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NON-ISOTROPIC SCATTERING IN BINARY
COLLISIONS IN THE HIGHER ORDER SOLUTION
OF THE ELECTRON BOLTZMANN EQUATIONIN AN
ELECTRIC FIELD”

R. WINKLER?, Greifswald, G. L. BRAGLIA®, Parma, A. HESS?, . WILHELM?, Greifswald

The recently developed technique to solve the Boltzmann equation with increasing
order of the Legendre polynomial expansion of the electron velocity distribution function
assuming isotropic scattering in binary collisions is generalized to situations with
non-isotropic scattering. Also in this case the general solution of the hierarchy for the
coefficients of a 2 [-term expansion contains [ singular and [ non-singular fundamental
solutions of which the latter make the construction of the physically relevant solution
possible. The first applications to a model plasma with non-isotropic elastic scattering
demonstrate the impact of different scattering angle distributions on the converged
electron velocity distribution function and the resulting macroscopic electron quantities.

HEU3O0TPOIIHOE PACCEAHHUE B MMAPHBIX COYIAPEHHAX B CIYYAE
BBRICIIUX ITOPANKOB PEMMEHUA YPABHEHUA BOAbIIMAHHA JJIA
3JEKTPOHOB B 3JEKTPHYECKOM IIOJE

B pabote cpenano o6obuijenue HEQABHO Pa3BHTOTO METONR PELICHHUS YPABHCHHS
BonbuMaHHa ¢ BO3PAcTAIOLIMM TMOPARKOM pAa3NoXeHHs (YHKUHH paclpefencHus
CKOpOCTeil 3JIeKTPOHOB IO NMOoJIHHOMaM JlexXaHIpa, KOTOpOe NPEANONaracT H30TPONHOE
paccesiHMe B MAPHBLIX COYRapeHusX, AAA CIydas HEM3OTpOMHOro paccesuus. OGmee
pelIeHHe Hepapxuu LS K03GEPHUHACHTOB 2 [-0ro uneHa PAasNOKEHHA B ITOM Caydac
TakXkKe CONepXHUT | CHHIYISPHLIX KW [ HECHHTYNSAPHLIX (PYHAAMEHTANALHLIX PELICHHH,
MOCHEAHUE M3 KOTOPBIX {IO3BOJAIOT KOHCTPYHPOBaThL (PU3UYECKH NpHeMieMble pe-
MeHust. YXKe MepBoe MpHMEHEeHHE K MOIENH IUIa3Mbl ¢ HEHIOTPOMHLIM YNPYTHM pac-
CeAHHEM TMOKA3bIBAET BAMAHME Da3lHBIX YIVIOBBIX pacrupefencHult Ha ¢yHKUHIO pac-
npefencHus CKOPOCTEH 3NEKTPOHOB H HA Pe3YNLTHPYIOLIKE MaKPOCKOMHYECKHE BETH-~
YMHBI, XaPAKTEPH3YIOIHE 3NECKTPOH.
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I. INTRODUCTION

To determine the exact relationship between macroscopic electron quantities in
a plasma such as transport and rate coefficients and the involved atomic data such
as the collision cross sections characterizing the elementary processes, an accurate
solution technique of the electron Boltzmann equation is necessary and was
developed in [1] and outlined for a model plasma in our contributed paper [2}. This
technique uses a higher even order approximation of the electron velocity
distribution function f(v) in Legendre polynomials in generalization of the
conventional 2-term Lorentz approximation. But this technique is based on the
assumption that scattering in binary elastic and exciting collisions between elec-
trons and neutral gas particles is isotropic, which leads only to the impact of the
total collision cross sections, i.e., the differential ones integrated over the scattering
angle in the hierarchy for the coefficients of the expansion. As it is well known, the
scattering in binary collisions is generally non-isotropic and often changes from
slightly backward via transversal to predominantly forward scattering if the
electron energy increases, which is necessarily reflected in the course of the velocity
distribution and thus in the resulting macroscopic quantities. For elastic collisions
this aspect is usually considered in the Lorentz approximation of the Boltzmann
equation employing the transport cross section instead of the total cross section for
this collision process. This paper outlines a solution of the electron Boltzmann
equation in an arbitrary even order approximation for a plasma in an electric field
E=Ee: and with elastic and exciting collisions under, the conditions of non-iso-
tropic scattering in generalization of the technique employed in [2]. Using the

expansion
20-1

fv) = 3, Fu(v) Pa(v/) (1)

of the distribution function in Legendre polynomials P., the homogeneous and
stationary Boltzmann equation yields the hierarchy
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for the normalized expansion coefficients
fA(U)=222/m)Y”?F.[v(U))/n. 3)
where U= muv?/2 and n. is the electron concentration. Furthermore p,(U)=

=[08(U) - Qs()}/(eE/N), gu..(U)= Q& (U)/(eE/N), qo=2, Gro, 6=

k

=2m/M  with  QI(U)=[o"(U, cosd)P.(cos?) dQ, vAU)=
[o(U,cos#) P,(cos #)dQ and d 2 =sin# d & d e as the solid angle of scattering,
o and of as the differential cross section for elastic collisions and for kth
excitation process with the threshold U§ respectively. The Qf and Qi are
generalized total cross sections weighted by means of the Legendre polynomial P,
which describe the selective dissipation of the different coefficients f, due to the
non-isotropic character of the scattering in collisions, with Q7= Q% ,=0 for n =1
following for isotropic scattering. Finally, using (3) fo is to be normalized according
to

[ TUf(U)dU=1. @)

II. ASPECTS OF THE GENERAL SOLUTION AND SOLUTION TECHNIQUE

The linear system of ordinary differential equations (2) constitutes, as in the case
of isotropic scattering, a weakly singular system at small U and a strongly singular
system at large U, with U=0 and U= as the singular points if appropriate
power series and asymptotic series representations respectively for Q:(U) and

)¢ .(U) are assumed. Separate considerations of the structure of the general
solution of the hierarchy (2) in the region of small as well as large energies yield
that this contains / non-singular (i.e. normalizable) and [ singular fundamental
solutions in both energy regions. Though the fundamental solutions and the
contributions to the particular solution due to the consideration of the inscattering
terms of (2) as formal inhomogeneities of the system are modified by the
non-isotropic scattering, the physically relevant solution can again be uniquely
determined by the construction of the nonsingular part of the general solution
(NSPGS) at low as well as high energies, by continuous connection of both these
NSPGS’s at an appropriate connection point U. and by additional normalization
according to (4). Finally, in analogy to [2], the distribution function f in the even
order approximation (2/) is numerically found by [-fold backward integration of
(2) down to U. starting from a sufficiently large energy U. and by 2 [-fold forward
integration of (2) up to U, starting from U =0. Special measures are to be taken to
preserve the linear independence of the contributions to the NSPGS, particularly
during the [-fold backward integration, and to start the 2/ forward integrations
directly at the singular point U =0.
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IIl. MODEL, RESULTS AND DISCUSSION

A model plasma with elastic collisions and one excitation process (k =1) is dealt
with considering non-isotropic scattering in elastic collisions but still isotropic
scattering in exciting collisions (i.e. Qf*.=0 for n=1). To illustrate the impact of
non-isotropic scattering we take the simple differential elastic cross section to be

QnAQi«vHOm_AQvWNQY x =cos? (5)

+1

with the normalization | R (x)dx =1 where the scattering angle distribution R is
-1

supposed to be independent and modelled by the profile

R (x)=2exp[ = (x — x5,

u (©)
a= “ exp[— (x — xm)*/s’}dx

=
of the Gaussian type with the two parameters xu and s which allow to vary the
position x» of the maximum scattering probability as well as the width s of the
scattering angle distribution R. Fig. 1 shows for selected values of xu and s this
distribution which illustrates besides the isotropic scattering predominantly for-
ward (xu = 1), transversal (xu = 0) and backward (x» = — 1) scattering. The elastic
collisions are described in (2) only by the cross section differences Q§(U) — QZ(U)
which, using (5), can be expressed by

Qi(U) - OHU) = a. Q§(U),
* %

a,=1- hw_w (x) P.(x)dx,

i.e. by a factorial alteration of the total elastic cross section Qg. Table 1 shows the
change of this factor a, with n for different non-isotropic scattering conditions
whereas for isotropic scattering (s »>») a, =1, n =1 is obtained. It is evident that
the non-isotropic scattering has a marked impact in particular on the first
differences Qf — Q¢ and thus via the change of the dissipation by elastic collisions
on the first equations for the coefficients f.. This impact differs widely for different
xm and becomes large if the scattering angle distribution narrows.

Furthermore the cross sections Qf and Qf% are assumed to be energy indepen-
dent but with a linear increase of the latter from O to its final constant value Q*
over a small energy region UfsU<U¢+0.2eV with the special values

d=Q*=6x10""cm?and U =1 eV for which a large anisotropy of the velocity
distribution f{v) is to be expected.
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Further a plasma of atoms with a mass M of four atomic units and with
a normalized field strength E/N =50 Td is considered. In Fig. 2 the converged
isotropic distribution fo, i.e. that of the 8-term approximation (ETA), is presented
for the case of forward scattering (x. = 1) with s as a parameter of the curves. With
decreasing width s of forward scattering the isotropic distribution fo increases at
larger energies U up to orders of magnitude, which results predominantly from the
reaction of the reduced dissipation of the first f., n=1 and in particular of f, in
elastic collisions to the isotropic distribution. To illustrate the insufficient accuracy
of solving the Boltzmann equation under the same conditions by a 2-term
approximation (TTA), Fig. 3 shows for xv =1 the ratio of the converged fo to that
resulting from the TTA.. It can be seen that with increasing energy a large change of
the isotropic distribution f, from the TTA to the converged approximation occurs,
which holds for all widths s of the scattering angle distribution but shows
a non-monotone behaviour with this parameter. Finally, Fig. 4 shows the behaviour

of the drift velocity W= —(1/3) AM\SVS% Uf(U)dU for xa=1,0and -1 as
0

RO

— ——— isotropic

. Fig. 1. The normalized scattering angle distribu-
tion R (x) for several cases of the parameters Xm

b S " and s.

Tablel

The factor a. for the alteration of the cross section difference O — Q7 due 10 non-isotropic scattenng in
elastic collisions

xm=1 xm =0 = —1
n s=1 0.3 1 03 1 0.3
1 0.556 0.169 1.00 1.00 1.44 1.83
2 0.951 0.440 1.12 1.43 0.951 0.400
3 1.03 0.716 1.00 1.00 0.968 1.28
4 1.01 0.920 0.989 0.767 1.01 0.920
5 1.00 1.03 1.00 1.00 1.00 0.975
6 0.999 1.05 1.00 1.12 0.999 1.05
7= 1.00 1.03 1.00 1.00 1.00 0.965

dependent on the width. The dashed curves give the results from the TTA and the
full curves those from the converged approximation i.c. from the ETA, whereas the
two dashes on the right margin denote the values for isotropic scattering in TTA
and ETA, respectively. The behaviour of W is quite different for predominantly
forward, symmetrically transversal and backward scattering whereas for a large
width s the values of the drift velocity for isotropic scattering are approached in
each case. Since, passing from the TTA to the ETA, the change of the function f; is
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Fig. 2. The converged isotropic distribution for isotropic scattering in comparison to those for forward
scattering with different widths in elastic collisions.
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Fig. 3. The ratio of the converged f, to fo of the
TTA under the same conditions as in Fig. 2.

Fig. 4. The drift velocity for different widths of

forward, symetrically transversal and backward

scattering in elastic collisions (full fines — con-
verged values, dashed lines — TTA).

very similar to that of f, shown in Fig. 3, remarkable changes of the drift velocity W
occur in the transition from TTA to the converged approximation.

Summarizing it can be concluded that a remarkable anisotropy in the elastic
scattering leads to a pronounced impact on the velocity distribution. Thus, if such
conditions are ‘given in real plasmas, this impact must be taken into account for
a precise determination of the velocity distribution.
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