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HNMW30G<Z>§Om, FLUCTUATION AND STATISTICS

C.G. CHAKRABARTT, Calcutta

The paper deals with a statistical theory of thermodynamic equilibrium on the basis of
the macroscopic theory of flucruation.

TEPMOJHHAMKBKA, GAYKTYAIIMH U CTATHCTHKA

B pabore pacemarpusaercs CTATHCTHYECKAS Teopus TEPMOMHAMUECKOTO pas-
HOBECHA HA OCHOBC MAKpPOCKONMUYECKO{] Teopun aykTyanumii. :

L INTRODUCTION

The importance of the macroscopic theory of fluctuation in the fundation of
4 macroscopic theory of statistical thermodynamics was first pointed out by
Szilard [1]. The unification of the macroscopic theory of fluctuation with classical
thermodynamics was stressed by Lewis[2] and Callen [3]. In some earlier papers
[4] we have tried in the spirit of Szilard’s work, to develop a macroscopic theory of

theory of measurement [5]. In this paper we wish to extend the theory to study the
statistical properties of thermodynamic equilibrium of a generalized system.

IL. PROBABILITY AND FLUCTUATION

We consider a generalized thermodynamic system immersed in a reservoir R (@)
where the parameters 0=(0,0, ..., B.) represent the state of the reservoir
R(®). The system is in random interaction with the environment (reservoir) R(O)
and this random behaviour of the system is described by the probability distribution
P(x|®) of the set of extensive variables x = (x,, %2, ..., %) conditioned by the
Parameters @ =(@,, @,, .-, ©,). The distribution P(x|®) describes the state of
the system in a thermodynamic equilibrium with the environment R(6). Let
P(%|© + A®) be the probability distribution of x conditioned by the parametric
value ® + A@, where the deviation A@ may be due to the spontaneous fluctuation
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ation I.N log (A@) (in thermodynamic unit). Accordingly, the probability of
fluctuation @(AB) is given by

&AD@V\(OIRAm...bQ_QV. ANV

Expanding WA®+D®~®V in powers of AB, we have under ‘some regularity

conditions [8]

K(©+ bm:@uan H(8) 48,48, 3)
where
_/& log P(x|@)\ 3% log P(x|®)
H,, (@)= (3 log P(x]@)\ _
() A 36, 90, v \ 36,08, *lO)dx . ()

are Eo.o._manza of Fisher’s information matrix (Has). With the expression (3), the
probability of fluctuation becomes

D(A68)~ exp A :w 5 maEE@E@v . (5)

which is the Gaussian approximation to the Probability of fluctuation,
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.m::amaoam_ fo statistics is the probability distribution P(x]®), which deter-
munes the state of th S i

ment. However, to find the state for the unknown values of the parameters 8 is to-

act under —.Emonmig. This uncertainty is removed from the information about @
or the deviation AB. The measure of information about A® obtained from the

distribution (5) is given by the quadratic form WM HoAB,AB;. The determina-
o -y . - - g

tion of the Probability distribution P(x[®) then consists In minimizing the
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information " H,A0,A6, subject to the constraints characterizing the ther-
ap
modynamic equilibrium of the system with the environment. The constraints are

the averages of the extensive variables (x,) =a,(q = 1,2, ..., n). The minimiza-
tion is equivalent to the discarding of all information about @, retaining only the
information given in the form (%) =a,. The minimization is given by the
lower-bound of the Emgamno:-msg:m:@ [8]

e Ea@aez@e.y (2558 () ey

where Log = (Ax,, Ax,) is the co-variance of x, and %; and (Leog) 7V is the reciprocal
of the co-variance matrix (Lag). (AB,) is the transpose of the deviation matrix
(A8,). The €quality in (6) holds for the expoential distribution

P(x]©)=exp AM x.@.v h(x)/Z(©), %)

where the parameters O, are determined by

Ainmw,. log Z(®) (a=1,2, .., n). (8)

The distribution Q:m the generalized canonical distribution, the real form of e,
(the relations with temperature, chemical potential etc.) are determined by the
connection with thermodynamics. For the equality of (6) we have

from (7) and (8)
(T Iog PO _3(%) _5(x,)
malA 90, 50, v 30, 36, ’ (10)

whence from (9) it follows that

hgugfbvevum%l%%uﬂ%. (11)

which is the counterpart of the “Fluctuation-dissipation” theorem in equilibrium
thermodynamics. Also for the positive definiteness of the Fisher information

matrix (H,s) we have

H,=%%)_, (@=1,2, .. n), (12)




which are the criteria of stability of the thermodynamic equilibrium. If we puta=g
in (10), we get the fluctuation of the extensive variables

mN
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((Ax)%) uﬁ%u log Z(8). : (13)

Finally, for the extensive variable ¥a, Others kept fixed, then from (5) we have

((A)) . ((A8.y) =1 S e T

or

between the conjugate variables of the thermodynamic system.

IV. CONCLUSIONS
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