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SOME INVARIANCE RELATIONS FOR
ELASTIC WAVES IN CRYSTALS*

PAVOL HEGEDUS,** STANISLAV KOLNIK,** Zilina

Second-order and third-order elastic coefficients of crystals can be determined by
using the experimental data of the mass density and of the ultrasonic velocities and their
changes by hydrostatic pressure or uniaxial compression, respectively. The correct values
of the elastic coefficients can be determined only in the case when the experimental
values of the ultrasonic velocities and their changes fulfil the invariance relations. In the
present paper it is shown for which propagation and polarization directions invariance
relations are fulfilled for crystals of cubic, tetragonal and hexagonal symmetry.

HEKOTOPGLIE HHBAPHAHTHBIE COOTHOMEHMA MIA
YOPYTMX BOJH B KPHCTAJLIAX

KoadduumuesThl yupyroctu 2-ro v 3-ero NOPAAKOB i KPUCTANIOB MOTYT ObITh
ONpefeneHs Ha OCHOBE IKCIEPHMEHTANILHBIX JAHHBIX O IIOTHOCTH, CKOPOCTAX ynpyrux
BOJIH ¥ MX M3MEHEHM# B 00pasuax, MOABEPTHYTHIX THAPOCTATHYECKOMY MABNEHUIO WK
oaHoocHoMy oxaTHio. [IpaBwibHbic 3HAUEHUA KO3 pUUUEHTOB YNIPYTOCTH 2-TO H 3-ero
NOPSAKOB MOXHO ONPEAEAUTE TOJLKO B Clyvac, KOrna 3KCHEPUMEHTANIbHBIE 3HAYCHHSA
CKOpOCTE# ¥ UX M3MEHEHHS YROBICTBOPIOT MHBAPHAHTHLIM cooTHoweHusiM. B paGore
f10K233HO, A1 KAKHX HAMpPABICHHH PACHPOCTPAHCHWA M MONAPU3ALMM YIPYTUX BOIH
B KpHCTannax ¢ KyOu4ecko#, TETPArOHANLHOM M ICKCATOHANBHOA PEUIETKAMH BLITO-
JHSIOTCA MHBAPHAHTHbLIE COOTHOUICHHUS.

1. INTRODUCTION

The determination of second-order elastic coefficients (S.0.E. coefficients) in
crystals by using ultrasonic methods requires that we know the mass density and
ultrasonic velocities in selected propagation and polarization directions in the
natural state [1]. The results obtained in this way are reported by a number of
authors and often for the same kind of crystals; however, there are disagreements
between [2] and [3].

* Talk given at the 6* Conference on Ultrasonic Methods in Zilina, September 14*—-16"™, 1978.
** Technical University of Transport Engineering, Dept. of Physics, ul. Marxa—Engelsa 25, C8
— 010 88 ZILINA.
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Thurston and Brugger [4] developed relations the mass density, natural
velocity and their changes by hydrostatic pressure or uniaxial compression and the
third-order elastic coefficients (T.0.E. coefficients). These relations are expressed
in [5] for the seven Laue groups: O, T1, CII, CI, RI, HII and HI. The relations are
applied in [6] for NaCl and in {7] for LiNbO,.

With respect to the Christoffel equation and to the results of {1} and [5] we show
that in crystals of cubic, tetragonal and hexagonal symmetry there exist some
invariants for S.0.E. coefficients and T.O.E. coefficients.

Our results published in [3] and [8] are extended in the present paper for the case

of uniaxial compression.

IL BASIC RELATIONS

We consider an acoustic wave in the natural state of the crystal in the form

U; = U exp T.E Aulkﬂvwvv, Qv

where ¢ is time, Uy is the amplitude, w is the angular frequency, Xi are
coordinates, N, are components of the unit vector in the propagation direction N
and W is the ultrasonic natural phase velocity. (In relations (1) and in the following
summation on repeated subscription is implied from 1 to 3).

Substitution of a plane wave (1) into the equation of motion gives the
well-known Christoffel’s equation in the form

AS:.» - @cﬂxunm..»vc..» =0, ANV
where &; is Kronecker’s tensor,
wa = CiuN;N, (3)

is the symmetric tensor of the second rank, go is mass density in the natural state
and Cjy are isentropic S.0.E. coefficients in the tensor notation. .

For any directions N equation (2) represents three equations for i =1, 2, 3. The
non-trivial roots of these equations are given by the equation

2
LAt Imes Wiz W3
2
Way Wi — oW W23 =0 “4)
2
W31 W3z Wiz — QoW

For each propagation direction N we obtain from equation (4) three eigenvalues
2 2 2 . . o
0aW1i, 0oW73, and goW5,, where Wi, Wy, and Wy, are one quasilongitudinal and
two quasitransversal velocities of acoustic waves.
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The first basic invariant of the symmetric tensor (3) in the direction N is
(Wi +wantwis)n= (Wa)v = @oﬂim + $\.~: + swnvz. (5)

We can show by using (3) and (5) that in crystals of cubic, tetragonal and
hexagonal symmetry there exist propagation directions satisfying the equation

(wiutwat EuuvZ_HAS__+€uN+§uuv2~ (6)
or
(W24 Wi+ Whw = (WL+ Wi+ WD, (6a)

although in general for N # N, there is fulfilled
As\r vl_ # Asxr vZﬁ AS\.JVZ_ # Agﬂ_vzﬁ Agﬂnvz_ # As.ﬁvzn.

In the following the relations (6) and (6a) will be called invariances for S.O.E.
coefficients.

The formulae of Thurston and Brugger [4] conveniently express T.O.E.
coefficients from the stress derivatives of 0oW’-cigenvalues at zero static stress.
Their expression is

3 oW
(@Ws=7 - (@oW )p=0~200W 5, ™
depending only on a single parameter p -stress. Their general formula for the cases
of hydrostatic pressure (indices HP) is

—(@oWHo=1+2wFup + Grr (8)

and for uniaxial compression (indices UC),
—(0oW*)o=N-M + 2wFyc + Guc, )

where

Fir = SaenU.Us (8a)
Gur = S saueCrprasNp N U U, (8b)
Fyc= m“.va?h_gock\n Aomv
QCQ = M“zcﬁzcvwﬁgazvzn.zgqﬂcu A@Uv
w = (oW ")o= CprasNN:U, Uy, (10)

where SL.. are the second-order isothermal compliances, Cuvprgs are T.O.E.
Coefficients defined as the isothermal strain derivatives of isentropic S.0.E.
coefficients, M, N and U are unit vectors along the directions of compression,
propagation and polarization in the absence of a static stress or static compression
— in the natural state.

By using equations (8) and (9) we can get in deformed crystals by hydrostatic
pressure or uniaxial compression the directions of propagation N, # N; for which
there is valid
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[(@aW1) +(0oWT)' + (QoWT) In = [(0oW1) + (0oW7T) + (@Wh)'n, (11)

or
although in general for N, # N, there are fulfilled
7Sl [ 5 a2

oWr, ] [ oWy,
s_ i u\n C«\ —a
_H B 3p In, L K 3p In,
and

* | Wp,
op in, L T ap

ﬁ W, W 3 s\J .
IN2

In the following the relations (11) and (11a) will be called invariances for T.O.E.
coefficients.

IH. EXPLICIT SOLUTION OF INVARIANCES
FOR SECOND-ORDER ELASTIC COEFFICIENTS

a) The Cubic system — the Laue groups CII and CI

For the first invariant of a symmetric tensor (3) in crystals of the cubic symmetry
according to [3] we have

MELZH@&S\M+ Wi+ Wrln= C+2C%5, (13)

where C5; and Ci,; are isentropic S.O.E. coefficients in the Voigt notation.

The relation (13) is correct for all crystals of cubic symmetry and its value does
not depend on the propagation direction of the ultrasonic wave. From (13) it
follows that equations (6) and (6a) in the case of cubic crystals are fulfilled for an
arbitrary direction.

b) The tetragonal system — the Laue group Tl

For the first invariant of a symmetric tensor (3) in crystals of the Laue group TI
we have according to [3]

[Walnitoon= Qo[ Wi+ WT, + WTlnijeon = Cli + Cls + Cos. (14)
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The relation (14) is correct for all crystals of the Laue group for all directions of
propagation perpendicular to the tetragonal axis. From (14) it follows that
equations (6) and (6a) in crystals of the Laue group TI are fulfilled for an arbitrary
direction perpendicular to the tetragonal axis.

¢) The hexagonal system — the Laue groups HII and HI

For the first invariant of a symmetric tensor (3) in crystals of the Laue groups
HT1I and HI we have according to [3]

~$\:_ztco.: = gd| Wi+ sw_ + S\WLZES: = Mﬁmﬁuw_ —-CL+ Nﬁ.wav. (15)

The relation (15) is correct for all directions of propagation perpendicular to the
hexagonal axis. From (15) it follows that equations (6) and (6a) in crystals of the
Laue groups HII and H1 are fulfilled in an arbitrary direction perpendicular to the
hexagonal axis.

1V. EXPLICIT SOLUTION OF INVARIANCES FOR
THIRD-ORDER ELASTIC COEFFICIENTS

a) The cubic system — the Laue groups CII and CI

For cubic crystals of the Laue group C1I deformed by hydrostatic pressure we get
using (8), (8a), (8b) and (10) according to [8] and {9] for the three mutual
perpendicular modes U, U, and Uq, in the propagation direction N

[(QoW1) + (0oWT) + (oW D)4 =

1
= - w - W|ml.ﬂ _“Nﬁn.ﬂ— + NOM&V + Q—: + Q:N + Q:u + NAQ_&A + Q—mu + Q_maz = G—
[+]
(16)
and for the Laue group CI

[(0oW1) + (0oWT) + (0oWT) In=

1
=—-3 ET'H HNAA\;%_ + Nﬁumav.*. Cini+2C1:+2C 1+ 4C1] =C: 17)
0

where Bg =3(C1+ 2C1) is the isothermal bulk modulus at zero pressure, C, and
C, are constants.

On the right-hand side of relations (16) and (17) there are all the quantities
constant and these do not depend on the propagation direction. Therefore the
teft-hand side of relations. (16) is equal to the constant C, for an arbitrary
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propagation direction of the Laue group CII and to the constant C, for the Laue
group CL

It follows from (16) and (17) that in cubic crystals deformed by hydrostatic
pressure the relations (11) and (11a) are fulfilled in an arbitrary propagation
direction.

In the case of uniaxial compression in the direction M =[001] and all the
propagation directions N perpendicular to M we have for cubic crystals

N=/[N.N,0], M=[001], NL1M, (N-M)=0
UL=[U, U, 0] (18)
Ur,={U,1,U:1,0], Ur,={[001]
UinUsy + Ui, Uy, =0, UL+ Ui =1
Ul +Uir,=1, U+ Uil =1

and Ui+ Ujr, = 1.
Putting conditions (18) into (9a), (9b) and (10) we get for the Laue group CI

(Fuc)L =812, (Fuc)rn =S50, (Fue)r, =St (19)
[2wr (Fuc)e + NSJ._QUCGYJ.-+ 2wr(Fuc)n,]n w0013 = Nﬁhwaﬁ.m_ + ﬁmuv + ,w._ﬂ_hme
ﬁgcnvrH%G:Q_:.TQ:~szcwh+2w~\wrv+ (19a)

+ Nﬁ_umAzquh + chwrv +4(Ciz+ Ciss)NIN. U LUy |+
+ MNLQZ%Zwar + 2~wav +2(Craa + C123)NINL U Uy + Q_KAZ‘WQW.[ + quwr:
(Guc)n = .m,._wN:mw:~ + mw:an(wcw.D + quwﬁ_v + (19b)
+ NQEMAZwaﬂ_ ok ZwaH_v +4(Crz+ Ciss)NINoU i, Usr ] +
+ MM;Q:NAZMQM.D + qupw,:v +2(Cras + Ci23)N\NLU (1, U, +
ot QEAZwaﬂ_ + ZWN\wﬂ_v_
and

(Guc)r,= .m,,_ﬁnﬁﬁu_um + Cra) + SiiCiss: (19¢)

Substituting (19), (19a), (19b) and (19c¢) into (9) and by their summation we get

[(eoW1) .Tﬂ@oS\w_v. +(@oW T, )hsoon = — 2[S(C3, + CL) + ShCLl-  (20)
—8512(Cini+ Criz+ Craa + 3Ciss) — .WN.RQ:N +Craa+ Ciss).

It follows from (20) that the relations (11) and (11a) are satisfied.
Applying the data of Table 1 we can show that relation (20) is satisfied for .

S(eoWi)' = N(eWi) = S(eoWl).

i=1

The explanation of goW/, where subscription i =1, 2, 3,4,5,6,7,8,9, is listed in
Table 1. T
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Table 1
{0oW?)" for Laue group C1

i M N U (eoW?)'

1 ~00: :OO_ Mwoo_ .INM.._NNQw_|M.“.NG:_lVQ:N

2 [010] —287.C2% — STiCies = 2812:Ci5s

3 HOOZ IN%._q_ uslmﬂwﬁ_:|ﬁﬁu_uu

4 {110] [110] — QS5 —3[SLCiu + RCi12+ ST(Cins + 2C10) + 4S12Crss)
5 [110] = STHCSi— Ch) = SLCun + (8T = ST)Ciia = S1Cuxs)

6 {001} —~257,Cas—S12C1aa —PCiss

7 [110] [001] [001] —281,C; —81:Cini = PCi,

8 :OO_ |Am_ﬂ_+m~.~vﬁ,w;|m:~0_um+a_t~

9 [010] as (oo W3)'

P=ST,+8T,; Q=C5,+C5,+2Ci; R=S1,+35];

b) The tetragonal system — the Laue group TI

For tetragonal crystals of the Laue group TT deformed by hydrostatic pressure
we get by using (8), (8a), (8b) and (10) according to [9] for the three mutual
perpendicular modes Uc., Uz, and U, =[001]} in the propagation direction N =
[001]

, [(@eWE) + (0oWT) + (0eWT,) Instoon = (21)
=—-3- Am.ﬂ_ +S5L+ M.._..u:NAOm_ + Qva + Cii+ Ciiz+ Cras+ Ciss + 2Chs6]
— (2873 + 8§3:)(2C3+ Ci13+ Caas + Cses).

For the tetragonal crystals of the Laue group T1 deformed by uniaxial compres-
sion in the direction M =[001] and the propagation direction N ={N,N,0] we get
by using (9), (9a), (9b) and (10) or the relation in Table 2

Table 2
{eoW?)' for Laue group T1

M N U (0aW?)'

~.

1 [001] [100] {100] INM._WQ_IM._wqu__—+ﬁ.__uv|m.WuQ:u

2 T:e INM.“.uQMaINMN.uO_$|MHuQu$

3 —Oo: .|NMw.uQm‘l.wu.uAﬁ._ﬁ.*ﬁ._uuvlmw.uﬁ,ut

4 [110] [110] —STA —[STs(Cirs+3Ci2 +4C 46+ S33(Ciis + Cras + 2Cs64)]
5 : :: - “.uAﬁ.ﬂ_ - gnv - mm%w.uﬁﬁ._: - hu_:v +MHqu_E - Q_Ev_

6 [001] a5 (@oW3)’

A Hﬁuﬂ_ +A\Jﬂ~+Nﬁ.Mm
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3 6
2(0aWi) = S(0eW?) = — 2(ST(CS, + Ces) + S3:C) - (22)
i=4

i=]1

- m‘_ﬂuﬁm_ 1 + Q:N + Q_&b + O—MM + NQ:DV - ’Ww.uﬁﬁ__u + Quoa + m.utv

From (22) it follows that for crystals of the Laue group T1I the relation (11) is
fulfilled.

¢) The hexagonal system — the Laue group HI

For hexagonal crystals of the Laue group HI deformed by hydrostatic pressure
we get by using (8), (8a), (8b) and (10) according to [9] for the three mutual
perpendicular modes U,, Ur, and Ur,={001] in the propagation direction
N 1[001]

. W)+ (@Wh) + (0oWh) Ivsteon = (23)
= =3 (Su+SL+SH)BCH - Ch+ Cin+ 2(Crua + Ca22) + Cras + Ciss) —
- (285 + %Muvmwﬁ.m» + Csas+3(3Chs — Ci23)].

In a way similar to that in relation (18) one can show that for crystals of the
hexagonal symmetry of the Laue group HT deformed by uniaxial compression in
the direction M =[001] we get for all propagation directions perpendicular to the
hexagonal axis

[(@aWL) + (0oWT,) + (0eW,)'In st00n = (24)
= - .w._ﬁuﬁwﬁ.w_ —Chz+ Cii+ Craa+ Ciss+
+ :ﬁ.:n + Ca)] - hwuﬁwnm» Be wﬁwhu:u — Ci23) + Ciad].

V. CONCLUSION

The invariance relations reported in the present paper give a possibility to clasify
experimental data of ultrasonic velocities and their changes with hydrostatic
pressure or uniaxial compression with respect to their applicability in calculations
of S.O.E. and T.O.E. coefficients. The classification can be used in the two
following situations.

1) Experimental data of the velocity and its changes with pressure measured in
different crystalographic directions must satisfy relations (5) and (6) and relations
(11) and (11a). If this does not occur, the measurements of the velocity and its
changes with pressure are considered as distorted by experimental errors.

2) Various experimental values of the invariances reported by different authors
for the same crystals in identical propagation and polarization directions, satisfying,
however, formulae (5) and (6) for ultrasonic velocities and (11) and (11a) for their
changes indicate various elastic properties of the investigated crystals.
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