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ON THE DISPLACED MAXWELLIAN DISTRIBUTION
FUNCTION AND ON THE PROBLEM OF WARM
ELECTRONS IN SEMICONDUCTORS

LUBOMIR HRIVNAK,* Bratislava

Starting from the displaced Maxwellian distribution function derived by Wassef and
Kao the often used distribution function f=a exp [ - (E (k)—hk .v,)/ koT,] is de-
rived under the assumption that the electron drift velocity o, is much smaller than the
electron thermal velocity. The electron temperature T, is defined in such a way that the
mean energy of an electron is 3&,7./2. In a more general case the quantity 1/&,T, in the
above introduced displaced Maxwellian distribution function should be replaced by
a rather complicated function of T, and v, , which is implicitly given by the relation (7) of
this paper. Using an approximative relation following from (7), the warm electron
coefficient b is found to be given by the relation 5 = m*ui/3ksT, , in which Uq is the low
field electron mobility and 7; is the lattice temperature. This result is compared with
experimental estimations of the coefficient b in Ge, Si, and InSb arrived at by other
authors.

O ®YHKIHH CMEIEHHOTQ MAKCBEJJIOBCKOIO PACNIPEAEJIEHNSA . ;
HIIPOBNEME HATPETBIX 3JEKTPOHOB B HNOAYNPOBOTHHKAX i

Hcxoma u3 dynakuun CMEIEHHOTO MaKCBEMTOBCKOrO pacnpeneneHus, nonyyeHHoi i
Baccedom u Kao, BLIBENICHA 4aCTO ucnmonb3yemas dyHKuus pacnpenenenns f= ;
a .exp [—(E)k) ~hxv,)/ ksT] B npeanonoxeunn. 4ro CKOpOCTh Apeia InekTpoHoB
U; HAMHOTQ MeHbLIE, YeM TeIToBas CKOPOCTb 3NEKTPOHOB. OnexTponnas Temnepartypa
T. onpenenena Takum 00pazoM, 4To cpegHas SHCPruA 3NeKTPOHOB pasHa 3k,7T./2. B
Gonee obem cnydae penuunna (ksT. )", Bxopsimias B YMOMSHYTYIO Bblle GhyHKuuto
pacnpeneneHus, fONXHa GbITh 3aMeHena Gosiee cnoxHO# GyHKumei napameTpos 7, u
Vs, HEABHBIA BUIL KOTOPOWH KaéTes dopmynoit (7) gannoit paboThl. Snzo.:m.uwm npubnu-

XKEHHOE BhIpaxeHme, BbITeKalowee us popmyas: (7), Hainen KoadbduumeHt Harpesanus

ANEKTPOHOB b =m*ul/3k,T, , kne Ho NpENCTaBNsET COGOH MOABMXKHOCTEL cabo Bo-

36y XNEHHBIX 3NCKTPOHOB 1 T, npepctaBnser coboii TeMmneparypy pewérku. [onyuen- !
Hbill pe3ynbTaT cpaBHuBaeTCH ¢ 3KCMEPUMEHTANILHO ONpPEAENEHHBIMY K03 HuMeHTaMK

b anw Ce, Si u InSb, MPCACTABNEHHBIMU IDYTHMH aBTOPaMH.

* Electrotechnical Institute, Slovak Academy of Sciences, Dibravskd cesta, CS-809 32 BRATIS-
LAVA.
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L INTRODUCTION

In many papers [ 1—38] on hot or warm electrons in semiconductors the displaced
Maxwellian distribution function

fky=a exp [~ (E(k) bk . v,)/ kyT.] Y

in which E (k) is the energy of an electron with the momentum fik, p, is the -

electron drif velocity and 7. is the electron temperature, is used. The type of this
distribution function is considered to be reasonable in the case of a dominant
electron-electron interaction. The aim of this paper is to atrive at the function (1)
on the basis of more general principles. Wassef and Kao [9] have shown that the
generalized Fermi-Dirac distribution function, which takes into account the effect
of the applied electric field, can be deduced from the maximum entropy estimates if

as a further restriction to the constant number and energy of electrons the constant
value of the electric current is considered. Their distribution function has form

f=[1+exp (a+BE + yvev:)]' ()

where a, 8, vy are the Langrangjan multipliers standing be for the number of
electrons, their energy, and for the current. In the case of a zero electric field y =0
and (2) becomes thie Fermi-Dirac distribution function in which 8 =1/k,T, (7. is
the lattice temperature). Wassef and Kao introduced also a. special form of

hk?
2m*
where # is an angle between the k vector and the electric field F.

In this paper we shall determine the coefficients v and g in the function (3) on
the basis of definitions of the electron drift velocity and electron temperature. Then
we shall restrict our considerations to the problem of warm electrons when
(T. - w.:\ T, <1, and in a simple way we shall determine the warm electron
coefficient standing in the relation for electron mobility. The result will be
compared with experiments of other authors on Ge, Si, and InSb.

flk)=exp(~a-g Q\M,M\noom&‘ 3)

II. DETERMINATION OF THE COEFFICIENTS
a AND g

The electron drift velocity can be defined by the relation

m’m cos #f (k) d® k
m . ‘
N @)

?E d &

Substituting for f(k) according to (3) we get

y=-Bry, 5)

We define the electron temperature 7, by the relation

3 PR k)
N VYT ©
'
As it is shown in the Appendix we obtain s
2 kT, S L :Jw, 1)
2 B. e -1 :
where
12a = fm*v} .
In the case of
Bm*vi<i (8)
we get from (7)
1B=kseT. . )

“The condition (8) is fulfilled when the electron drift velocity is small as compared

with the electron thermal velocity. In a limit v, — 0, 1/8=ksT, . Thus we can
conclude that if the electron temperature is defined by the relation (6), the
coefficient 8 in the distribution function (3) is given by the relation (9) when the
condition (8) holds. In this case the distribution function (3) takes the form'(1). In
the more general case the parameter f in (3) is a rather complicated function of the
electron temperature and of the electron drift velocity given by the relation .

Evidently, the relations (4) and (6) do not give the electric field dependences of
the electron drift velocity and electron temperature. For this purpose the energy
and momentum balance equations can be used. In general this problem can be
solved only if the collision mechanisms are known. However, in the case of warm
electrons we can find the electric field dependences of the electron temperature
and electron drift velocity in a semiempirical way which does not necessitate the
knowledge of collision mechanisms. ‘They are included in a single empirical
parameter, i. e. the low field electron mobility. This will be shown in the next
section.
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II. WARM ELECT| RONS
H.:m range of the warm electrops is usually defined by the condition

NMIN,P
o<l (10

In this case the empirical relation for the drift <m_oomQ
Ve = o1~ bF?) F | (11)

is well fulfilled with the field independent mobility u, and the warm electron

8@2.5.52 b. The problem consists in the theoretical determination of the
coefficient 5. We shall do it in a very simple way.

In the case of 1/24 <1 the relation (7) gives

3 .31 1
M\AWH”MNM;TMS*QW. AHNV

>Uv3x_.5ma=m 1/ by kaT, we get
: 3 1
M»wﬁﬁlﬁvums*&. (13)
and w:cm:Ez:m for v, according to the relation (11) we obtain

¥,,2 2
p = Ui TbF(1- bE?)
u\ﬂwﬁ. Nu - NM ) AHAV

However, for warm electrons the coefficient b should be field independent, and for
F—0, T. should approach T, . These conditions are fulfilled when

L=T.[1+bF(1-bFy), ¢ E))
_m*u "
b=, - ()
Condition (10) is then equivalent to the condition
, . 3ksT, .
bF*<1, . Q.HA%. 4 (17)

The relation ( me can be experimentally verified, According to [10] in relatively
pure n-Ge yo~ T-!-% i temperature range 100—300 K and in n-Si Uo~T7*%in
H.mavon:::w range 160—400 K. Using these temperature dependences of the low
field electron mobilities we get from (16) boe~T*% and by~ T in good

in a m._.<o: temperature range. According to Seeger [11] bg.~T* % and.
according 8. Kistner et al. [12] bs~T7** Dye to the effective mass anisotropy
In Ge and Si the value of p depends also on the sample orientation with respect to
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Fig. 1. Solid curve is computed from (18) with  Fig. 2. Solid curve is computed from (18) with

G=11Q7'em™, po=7x 10° cm*/Vs, T, =78 K; 0,=16Q'em™, ‘,=3x 10° cm’/Vs, T, =78 K;

circles correspond to experimental results of circles correspond to experimental results of
Bonek [13) sample (CO4FR). Bonek [13] (sample LEP).

the applied electric field. Késtner et al. found the following empirical relation for
b in the (111) direction on the n-type Si crystal in the temperature range
194273 K;

T \~5% cm?
100 wv v

from which for T=273 K we b=8.1 x 10~® em?/V>. Using the relation (16) we get
the same value for & at 273 K taking u,= 1800 cm®/Vs and m* = 0.34 m,, which
are reasonable values for silicon. Thus the relation (16) does not give only the right
temperature dependence of coefficient » but also its value. This is especially well
confirmed by the experimental results of Bonek [13] on two samples of InSb with
various parameters at 78 K as can be seen from Figs. 1 and 2. In Fig. 1 we compare
the relation

b=30x10"° A

J = 0oF (1~ bF?) (18)

for the current density in which & is given by (16) with experimental values taken
from Fig. 31 of [13] for a sample with 0,=11 Q'cm~" and #o=7.1x10° cm*/Vs at
78 K. Taking m* =0.0141 m, we get from (16) b =2x10"* cm*/ V2, Substituting
this value of 4 and the given value of 0, into (18) we get the full curve in Fig. 1.
This curve is in good agreement with experiment for F<35 V/em, i. e. for
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ooﬁnmnma %:r ~wo:n k’s experiments on an InSb sample with 00=16 Q'cm™ and
ta=3x10 cm /Vs at 78 K. In this case get from (16) b=3.6 x 10° cm¥/ V2, The
agreement with the experiment is good for F<65V/em, i. e. for bF*<0.15."

APPENDIX

Substituting the distribution f

we ger unction (3) with y given by the relation (5) into (6)

[[ [ .
P koT, =20 Jo Jo NS*OX@EIQ‘QANS*I@NQ& Cos %v; \ﬁna\am%aﬂ sin ¢

€ \\R\ya 2 NN\AN e
b :h Qﬁﬁlalm ANS*IEAS oom%i k*dk d¢ de sin ¢

(A1)
h\. x¢ el %QR QNA&V
=—t___ X _ _a da

B \ xS B T(a)

0 X

where
NA&V” Hwﬂlﬁuﬁakw
(] X

x = fhkuv, a=12m*Bvz If we e

. xpand the function (sh i
series, then, using the formula [14] (shx)/x into the power

\Ugo-i&uﬁancs:;&.:m.u._ T\
[} N N§ AQw:iv

we obtain

m:cﬂ::::m (A2) into (A1) we obtain the relation (7).
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