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HIGH-FREQUENCY SUSCEPTIBILITIES OF THE GAUS-
SIAN TYPE

R. VULGAN'), M. RAKOS"), Kofice

‘When we investigate substances by means of the magnetic resonance methods (NMR,
EPR), the investigated sample is focated in a static and high frequency magpetic field. In
a vector model describing those phenomena the motion of the magnetic polarization
vector in a simultaneous action of both fields is investigated.

In the present paper the time dependent differential equation of the magnetic
polarization motion vector is formulated. We take into account both the longitudinal and

. the transversal effects and it is further shown that under certain simplification of the

so-called slow transition through the resonance point dZ/dt=0 and the conditions
w=const, Aw=const _there sets in, after a certain amount of time when t—%, a fixed
state of the system; corresponding to 2 stational mo_ﬂuodd;né»m:nngo_gmg “““““““““““““““
vector components. Those stational components enable us to define the value and the -
form of the dispersion ' and the absorption ¥ high-frequency susceptibility, described

by the gaussian function.

HE,OOHCJ}QH OTHBIE BOCIPHMYMBOCTH FAYCCOBCKOTrO THIIA

Tipu mccnenoBaHud MaTepHaJioB C NOMOIILIO MaTHHTHOFO Pe30HANCA (HMP, 311P)
wayqaeMulii ofpasent [OMEIIAeTCH B BHICOKOHACTOTHOE marsuHoe none. B pabore
TPUBORMTCA BEKTOPHAs Mopenb, OMHCHBAIOMWAd ITH qBHeHus, Ha OCHOBE KOTOPOH
HCCIIEAYETCA JABIKCHHC BEKTOp2 MATHUTHO# MONAPU3AIMK TIPH O[{HOBPECMEHHOM nen-
cTeuM 0Goux noned.

B nansoit paGoTe BHIBEACHR 3aBMCAIIME OT BPEMCHH pubbepeHIManbHbie ypaBHe-
HA, ONTHCHIBAIONIHE JIBIDKCHIAC BEKTOPa MAarHUTHOH IONAPH3AIHIH, KOTOpBIC YUHTHIBAIOT
KaK MPORONbHbIC, Tak K nonepeurbic APeKTHL. [Toxa3aHo Takoke, YTO TAK HAILIBAC
MBI MEJIEHHDHA EPEXOA, epe3 Pe3OHAHCHYIO TOUKY dJ./dt =0 u ycnoBue @ = const.,
Aw = const NOCIE HCTEIEHHS OTIpefierieHHOTO BpEMEHH (—> 0o IPUBOJMT K ONPE/IENEHHO-
My COCTOAHMIO CHCTEMEL, COOTBETCTRYIOIIEMY CTAIMOHAPHOMY pelIEHIIO JUIA COCTaB-
JISEOINMX BEKTOPA MarHETHOH noNApHIAIGH. ITH CTAMOHAPHbIE COCTARNSIONME O3B0~
ASOT OTPERCTHTH 3HAUCHHS H opMy IUCTICPCHH »' W nornoueHns ¥’ BLICOKOYACTOTHON
BOCTIPHMMYHBOCTH, OMUCAHHOM TPH MOMOLIH raycooBCKO# (yHKUMH.
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1. INTRODUCTION

Bloch arranged in his fundamental paper [1] concerning the Nuclear Magnetic
Resonance (NMR) a system of differential mobility equations, describing the
dynamic properties of the magnetic polarization in the system of paramagnetic
nuclei. Similar equations, formally identical with those of Bloch, may be used also
for the description of the paramagnetic system of spins by the Electron Paramagne-
tic Resonance (EPR). The difference between the two descriptions is only in the
value A.um the gyromagnetic ratio existing in Bloch’s equations. In Bloch’s equations
Ea—.o. is an assumption that the magnetic polarization vector is able to orientate
only in two directions —a parallel and an antiparallel one according to the statical
magnetic field direction. Such equations are therefore suitable for describing
twolevel spin systems.

Bloch’s equations are of a halfclassical character, therefore we add to the terms
describing the influence of the external magnetic field on the magnetic polarization
vector the terms of relaxation, which express phenomenologically the interaction
Go.gnnn the spin system with its neighbourhood (lattice) and the interaction of the
spins in the system with one another. In a certain analogy with the phenomenon of
dielectric polarization, Bloch expressed those terms versus time in an exponential-
ly decreasing form. Under certain conditions of the experimental arrangement the
solution of the system of Bloch’s equations is possible and enables us to define and
to express the value and the form of dispersion and absorption of high-
frequency susceptibility. In case of a weak saturation of the sample those
susceptibilities are described by a lorentzian curve.

In the paper presented we shall begin with a similar halfclassical model and make
the differential mobility equations, the solution of which, under certain conditions
mﬁowa.w by the practical arrangement of the experiment, makes it possible to express
the dispersion and absorption high-frequency susceptibility. Under the condition of
weak saturation their form will be described by a gaussian curve.

0. THE MOBILITY EQUATIONS

<$§.~ a paramagnetic sample is located in a static magnetic field, then the
magnetic polarization is ,

J.=xBo, | (1)

~ where % is the volume static susceptibility. If — besides the static magnetic field Bo
usually oriented in the Z axis direction — there acts upon the sample also a Emm
frequency circular polarized magnetic field B rotating in the XY plane with
a frequency , the magnetic polarization vector under the action of the two fields
performs a rather complicated motion, which can be described by the equation
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dJ/dt=y (IX B) ¥

where B=B:+ Bo is the resulting magnetic field. Under certain conditions there
sets in during the magnetic resonance the absorption of the high frequency eneIgy
in the sample, which in the vector model manifests itself as an overturn of the
vector J. To have the possibility of the experimental observation of the
phenomenon, the sample must continually absorb the energy and so it is necessary
to remove continually the energy absorbed by the sample to the neighbourhood of
the sample by a certain mechanism.

There exist two kinds of such a mechanism: : .

a) the spin lattice interaction, where the system delivers the energy to the lattice
neighbourhood and which from a macroscopical point of view can be characterized
by a constant of the spin-lattice interaction Tom; . o

b) the spin-spin interaction, where the individual spins (particles of the sample)
exchange the energy with each other, can be characterized by, as a constant of the
spin—spin interaction Te. .

From the quantum mechanical theory of the relaxation processes it follows that
both constants, Tim and T.., are connected with the velocity of the magnetic
vo_mluwmo: changes, where there is valid

Ti=Tuns 1UT=UTs+1/2Tm,

where T, is the constant of the longitudinal relaxation, characterizing the velocity
of changes of the Z-component of the magnetic polarization and T is the constant
of the transversal relaxation, characterizing the velocity of changes of the J., J,
components. If we assume the relaxation of mechanisms, equation (2) in a scalar
expression takes the form

dJ_ (&)

dt =rIxB):*\q;) . (3a)
dJ,_ A@v

&l?-x B),+ ar) . (3b)
dJ,_ dJ;

e~ y(7x B). +A &Va_ . (30)

Now there remains to be determined the form of the relaxation terms. We
assume that the magnetic polarization vector can have according to the static field
only two positions — a parallel and an an iparallel one. The external static field
causes a nonequal occupation of the two energy levels of the system as
a consequence of validity of the Boltzmann distribution.

Let N; be the number of spins in the energy state 1 and N; in the other. The
Z-component of the magnetic polarization J, is proportional to the difference of

occupation of the two states according to the relation
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J. = poyh (N, — N2) = po¥hin,

where n=N,—N, is the difference of occupation of the two vmﬁ:nm and as’

a consequence of relaxation we have (see for example [2]): -

dn_ _ 1 dJ; 1
e =) a0t () = G @

1

where J. is the magnetic polarization in the equilibrium sta , i i

searched nn._wxwmou term. Bloch in his o_wmhom_ paper Mmmmrwwhwﬁ““““““ﬂa

 the magnetic polarization J;, J, to have also the same analytical expression. This s
=o~.<u=a.5. general, but the components 7., J, are influenced also by »uonwm—. WEM
of Eﬁn.mono.:, than that of the J, component. But between the form of th
absorption line g (£2) and the- relaxation components of magnetic polarizati »
Ji(£)es, where [=x, ¥, there exists an insignificant universal coherence in the moM“

(see 3], [4D)

J(Oea= ﬁ, 9(Q) . 6% dQ ®)

whete Q= w— @o. When the spectral line ,
. g(2) has to be a curve of i
form, then mno,B relation (5) it results that the Ji(f). must have the *wlm% e

HOae I (0. o~ o St ,
(e =J1(0) . € or — 4 e -7 J(Orar - 6)

t u

dl. _ '
dJ,_ t
dt - Q\ANX Nvallm .Nv.

dJ,

||I H
ey B).—; 1)

or in a vectorial expression

S =Tux S...WQ.?ETP, (-1 k, Y

were i, j, k are the unitary vectors in the laboratory system S.:
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. THE SOLUTION OF THE MOBILITY EQUATIONS

"1t is advantageous to search the solution of equations (7) in the rotational system
s, (x,Y, Z'"), chosen by us so that the Z-axis fuses Z= 7' and the X' axis lies
permanently in the direction of the rotating vector Bi. Further we suppose that at
the time t=0 there were valid X=X and y=Y'. From the point of view of the

rotating system S’ therefore we have
B,=Bo . k'
B.=B .1
wo=0.k
J=ui'+vj + .Ea.‘

where u, v, J. are the components of the magnetic polarization vector in the
formation of equation (7)to §' we obtain the expression

_,onmm:m?wao..wwnmnm
Q-ﬂ-' |Q|.~ ~ ...l
u\“tﬁ,xiwi <V »+m__ w

i+ i) G ) K
2 1 .

or in the components
du t
T Aw .V : u (8a)
_ dv_ ot
- Aw . U=V wJ; (8b)
%ne_.?w@é (8¢)
t 1

where in the mawn.n&oa of these relations we used
W= — ﬁmo
= —7vBi
Aw = — Wo -

The general solution of equations (82, 8b, 8c) in the analytically closed form does
not exist. Therefore we will search for the solution in a special case, responsible for
certain experimental conditions. Under the condition of slow transition through the
resonance point
€S0 poin as. -
dt
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respectively, J: = Ji=const and under the conditions @, =const, Aw = const and

the conditions lim u(f) = u,, lim v(f)=uv., there are a fixed state of the system, -

- o

corresponding to a stational solution of the equations (8a, 8b, 8c) denoted u,, v;, T
To solve equations (8a, 8b, 8¢c) we will proceed as follows: We will multiply
equation (8b) with an imaginary unit “i” and add it to equation (8a). With respect
to condition (9) the third equation (8c) for the present will not be considered. If we
put = ;

.N + =u + me ) = Aﬂov

then after some rearrangement we obtain the equation

m~I++Am|m+EsV I, +ioJi=0,
N .

dr
which has the solution .
1.()=T.(0) . A() —iw EF(s) , (11)
where J.(0) is the value J.(7) at the time t=0 and where is .

>3n9€ Almnwlml.beav

m.QvH‘—o. 96 Almlmmv e 4T dr.

The stational solution of equation (11) is

P =u, +iv, =lim J.(¢)=J.(0) lim A(r)—iw,J:lim F(7) .

t—s0 el s

From the analysis of this solution there results

1) partly that for t—>, the value lim >3mq°=m€8=<ammom8§no Ea

therefore the first term can be omited

2) partly that the value not converging to zero of the second term limit makes
marked contributions near the upper boundary of the integral, also by condition-
7—>t, and therefore we can write with sufficient precision (see [S])

tim P 2tim FO)= [ exp (—37) -7 er=
=V2.T; Q%Imnwﬁavw_ exp AIW dbenv
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./\M ® QN:
where a=—75- T Aw, m-?vn.M. @2n+1).n!’
:“Oq ﬂ' Nw it &

The stational solution has then the expression |

“p” is a whole positive number

. . 1
F=- me_hbeumw?v +i %ﬂ e_.nuL €xp A ) @bewv :

This expression under condition (9) and equation (8c) after the algebraical
rearrangement for the stational components of the magnetic polarization vector
takes the form .

u, = — 0, T3 AwP(a) wl.ﬂ.lw exp Al.w. &be& (12a)

- L L reae? 12b
U= M8~H~.ﬁaoﬁu IM nbe A v

1 . )
hnm+| J; (12¢)
where we denoted
Z o Y v (12d)
s$= .M Wi Nx._ H..u €xp 3 nbe .

IV. HIGH FREQUENCY SUSCEPTIBILITIES

The transmission from a clockwise frame system S’ to a laboratory frame system
S mediates the transformer relations A

J.=u, . cos wt+ v, . sin 0t . (13a)
J, = — u, . sin ot + v, . 0OS Ot (13b)
J.=T. - (13¢)

So far we have considered the rotation motion of the high frequency (HF) field
g el 1B eeoaimy S e ity 1t spadar velecinr o
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amplitudes B, and with equal frequencies ®. The vector sum of both turning fields
in each case of the time “¢” is B, = i 2B, cos wt. Near the resonance point only one
of the two turning fields will be used, which has a corresponding orientation with
the direction of the free precession of the magnetic polarization vector. Thus the
effect of the harmonically variable, linear by polarized magnetic field B; is the
same as the effect of the circular polarized field of amplitude B,, turning in the
plane XY with the frequency @. We will write the HF field B, in the complex form
as BS=2B, .e¢ and the component magnetic polarization vector in the X axis
orientation as J:= xB5, where x= ' +ix" is a complex susceptibility, having the
dispersion x' and the absorption »" term. Then the real part of the magnetic
polarization is

J,=Re [xB}=2Bx' cos wt — 2By’ sin ot

and comparing it with (13a) we m?.o

, U 1 : 1 _L e pg

X =35="3 wTiAwP(a) = exp A 3 AW 4 14
i v, _1 /% T 1 L1p Nv 15

« 2B, 2 7 % ~§M+HQ€A 2 Aw°) - 1s)

In this modification we have used the relations
J. = #Bo; w,=—YBi; W= —¥Be .

From the relations (14) and (15) it results that both susceptibilities depend on the
factor “s” and according to relation (12c) also on the frequency HF field @, or on
the wavmama B,, respectively. With the increasing value of @ the value of the
factor “s” increases and the value of the expression 1/(s + 1) decreases the values
of the quantities »' and " decreases as well. This phenomenon is called the
saturation of magnetic resonance. For small amplitudes of @, for which there
applies T T <€1,0rs< 1, respectively and the saturation is neglected, therefore
we can write with sufficient precision

We indicate with the signx=TAw and define the functions gi(x)=

x oxﬁA I.HN. \«NV. go(x)=exp AIW %), then the HF susceptibilities are

% = I.W Xqﬂ..neomvﬁhv ¥ Q—Akv »

= M NN.H XﬂN.nEQQNAHV .

The functions gi(x), g:(x), which characterizes the form of susceptibilities are
called the curves of the gaussian type.

V. CONCLUSION

The physical meaning of the susceptibilities »' and »” is partly that x’ expresses
the part of the magnetic polarization created with the HF field B,, which is in phase
with this field and »” expresses the part of the magnetic polarization, whose phase is
shifted against that field by about /2. Further »' by means of the polynomical
P(a) depends twice as much on Aw, or , respectively and that is why in analogy
with optics we can use the “dispersion susceptibility”. On the other hand, if we
calculate the density absorption of the HF energy in the sample during the period
27/ w, we obtain

2l 2
we L, ar| 223
Tl po o

and that is why we call %" also absorption susceptibility.

V\s
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