investigate the problem of the theory of elasticity of inhomogeneous
isotropic planar bodies with a circular hole supported by an elastic ring under
given boundary and contact conditions. This problem leads to the third order
differential equation with variable coefficients:

PGV W o’Gv he - OGY : oGY
——+ 2Re{A4Y(z, 5 + APz, 5) —— 4+ AV (z, 7 Mnc, (1
9229z A Voraz T4 oz A oz )
with the boundary condition on L
o iz = (2
and the contact condition
o —itQ =o'V — it
3)

v? — i@ = p — ivy).
Here L is the contour of the hole,
GY(z, %) is the complex stress function,
Az, D k=1,2, 3) are complex variables depending on the inhomoge-
neities of the material E9(z, 7) and vW(z, Z) (the upper index j = 1 corresponds
to the thin planar plate and J = 2 corresponds to the ring [8, 10(3))).
Let us investigate the weakly inhomogeneous material [9, 10(3)]:

E?z, 3) = EY[1 + ¥z, 2)); 16(z, 9 <1; 0<S< I; v =const. (4)

The complex stress-function can then be written in the form

a
Gz, )= X &GPz, 2).

k=m0
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For the quantities GY(z, ) we obtain a recurrent set of boundary problems

LGz, 9] =0,

i 6
G(0) = HO(o), - ©
LIGP(z, 2] = BIGY. (2, )] + WIGY. (2, 2)), Q
G =0, v
where
3 2 2 2
-2 g:u%i@ C  livdo 1-v oy mw,
0220z 0z 0z0z7 4 0z 0z 4 0207 0z
2
Wl = lwwo% + <A@@ 8, 1- <W\&W\~.Ww,
4 \93z/ oz 4 0Oz 07 0z
under the boundary conditions
oF —ind = of —itlh, o — Q=0 —wQ, k>0. @

The stress vector of —ir% and the vector of internal shifts v9 — iv{, are
expressed in the form
. oGY oGY . _
o ~ it = — S0 - o) 4 i) —
0z 0z

oGP 9IGY
. k 2i@

— Eg0z) + y9(z)] e76 + A
Oz Oz
vd — i = P — wP) e, )

. 1 S TEG
W= ol = - D OP ) — 2096) ~ (o) + M TGO] -
IR O o _io O w40 5
—IRe {f{(z, 2) '.AST_I:VI_V+I:A=»|_+_S.1_ dzy, k=1
0z oz

_ Aot 3y Ho

e gy = ’

Ao+ 1y Ao+ 1y

For k = 0 they are identical with the corresponding expressions which are valid
for homogeneous isotropis bodies {8].
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1.

Let us take an inhomogeneous thin planar plate with a circular hole which
is supported by an elastic ring under a one-axis extension in the Ox direction.
Then

H9%(o) = RoP. (10)
We assume the case when the inhomogeneity function fi(z, 2) has the follow-
ing form [10(3)]
z+z
(z.2m+!

. R+ 1
sﬁ.

Sz, 2) =

N3+_
\\?@u NAM.V .8% (1)
r

Solving the boundary problems (6) and (7) with respect to (10) and (11) we
obtain the following complex stress-functions:
a) for the thin planar plate .

Gz, 2) = G{'(z, 2) + 8G{(z, 3), (12)
b) for the ring
Gz, 2) = Gz, 2) + 8GOz, 3). (13)

The unknown coefficients entering into this expression are determined from
the following systems of equations:

2a,R\/R+ b_R/R, =0
2a,+b_, =24, + 3,
Moo — 1)~ b= 4(x— 1)~ f_,
& R}[R* + a_\R/R, + b_,R*R? = (14a)
3a;R}/R* — a_\R/R, — b,R,/R = 0
a+ad_+b ;=A,+a_,+pB,
3a—a_,— b =34,—u_, - B,

Hmlnay —a_, — by ] =x4;— a,—-f,
HmBa; + a_, — b)) = 34; + xa_, — B
e RIR + C_\R/R,+d_;RR} =
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26, RR+d_\RiR, = 0
3¢,R Sff&xlm?\x 0

¢ +d_,=2B,/PR
AE

(14b)
C_\R/R, + 3¢,R}R — d,R,JR = 0

on\tﬁwg;l&c + 2¢,) = 4(B,, + A4,)/PR

R [R( — 1) + d_R/R, =0
PP ey — d_,) = 4(By, + Ay)/PR
ey RYRY + CR/R +d_;RYR} =
Solving this system of equations we obtain

Ca=6=c=d 1=d; =0
&c = ﬁwﬁwuu - kﬁvho A%.._ — \T_v 5 + %s _
\.&82 + X_D.v tm: : + XNJ Nuh

& _ 1 3%8 5 i
T U+ kPRl 2 Bt x|

(15)
€ = n- Hh@ (By — \ANN:&NQ
© (=) PR ’

!
where n = R/R,, and 4,1, Ay, By, B,

ing on elasticity properties.
The components of the

B,, are complicated expressions depend-
a) for the thin planar plate

stress and the shifts are expressed as follows [10(3)]:

2 2 4
&:um;_ lwm[_ﬁv+ﬁ_|§ & _J

R
JE l_lw..lu,lnmmlu !av OOwN@ng

w 2 4
%Hlﬁq +m:l_.%lvl0 Immuu %lvOomN@;... O(M, cos 30 + M, cos @)
2 2 r? 2 rf ,
R*\ . : .
5 wlav $In20 + 5(M, sin30 + M, sin 6)
r- r

PR :
o = JWT“:' D+ 8, ﬂ+Th+ a 06" + 1) =
8uf r R

+ 6., go&m@w,r[l

¢}

(M; cos © + M cos30 + M, €os 50 + M, cos70),
2u

u
2 a_ (V) — Cl+m| HT_:NQ.T

+ ‘N m (Mysin @+ M, sin30 + M,;sin50 + M,, sin76)
Ho
b) for the ring

2 2 4 :
&sum AS!@IU_WV+AW_.1NQLWIW@» %Mvgmm®~+
9 7 42 2 ~.~. 2 r

3
b = m W,T @ -1 4 p, ﬁ T?@ A
3.. r

+mu_?§+c +@u go&m@w mﬁMQfoomQ.*.
~.

+ N3cos3@ + N, cos 5@ + Nyycos7@)

v = N.x.ﬁa%xs:. uvll? l!a _1(? |:l+u gm5~®+
8ui? r
%ﬁk
m (2)

—— (N}, sin @ + N,,sin30@ + N3 sin50 + N, sin70),
where M, and N, (i =

, 2 14) are complicated expressions depending on
constants of elasticity.
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IV. EXAMPLES

a) The material of the ring and of the thin planar plate is the same. The
concentration coefficient is determined from the relation
_ %

P
under the following elasticity constants
a_y=2/n’ a, =1, a, =0, by = —2/n*
b =2/n% by =2, 0 =2n%, B, = 2yn?, B_s = —2/n".
Putting
pY=pu? =81 x 105 kgem®, #V = %2 =208; v= 0.3; n,=r/R,, n, = n/n,
_we obtain the following Table | n=1,2;n=1, 2):

b) The absolutely stiff ring.
Taking for the elasticity constants the following values

A= —=2% B,=1- % P_y=2/x

we obtain the following Table 2 (n=12;n=12:
c) The absolutely flexible ring.
Taking the elasticity constants as

G=ay=a_,=b=ph_ = -3=0, B,=2 B ,=-2 a_, =2

we obtain the Table 3 (n=1.2;n=12):

We note that the numerical calculations were performed on the computer
EC-1045.

1. In the case of a one-axis extension in the direction Ox the maximal stress

for inhomogeneous bodies is in the points @ = + il +§€ro:§nno=850m

12
the thin planar plate is strained by the absolutely stiff ring. This should be

compared with the values @ — + W+ mm valid for homogeneous bodies.

N.. In H.:n cases a) and c) the zone of extension (06 > 0) is concentrated in the
Oy direction and the zone of suppression (o < '0) is in the Ox direction, both for
homogeneous and inhomogeneous bodies. In the case b) the zone of extension

- (g > 0) is concentrated in the Ox direction.

3. The size of these zones of stress-distribution depends on the value of the
small physical parameter.

4. When the stress inhomogeneity is present, then the stress on a contact line
between the thin planar plate and the ring increases by 30 < 35%.
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Table 1

[C) S0 15° 30° 45° 60° 75° 90°

K (5=0) -0376 —0.212 0.236 0.847 1.459 1.907 2.071

K(6=02) —0.486 —0.275 0.306 1.101 1.899 2477 2.071
Table 2

e 0° 15° o 30> 45° - 60° 75° 90°

K (6=0) 0.4512 0.4215 0.3406 0.2300 0.1194 0.0385 0.0090

K(5=02) 0.5807 0.5433 0.4400 0.2981 0.1550 0.0501 0.0090
Table 3

e 0° 15° 30° 45° 60° 75° 90°

K (=0 —0.3008 —0.2605 —0.1504 —0.1415 0.1504 0.2605 0.3008

K(6=02) —0.3871 —0.3358 —0.1943 —0.1832 0.1943 0.3358 0.3008

V. CONCLUSION

. Our results have indicated that the use of composite materials may be of great
advantage in modern engineering and technology.
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BJIMSTHME HEOJHOPOJHOCTH HA HANPSKEHHOE COCTOSIHME
H30TPOINHBIX TER C KPYIOBbBIM OTBEPCTMEM, INOAKPEIUIEHHBIX
YIPYrum KOJbLIOM

B pa6ore Hccnenyeres pacnpenenciue HANPIKECHHUHA HA KOHTAKTHOM MHHKK TIaCTHHA — KOJIb-
U0 IS HEOMHOPOAHKIX H30TponHbIX cpen npu ONPCACNEHHLIX IPAHHYHBIX YCIOBHAX U YCJIOBHAX
CONPSIXEHUS,

Paccmarpupaercy TI0CKas 3anava Teopun YIPYroCcTH HEOMHOPOAHBIX H3OTPOMNHLIX Ten ¢
KpyroBeiM oTBepcTHEM, TIONKPENNCHHBIX ynpyram KOJIBLOM 1IpH ONpeneneHHbIX FP2HUYHBIX yC-
JIOBMAX M ycnopusx conupmxcHus. Mannas zanaua PELIACTCS DK ONHOOCHOM DACTSKEHHH Mo
HanpaBneHHIo ocu Oy, Ans panuoii HeonHopoaHoctu (11) NoNy4aercs peuleHKe 3amaum, T.e.
PCLUeHHE KPaeBoil 3agayy (6), (7) — xommnexcuas GYHKIMS Hanpskenuii (12) ans mnacrunky u (13)
s konbua. Yucnenno PCIICHB! TP Cyyas, korma: a) MaTepHan Kobua u NIACTHHKH OMHAKOBBI
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