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THE SELFCONSISTENT TREATMENT
OF FLUCTUATIONS IN SUPERCONDUCTORS

MIROSLAV NAGY*, Bratislava

Fluctuations in superconductors within the framework of the Landau Ginzburg theory
of superconductivity are discussed. Starting from the locally gauge invariant Lagrangian
of this theory and considering selfconsistently the electromagnetic field fluctuations
induced by the cooper pairs fluctuations it is shown that no divergent difficulties occur.
Calculations give us a critical exponent different from that given in standard literature.

PACCMOTPEHHME ®JIOKTYAI) B CBEPXNPOBOIHUKAX
B KAYECTBE CAMOCOTJIACOBAHHOIO HOJH

B crathe ofcyxpnaercs BONPOC O MIOKTYalWsix B CBEPXNPOBOJHWKAX B pamKax
Teopun [mu3Gypra—Jlanpay. TlokasaHo, YTO B TEOPHH HEe BOSHMKAET PaCXOAUMOCTEH,
CCIA JIaTPaHkHaH OGNIANAET IOKANLHO I'PAZHEHTHON MHBAPHAHTHOCTHIO M €ClH Gmok-
TYalu 3NEKTPOMArHUTHOTO MOJs, BbI3BAHHBIE (DIIOKTYAUHMAMH KYNEpPOBCKHX m1ap,
PaccMaTpHBAIOTCS B KaYeCTBE HEKOTOPOTO CaMOCOMIACHOBAHHOTO mois. Ha ocHome
BBIYHCJICHHA MONIYYEHO 3HAYEHHE KPUTUYECKOTO NMOKA3ATENs, OTIHYHOE OT 3HAYEHUS,
NPUBOJIUMOrO B COOTBETCTBYIOILIEH JIMTEPATYpe.

I. INTRODUCTION

The calculations of fluctuations in superconductors, as it is well known in
standard literature, presents various difficulties. That is why one has to take
a cut-off in the momentum space to obtain the critical exponent equal to 1/2, as we
show in the first part of this paper.

Hassing and Wilkins [1] have considered the mean-square fluctuations
(|%ao|*) as a function of the temperature T, by using a renormalized temperature
shift. By applying the functional transformation [2] and the cumulant expansion
method [3] to the partition function, and a self-consistent mean-field approxima-
tion (similar to that of Mar&elja [4]) within the framework of the time-dependent
Ginsburg-Landau theory they have expressed the fluctuating free energy F [¥] in
a form suitable for the evaluation of functional integrals determinimg the quantity
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(|Waol®). In their functional-integral approach to the critical fluctuations in
superconductors they have considered a superconductor in contact with heat angd
particle reservoirs in the absence of external fields. However, in all the mentioned
calculations the effect of fluctuations of the electromagnetic field induced by
fluctuations of the Cooper pairs was ignored. That is why we are going to calculate
fluctuations in superconductors by taking into account these fluctuations selfconsis-
tently. The calculations, performed in 3-dimensional classical case analogously to
that of the first section, give us the critical exponent equal to 3/4. The proposed
method can be used also in the 2-dimensional case or in a 1-dimensional one (e.g.
superconducting thin film).

It is important to emphasize that we need not make any cutoff because there are
no divergent difficulties in the calculations of the mean-square fluctuations in
superconductors.

In Mar¢elja’s theory a supperssion of the divergence at T, has been achieved by
introducing a renormalized temperature shift, as it has been observed experimen-
tally. Let us note that in the Mar¢elja theory the order parameter was considered
as a quantized field. In our case the order parameter is considered as a classical
field.

II. FLUCTUATIONS IN SUPERCONDUCTORS

The influence of fluctuating electron-pairing upon kinematical characteristics
(conductivity, absorption coefficient, etc.) of ,,two dimensional* samples above the
critical temperature 7, has been investigated by Aslamazov and Larkin 51
within the framework of the microscopic approach. In the transition region the
BCS theory of superconductivity and the Ginsburg-Landau one give the same
results.

The idea inerlying the Ginsburg-Landau theory of superconductivity is the
expansion of the free energy density by the order parameter. When the elec-
tromagnetic field is absent, the free energy density in a superconductor has the
following form [6] .

f=to+ o WP+ al®T 42 o, M

where f, is the free energy density of the normal state, m* = 2m, is the mass of the
Cooper pairs, m, is the electron mass, # is the Planck constant,a = a(T—1T,)<0
and b/2 is a positive phenomenological parameter (in such a case we have an
eigenvalue spectrum of the Hamiltonian bounded from below). The field ¥ carries
the charge e*=2e¢, where ¢ is the electron charge.

The free energy of system (1) plays the role of the Hamiltonian density of the
solid and relates to the Lagrangian density as follows
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where the field W; describes ions carrying the charge — e, and the dots denote the

time derivatives.
The simplest form of the Lagrangian density £ satisfying the relations (1) and

2)is
F= o (W — w4 2 (g — ) -

mN
T 2m*

VP - a| W -2 ). 3)

The Langrangian density (3) is invariant under the global gauge transformation
group. The equations of motion we obtain by using the minimal action principle
with the Lagrangian density (3) are
3N
2m*

ih, =0

(4)

hY = ——VW+aW +b| WY

plus complex conjugated equations. The solutions of these equations must fulfil the
following boundary condition

t ﬁqiuo, 5

where t is the unit normal vector to the surface of the superconductor. For the
ground state of the superconductor the solution of Eqgs. (4) is the time and
coordinates independent constant ¥, and the following relation holds

a

GO M" |w. A@v

Let us express the parameter W(x) by the sum of the constant ¥, and the
fluctuating part as given by

Y(x)=W,+ (7

H ik.x
== ae™ ,
Vv L
where a, are dimensionless fluctuating parameters, and V is the total volume of the
superconductor. ‘

If we insert the expansion (7) in the expression (1) and integrate it over the total
volume V, we get (in the lowest order of parameters a,) the free energy

2 bn—ﬂu

|1m|
P =F, e ¥ + ..MEEA

~a). (8)

2m*
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The mean-square fluctuation for a given wave vector k is {7]

(a¥a) =K [ (ata) exp ﬁlmmmﬂl,; aSHNAaMMNH v ©)
. MS%IQ

For the mean-square fluctuation at an arbitrary point of a superconductor we have

1 \'% d’k keTV [ k*dk
* = =
(a%a) Nkm.ﬁ@.a‘vua hK —a 2n) Js muwula. (10)
2m* m*

The last integral in (10) is divergent, that is why one is forced to introduce a cut-off
27

in the momentum space |k|- = lmnv where & is the coherent length
B’n
E=+/— Im*a 1 1)
(n denotes the number of Cooper pairs). Then the following relation holds
. ks TV (™ k> dk 2 1 :
L — _— - T
@O~Ga ) Coy=3 TV e~ T -1 (12)

The critical exponent is equal to 1/2. We believe that in this simple model the
difficulties encountered are due to an ignorance of the electromagnetic field
fluctuations induced by fluctuations of the Cooper pairs.

HI. FLUCTUATIONS OF THE COOPER PAIRS
AND THE ELECTROMAGNETIC FIELD IN SUPERCONDUCTORS

Fluctuations of the Cooper pairs induce fluctuations of the electromagnetic field
and the fluctuations of the electromagnetic field react on the fluctuations of the
Cooper pairs. We are going to take these fluctuations selfconsistently. The
electromagnetic potentials A, ¢ are fluctuating around the mean value A =0, ¢ =0
(for the ground state) and selfconsistently influence the fluctuations of Cooper
pairs in superconductors. We introduce the interaction with the electromagnetic
field through the minimal coupling. The Lagrangian density of the free elec-
tromagnetic field .

Lo =3 (coB" - B7) - (13)
is added to the Lagrangian density (3), where E is the fluctuating electric density
and B is the fluctuating magnetic induction. If we take into account that the
magnetic field in superconductor is highly suppressed (Meissner effect) we can put
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B = 0. The field derivatives in (3) are replaced by covariant derivatives, constructed
by using the fluctuating potentials A and @. The total Lagrangian density of the
solid is

muwgmﬁw%e? ﬁﬁrw (Wt — Wps) —
1

A’ 2, ie*h N LA
— 5| V[ + S A (WVWs— v vy) 5 Al
b
—e* @l W'+ eq| W - a| W[5 |WI* (14)

and it is locally gauge invariant. We introduce now the following parametrization
for the order parameters

ie*
W(x, 1) = Vn(x, 1) exp *ﬂ tx, :W
-le (15)
wi(x, )= VNG, 1) exp {5 9(x. 1),
where n(x, ), {(x, 1) B(x, t) and #(x, ) are real functions. If we use the minimal

action principle with the Lagrangian density (14) the equations of motion take the
following form

Wm_+&< (nv)=0, <nm (V£ -A), (16)
w&uc
: 1 h
e*(C+q@)= IMS*cN+§ AVn—a—bn
+e(d+@)=0
l@”%afﬁ
ot &
rot E=0

&;um ? |Wzv‘

The solutions of Eqa. (16) have to satisfy the following boundary conditions
1.§j=0, 1. E=0, (17)
where the current j has the following form
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i= (VE-A). (18)
Taking into account the gauge invariance of electromagnetic interactions we can
choose the new electromagnetic potentials .

A-VIA, e+w|mle (19)

and introduce a new phase 4 > @ = §— £, in such a case we have ¢=-0.We
have fixed the gauge by choosing the potentials in the form (19) and the field
£(x, t) disappeared from the equations of motion (16).

Similarly as in [8] at the stable point

n= W ne#0 (20)
the linearized equation
WNW+AM~~*N bbmlmw AE+w¥E=0, (21)
where
S%HMMMM (21a)

is obtained in the first order of the perturbation theory. The solution of Eq. (21)
has the form of superposition of the standing waves of the following form
E(x, )= ——2¢h 2 A(K) sin kx sin ksy sin kyz cos Q(K)t (22)

k

where

2
fwt ?Jﬁ:skwrﬁa% (23)

Q)=

and A(k) are dimensionless fluctuating parameters.

If we use the parametrization (15) for the order parameters and take the last
three relations from equations (16), we can rewrite the free energy density,
corresponding to (14), as follows

I 2, m*e} [BE\? 1,
\lmS*m*Nxa (AE) +wm*~:o Amuv +Nmom
2 2z
luwmmmumiz ?WIH @E%E:wlui. (24)
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By putting solution (22) into (24) and integrating over the total volume V we
obtain

2 272 22
_ . a s (WK e¥h
m:%?:\nm o <+M>EAN§*+}|§*§+
Bk
¥ mS*Nozcv. (25)

The dimensionless parameters A’(k) can be expressed as A’(k) = ata, so that they
may correspond to the relation (8). The mean-square fluctuation for a given wave
vector k has the following form

1 ksT
Ahwhrvﬂm bn—nu.T &*wa R K . (26)
2Zm*  2m*be, 8m*’bn,

After integration over d’k we obtain for the mean-square fluctuation the following
expression

Vv
{a*a) HANuva f (ata) &k (27)
L, p 4aV 8m*bn, (*  k7dk
27" QxR h b k*+ 2B+ a
2%k, TOV i
= Auuukmw\ua*:u no »\(A.N,n - u..vu s 27)
where
®2 %2 *
a=TLDY - gp - b (28)

and we have taken a >V ">,

We see that the critical exponent is equal to 3/4 in a case when the mutual
influence of fluctuations of the electromagnetic field and those of the pairs have
been selfconsistently taken into account.

IV. CONCLUSION

By using the local gauge invariant Lagrangian instead of the global gauge
invariant we have shown within the framework of the Landau-Ginzburg theory of
Superconductivity that there are no divergent difficulties in calculations of the
Mmean-square fluctuations below the critical point T..
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