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CONTRIBUTION OF ASSOCIATED VACANCIES TO
SELFDIFFUSION OF CATIONS IN NaCl CRYSTALS

VIERA TRNOVCOVA, Bratislava

The contribution of vacancies, associated into 2%52%.50::@ complexes
with divalent cation admixtures, to the selfdiffusion coefficient of cations
has been mathematically expressed. Considered was the model of a complex
Jimited to the ground state and the first excited state as well as that including
all excited states of the complex which can be reached by a direct jump from
the ground state.

INTRODUCTION

Tn NaCl, sclfdiffusion of cations is intermediated by a vacancy mechanismi.
‘As vacancies may be free or associated into complexes with divalent admixtu-
res, diffusion flow consists of two components. The component resulting from
migration of frec cation vacancies is characterized by the diffusion coefficient
Dy, while the component carried by associated cation vacancies has the
diffusion coefficient Dy. The component connected with the associated va-
cancies is important especially in crystals doped with divalent cation admix-
tures.

Qince free vacancies carry also the electric current in the crystal, Ds will
be apparently connected with the cation component of jonic conductivity.
Tn the region of temperatures where the concentration of thermally produced
vacancies is Som:mmgwu the relation

Dy = 3.13 a®> wo(l — p)c 1)

will be valid [1]; @ is the anion-cation distance, Wo the probability of the jump
of the free vacancy into a definite neighbouring site in 1 second, p the degree
of association of admixtures into complexes, 1. €. the ratio of the concentration
of the admixture associated into complexes with vacancies to the total con-
centration of the admixture ¢ (in molar fractions).

The theoretical exprossion of D, is known only for complexes tightly bound
in the ground state [2]. In this case we have

4

Dy = 3 favzfun) ¢ p w1 a? (2)
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where w; and ws are the probabilities of the jump of an assoclated vacancy
into another definite associated position and into the position of the admixture,
respectively, in 1 second. The correlation function f(ws/w:) for selfdiffusion by
a mechanism of vacancies associated into complexes tightly bound in the
ground state is known for the NaCl lattice for various values of the ratio
waw [2, 8} In this case the selfdiffusion coefficient of cations D will be deter-
mined by the relation

# w &u

Tsn w T ®

D=Ds|1-+

Experiments with the NaCl -+ CaCl, crystals have shown that within the
temperature range of 300-—-600 °C, where the concentration of thermally
produced vacancies is negligible, the following empirical relation was valid [4]

b”b\w#n@'hll. (4)

1—p

The experimentally obtained values of the coefficient C depended, in agreement
with equation (3), only on temperature, but they were always substantially
higher, as those obtained from equation (3), applying the experimentally deter-
mined temperature dependences of wo [4], wy [5, 6] and w2 [7, 8]. Consequently
it appears that the required condition of complexes tightly bound in the
ground state is too strict.

For this reason, we have made an attempt to express mathematically the
contribution of associated vacancies o the selfdiffusion coefficient of cations
for more complicated structures of the admixture-vacancy complexes and to
find relations analogous to equation (3) for various models of complexes.
A comparison of these theoretically determined mmwosm.mzomm D on the con-
centration of the admixture and on temperature with experimentally obtained
data makes it possible to determine the most probable structure of the com-
plex [4].

THEORY

Tt follows from theoretical calculations [9, 10] and some experiments [11, 12]
that the energy of association of the complexes in the ground state, i. e. those
with a vacancy in the nearest neighbouring position from the admixture,
should not differ in NaCl from that of the excited complexes, i. e. those with
a vacancy at a distance of 2a from the admixture, by more than 10 %. It is
consequently probable that the complex will not be bound only in the ground
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state and that its reorientation will also include vacancy jumps from the
ground state into the excited state with the frequency of wa and vice versa
with the frequency of wa.

In NaCl, the most probable is the model of a complex including the ground
state with twelve possible orientations as well as the first excited state with
six possible orientations. In equillibrium the following relation for the distri-
bution of associated vacancies to both states must be valid

1 pows = § Prws (5)

where po and p1 are the degrees of association in the ground state and in the
excited. state, respectively. At the same time

p=Dpo+ P (6)
is valid and therefore
1 pows
= — 7
L= N
P

Po = . (8)

1 + }wsfws

According to the theory of correlated jumps [13]
D = L fIr? (9)

(r being the jump distance, I" the frequency of jumps of the diffusing tracer
ion and f the corresponding correlation function). From each ground position
the associated vacancy may Carry out four jumps to another ground position
and two jumps to an excited position. The vacancy can reach the ground state
from each excited position by four jumps. Therefore

1 1 1

I = 12¢(1 — p)wo + 12 X moﬁe 4wy + 6 X Mm&g ?&.TSX Mom: wz&.

(10)

The first member on the right side of equation (10) 1s the contribution of free
vacancies to the jumps of the tracer, the second member represents the jumps
of the tracer in the ground sphere of the complex, the third member corresponds
to the jumps of the tracer from the excited sphere of the complex into the
ground sphere, while the fourth member corresponds to the opposite jumps.
Direct jurnps between the sites of the excited sphere are not possible owing to
their great distance from one another. In calculations tightly bound complexes
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were considered; i. e. the dissociation of complexes was neglected. Inscrting
relations (7) and (8) into (10) we obtained

: 1
'=12¢|(1 — p)wo +— £
: 3 14 }wsfws

GE 4 ws) . (11)

Substituting equation (10) into equation (9) yields (a3 7 = <m a)

o1
D = 4a%c | (1 — p)we X 0,78 + — — 2
L. 31 + 1} walwa

X, 4+ Xo—w :wwy
w1

0.78 being the correlation factor for cation w&m&ﬁﬁmmcbv%mﬁmw <m.om.=owo,m_.;8,,

X, and Xo oowwo_paoswcsgmobm ».on.,gaoarmn d%wmm. o:su%.m. wa_v&smmmzmy
tion (1) we obtain ow _

1 P w1 [wo L i
D=D|14+ —— Xy + X (13)
) 3% 078 1—=p 1+ Twsfwa w1
1 SH\Sc w3
C= X; + NN‘S‘_ (13a)

3 % 0.78 1 -+ }wsfwa

This type of complexes gives dependence D(p), which is in agreement with
that obtained experimentally [4] and with the independence of the coefficient ¢
on the concentration of the admixture. However, the &oawmmmeﬁd @mwasmmzam
of C cannot be theoretically determined until the correlation functions Xy, X2
have been tabulated.

- The simplified model of a complex, including all direct vacancy jumps from
the ground state of the complex into an excited state with equal probability,
can be evaluated also quantitatively. Tn NaCl such an excited complex would
have 42 possible orientations. The excited state can be reached from the
ground state by seven jumps and from the average excited state (not all the
excited positions are equivalent) the ground state can be reached by two va-
rious jumps. We are still considering tightly bound complexes and exclude
vacancy jumps between the sites of the excited sphere. In analogy with
equation (10) we obtain

1 1 |
I = 12¢(1 — p)wo + — 12¢podw 4 4%cpo2ws + — 12cp1Twa. 145
(1 — p)wo 12 podis T Po2ws 2 p1Tws. v

To obtain an equilibrium distribution of associated vacancies the following

relation must be valid

7 7

ﬂm%osm = m&sﬁs. (15}

1t follows frcm equations (6) and (15) that

pows T
= — 16
P1 — _ (16)
; P
Po = _— (17)
1 -+ — wsfwa
2
4 1 : ; 7
=121 — plwo + b w, + —ws]}” (18)
3 7 2
1 nlel wafwa

In pb.&ow% with m@zmﬂ.o,.zm (12), (13) we obtain

D — 4a2c ] (1 — plwo' X 0.78 + M . .w w | X1+ |wl Xowajwi ] | (19)
e e E o , 1+ — wafws . ‘
2
’ i1 | p - ..Sw\seo, -0 T E ’
D = Dy 1+ — X; + kagw\sw : ﬁwov
3% 078 1—p T 2
: 1 4+ —wsfws
- 2
1 " wrfwo 7
C = - v X, +— Xowajwi] - (20a)
3 x 0.78 i 2
1+ r wafw

The correlation functions X1 and Xg for this model of complex, commonly
used for metals, are tabulated [13] for different wofwy , wfwr and wafwo ratios.
As the complexes in metals are only loosely bound, (equation (19) is not valid
for metals) the tabulated value of wo [13] denotes also the probability of all
vacancy jumps from the excited state leading not to the ground one. We
neglected these jumps in our calculations because in NaCl the association
energy of the ground and of the first excited state is fairly high and thus the
probabilities of these jumps are low. In the case of tightly bound complexes,
the jumps of free vacancies with a probability of we have no influence on the
motion of the complexes and on the correlation functions. Hence only the
maximum tabulated value of wafwo (== 10°) could be used.

The latter model of the complex is not entirely adequate in NaCl, because
the association energy of the vacancy varies considerably with its distance
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from the admixture and consequently the corresponding probabilities of th
jumps into various non-equivalent sites of the excited sphere vary, too..
However, it enables to estimate the value of the coefficient C for complexes
not limited to the ground state only. The theoretically predicted form of the
dependence D(p) for this type of complexes is in agreement with the experi
mentally obtained form (4) and in agreement with the experiments the the-
oretically predicted C should depend only on temperature.

CONCLUSION

We expressed mathematically the contribution of cation vacancies, associa
ted into complexes with divalent cation admixtures, to the selfdiffusion of th
cations in ionic crystals of the NaCl type for tightly bound complexes existin,
also in some excited states. We considered: 1) the model of a tightly bound
complex limited to the ground state and to the first excited one, i. e. with
a vacancy at a distance of (2a)t or of 2a from the admixture and 2) the model
including all excited states of the complex which can be reached by direct
jumps from the ground state.

In both cases under consideration, as well as in the case of complexes
limited to the ground state only, theoretical considerations led to the depend-
ence of the diffusion coefficient on the degree of association, which can be
written in the form of equation (4), which was experimentally verified [4]
The quantitative theoretical calculations of the coefficient C' were accomplished
only for complexes in the ground state (equation (3) with wo = 8.22: X

% 1013 exp (—0.74/kT) [4]; w1 = 9 x 1013 exp (—0.702/kT) [5]; we = 104 ex
(—0.9/kT) [8]) and for our model sub 2). The quantitative evaluation of the

Fig. 1. Temperature dependence of th
coofficient C given by the ratio of ¥
contribution of one associated vacancy.
to that of one free vacancy to the sell;
diffusion coefficient of cations in . b
NaCl + CaCly erystals (+ — experim
tally ‘determined values; dashed Lin
calculated according to equation (20); ful
line — calculated according to equation (30
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ost probable model sub 1) has to be completed by the calculation of the
cessary correlation functions.

The extension of the term complex to excited states, (model sub 2)) improved
the agreement between the theoretically predicted and the experimentally
@32.95@@ ¢ (Fig. 1) [4]. Tull agreement of both values has not been achieved,
most probably because of the fact that the model sub 1) would be more
adequate and also because the temperature dependences of the jump probabil- ;
jties used In theoretical calculations (wy =9 X 1013 exp (—0.76/kT); ws = W
— ¢ x 1013 exp (—0.68/kT); wa =9 X 1018 exp (—0.63/kT)) [12] are not yet
sufficiently verified.
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