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NEW APROACH TO THE SOLUTION OF PROBLEMS
- OF INHOMOGENEOUS THIN

PLATES WITH A HOLE PLANAR

Z\yZWFFOS\? ALY Bratislava, AZARYAN, S. A% Erevan

Eiﬁ_wﬂﬂ WM“M Mm ﬁ.iruwnaomnr is presented to problems of Eroaomnano:m isotropic
the solution o itha Q:.E_mn bole. In the case of weakly inhomogeneous materials
This appemse, (S mxvnommna in the form of wxnm:.mmonm for given boundary conditions.
(asing e o allows :oﬁ.os_w ~.o determine directly the nth term in the expansion

g the Sherman-Lauricello Integral equation) but also to find the radius of
convergence of the expansion and €ven to sum it up.

m. . .
inally, we present numerical calculations of some special cases with the following
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It is well known that the plane problem of inhomogeneous bodies leads to the
solution of the third order differential equation with variable coefficients [9, 12]
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with the boundary condition
G(o) = H(o), 2

where

A\(z, 2) = E(z, 2) ] _HII_IH_
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Here f(z, 2) is a function depending on external forces, H(o) is a function
defined on a contour (boundary), E(z, 7) and w(z, 7) are real functions defining
inhomogeneities of the thin planar plate.

In further investigations it is assumed that the body is characterized by the

weak inhomogeneity of the type [10—18, 20, 21]
E(z, 2) = E[1 + Se(z, 7)), RE)

where E, = const, dis the given physical parameter, e(z, 7) is the inhomogeneity

function.
The solution of the equation given above, with respect to condition (3), is

given in the form [13—18, 20]

G, ) = Golz, D+ ¥ 5G(z, 9), @

n=1

where the ccomplex functions G,(z, Z) of the stress are defined by the following
sequence of the boundary problems

L[G,(z, )] =0 )
Go(0) = H(o)
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L[G,(z, 2)] = V[G,_,(z, )]
G,(0) =0,
where L[] and V] ] are third order differential operators (see [14, 18]).

. .ﬁ:o solution of the boundary problem (5) under the fixed boundary con-
dition, i.e. by the fixed function H(0), is the following (9, 12)

(6)

Go(z, 2) = 94(2) + z3(2) + W (2), )]
where
o() = — — [ H@)do
2m J, o—-z
1 [ H(o)do R “
W(z) = —— ——@(2).

2m Jy o—z z

One can show that for the arbitraty inhomogeneity function e(z,2) the
operator V[G, _,(z, 7)] can be written in the form

(1 + DX(A4,(z, )

ViG,_(z, 9] = @2y 2 ) ©®
where
A,z = %A@EW TGooy 14 v PG,
(n+1) 0z 0zoz 4 9z oz
Ly 1-v @ 1+ AWVJQLI 1 —vdG,_,dde
4 0z0z7 4 oz 0z 4 93z dzos
=2Re{f,(z, ) + ify(z, 2)} (10)

.m:a\_ (z,2) and f,(z, %) are arbitraty real functions, f, (z, 2) should be non-vanish-
ing.

From equation (10) it follows that
A4,(2, 2) = 2f,(z, 2) (an

and that the inhomogeneity function e(z, 2) satisfies the following equation

mlm.%q,-_+_+<@l~m@q7_+_|< de 0G,_, 14 v/oe 206G, _,
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Since n is an arbitrary number, one can put n = 1. In this case equation (12)
takes the very simple form
.@Mm~Q°+—+<wNMm|Qb+_I< o 0G, _fi(z,2) +ify(z, 3 (13)
0z0z0z7 4 022 02 4 0207 Oz (22)° .

From equation (13) one can obtain an arbitrary number of inhomogeneity
functions e(z, 7) depending of f, (z, 2), f2(z, 2) and G,(z, 2).
Since the functions f,(z, ) and J2(z, 2) are arbitrary, we shall suppose that

L. fi(z,2) = Ay (A, = const # 0).
Then from equation (11) we obtain
A,(z, 2) = 24,. (14)

According to equations (9) and (14) the boundary problem (6) takes the follow-
ing form

L[G,(z, 2)] = Nmﬁw o (15)
G,(a)=0, (n=1).
The solution of this equation is given by the formulas {8, 14—18]
G.(2, 2) = 0.(2) + 20,(2) + v, (2) + IG,(z, 9, (16)

where 1G,(z, 7) is a particular solution, which has in the assumed case the form

24,

=N=NI=+_

1G,(z, 2) = — (17

According to equation (17), the integral Sherman-Lauricell equation has the
form

1 s%qvao.+% Qek&ao.+a_| ¥.(0)do Nko% ogdo
2mJ, o—z 2m J, o—z 2m J, o~z 2rindy o — 2z

From this equation we obtain

24
ﬁ:ANv = Ou, .\:ANV = l.lo.w
nz
and consequently
1
G,(z, 2) ugAiL,v. (18)
n 3 N:.N|=+ i
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Inserting equation (18) into equation (4) we obtain

Gz, D) =Gz, D +24, 3 & Am - le (19)

n=t B \Z gz"zn+l

The noauoﬁsﬂm of the stress are determined from the relations given in [14]
and the coefficient of the concentration is
K g
=K, +44, Y .

n=11V¥

(20)

The power series in (20) converges to

5 Amvxnlml Q1)

A=t \F r’r—4
if the condition
o<r? —22)
is satisfied,

According to this equation and equation (20) we obtain

o
h— = Av 3
Ky + 44, e 3)
2. Let
fie =2 mEY) 4)
n+1

By, =const #0,n>m.

M.:aoa the assumption (24) the boundary problem (6) can be rewritten in the
orm

LG, (z, )] = Zol IM:Q,T Mt D
zZ

G,(0)=0.

(™ + 7m) (25)

Solving (25) like (15) we obtain

1 1
—m\s" N:I!N|=+_ n NSI_ N:N!:I§+_
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In this case, using equation (19), we obtain

5u$+§o8§®w~% lswu_mcliuaAmA:. (26)
. ;

r? -5 r

n

Here it is assumed that ) —= —Ig(1 — §).
n=1 N .

3. Let
Con—m+1)

n+1

Cy =const # 0, (n> m).

fiG 2) = i(z" —z7) (27

According to (27), the solution of the problem (6) is given as
: 1 1 1 1 1 1
G,.(z, 2) = Gji — F=] = + +
A lv 0 ” '\RAM{:.*_ N:IENI=+.V :A NSI_ N:Nl:l5+~v

pm=1 As L | vw (28)

n z 4

In this case the concentration coefficient, with respect to equation (28), has the
following form

Aﬁem:::@ % §!~
3M5+ - wml%lxusL_mCl&WaAmA:. (29)

III. SOME EXAMPLES

a) The contour of the hole is influenced by a uniform normal pressure [9]. In
this case
H(o) = — PRo.

According to equations (7), (8), (23), (26), (29) the concentration coefficient in
the limit r —» 1 (i. e. on the contour of the hole) takes the form

i +NE + V)8

K, = 1-5

a;uIEQLsL:T&.ET% (m > 1) (30)
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K,=1-3+ vsinmo
-6

b) The case of a unifor
hole [9). In this case

BH+m—-DU=-8)-1g(1-8)) m> 1.

mly expanded infinite thin planar plate with a circular

4«1 + 21)6
-6

Ky =2+

Kyp=24 4(1 + 2v)cosm@

{6—-m-1q - &) - lg(1 — 6y 31

1-6
_ 4(1 + 2v)sinm®
Ka=2= == 5+ - 1)1 - 9)- 101 — o).
y K11(6=0.2)

x-ﬁAQMO.N::qu
Xgﬂamno.w ..:..nNy

Ky2{6=0.2;m=1)

Kn(6=02)

K42(6=02)
(m=2)
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In Tables 1 and 2*) are given the values of the coefficients of the concentra-
tion on the contour of the hole determined from equations (30) and (31).

In Figures 1—3 there are given the diagrams and the distribution of the stress
around the holes under the boundary conditions a) and b)

—AN-AQHO.Ny 3.6

K22(6=0.2)
{m=1}

Fig. 3.

IV. CONCLUDING REMARKS

From the results given above we draw the following conclusions:

1. We have found that for an arbitrary inhomogeneity function e(z, 2) (is
calculated from equation (12) or (13)), one can determine from equation (19) not
only the G, (z, 2), but also the sum of the series (4) (when 0 < & < 1).

2. We have shown that the function f, (z, %) considerably impacts (not only
quantitative, but qualitative, too) on the distribution of the stress around the
hole (see Fig. 1—3).

3. For the effect of inhomogeneity in the problems solved in the previous
section under the boundary conditions a) and b) we obtain an estimate
20—25 %.

4. From Tables 1 and 2 it follows that changing the small physical parameter
6 one can enlarge or diminish the zone of the compression of the material.

Finally we point out that the use of inhomogeneous materials could be
advantageous in science and technology.
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\A:u

2.7

K,
.58

Table |
0.1 0.2 0.3
K, K Ky, K, K, Ky K, K
1.58 | 23 236 322 3w 1
1.56 0385 ) 2.25 0.66 315 0.42
1.50 0.71 213 035 T 293 —0.11
_.wc 0.71 ) 2.13 0.35 293 0.1
1.29 0.50 165 —1.13 T2 -0.93
141 059 192 0.08 2.58  —0.58
1.00 0.42 100 —1.30 100 —122
1.29  0.50 165 —113 211 -0.93
0.7} 0.50 035 —1.13 ST -0.93
A_v.; 0.44 134 135 158  —1.15
.50 0.71 ~0.13 035 =093 0]
A_V 00 042 100 —130 .00 —122
42 1.00 —1.30 100 T o-2m 1.00
Table 2
0.1 0.2 0.3
K., \AB Ky, Ky Ky, Ky K, Ky
271 2 3.60 -
16 . 2 4.74 2
300 2 422 2 w4 5.73 2
W.Mw 182 3.54 1.59 4.65 1.29
’ 1.79 3.92 1.51 o 5.23 .12
W.MN Les 3.39 1.20 4.37 0.63
.50 1.64 3.11 1.15 - 3.87 0.48
m.% 50 3.13 0.87 3.94 0.06
2 1.58 2 1.02 o 2 0.24
w.wm 1.38 B 2.80 0.61 337 —037
50 1.64 0.89 1.15 o 0.13 0.48
218 1.31 2.41
N ; 0.46 271 -0¢
L1379 0.08 1.51 N B _.._w
_N 129 2 0.4 2 —0.74
2 -0.22 2 I 2 2

I .and the lower to m = 2.
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