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A NOTE ON THE CONSTRUCTION OF GENERATORS
OF THE S0(4,1) GROUP
FOR THE HYDROGEN ATOM

JOZEF LANIK, Bratislava

INTRODUCTION

The symmetry of the SU(6) group used for a classification of strong-in-
teracting particles is only approximate. Symmetry-breaking terms are intro-
duced in a phenomenological way and are understood as perturbations in
the mass-operator [1—4]. In order to explain the mass-splitting within the
framework of the group theory, non-compact extensions of the original sym-
metry groups were suggested [5].

Since this was an attempt at a new method it had first to be tested on
exactly solvable quantum-mechanical systems. One of those is the hydrogen
atom (H-atom).

Fock [6] showed a long time ago that the H-atom has the SO(4) symmetry
group of the Hamiltonian and that eigenstates corresponding to a given
energy form a basis for unitary irreducible representations of this group.
Recently the simple non-compact extension of the group SO(4), namely
S0(4,1), has been suggested and studied by Barut et al. [7]. It was shown
that the SO(4,1) group has an infinitely-dimensional unitary irreducible
representation which contains all the bound-state levels  of the H-atom.
It has been also shown that the energy spectrum problem can be solved
within the framework of this SO(4,1) group [8].

The purpose of this paper is to present a method for constructing genera-
tors of the SO(4,1) group for the H-atom in terms of Fock’s variables x1,. .., %4
which is different from the methods of other authors [8—11]. Our method
is based on the knowledge of the commutation relations of the generators
of the SO(4,1) group and on Fock’s results [6], which show that eigenfunctions

of H-atom bound states in the variables z, (=1, ..., 4)
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(where p is the momentum, Po = <l omE and p? = p} + p5 + 2, E<0
the energy of bound states), are harmonic homogeneous polynomials of the
variables @, of the (n — 1)-th order (n being the principal quantum number).

THE GENERATORS OF SO (4,1) GROUP FOR THE H-ATOM

To oonmﬁdom the generators of the de Sitter SO(4,1) group for the H-atom
in terms of Fock’s variables 2, (=1, -+ s 4) we shall start from the known
commutation relations of these generators Mij [12]:

(M5, Mu)= —i(guMm — gnMw guMy — geMu)s (1)
where My = —Mji, the Latin subscripts ¢, J, k, I run over the set 1,2, ...,5
and g1 = ge2 = §38 = gua = —G55 = —1,gy=0 for 4 # j. For our purpose
it is useful to rewrite (1) as follows .

TEEJ Mos) = i&%gg = &EE\E -+ mthee — OyoMoy), (2)

E&E: Mis) = maxiﬁu - ?»E:uvv
[Mys, Mas) = —iMp,

where the Greek subscripts g, v, @ §, A run over the values 1, ..., 4and ép = 0,
except for 611 = Oz = 033 = daa = 1.

Trom these relations it follows that the operators M, are generators of the
maximal compact subgroup SO(4) of the de Sitter group. Therefore they
can be chosen in terms of Fock’s variables in the following form

M i 2 g 3
= —ilzyg—— v ——}"
® nw&e ..max ®)

Now the noncompact generators M 5 have also to be constructed in terms
of Fock’s variables Zu. To do this we shall suppose that M,s are differential
operators of the first order in terms of the variables z, (since the operators

M,y are differential ones of the first order), i. e. let them be supposed in the
following most general form

7

0
Mys = ilalx) 7 -+ b{x)xuty

oxy 0y

+ e@)zul’ (4)
where a(x), b(x), c(x) are unknown functions of the variable x = <&m + ...t 23,
summation over v from 1 to 4 being understood.

Substituting (4) into the commutation relations of (2) we get after some
calculations the condition for the functions a(®), b(®) and c(x) (see Appendix 1)

~1
Do

d
o0 950 ) 4 ble) T =
xr dz dx

1. (5)

Hence we can say that the operators (3) and {4) obey the commutation rela-
tions (2) only if (5) is fulfilled.

In this way we have obtained general forms of the generators of S0(4,1)
group in terms of Fock’s variables.

We shall obtain the special froms of these generators on the basis of the
requirement that the irreducible (infinitely dimensional) representations
of this group be based on eigenfunctions of H-atom bound states [7, 8}, i. e.
on harmonic homogeneous polynomials (HHP) in four TFock’s variables %y
according to the results of [6]. In other words, we shall require such forms
of the generators M s that the space of infinite irreducible representation
of the SO(4,1) group be the direct sum of SO(4) representation subspaces.
T is well-known (see e. g. [13]) that the HHP fo(@1, .- ©4) of the n-th order is
defined by the relations

m_%sh&: ooy &Av

v

.B.%,&A&: ) &»V = O. Ly = 3.\.368.? ] &»Y Amv
0%y :
where
02 02
N=—+ o+ 75
o a7}

Thus, if fa = fal®1, - xz4) is HHP of the n-th order in four Fock’s variables,
then it follows from (4)

. fn . Ofn
Mysfo — P4+ 1| (@) + nb(@Nafa — 0l2)

i
0%y

(7)

0%y ’
where we have put

a(z) = 4 — ai(@); (8)
with A constant.

. Now, in order to fulfil the requirement stated above, it is sufficient to fulfil
the following conditions for the form of Mys, or, more precisely for the form
of functions ai(x), b(z), ¢(@): Let f be the HHP of the n-th order in four Tock’s
variables z,, then the functions

fn

0xy

[e(x) + n Eaﬁ&:.? — a1(®)
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are required to be HHP’s of the (n -+ 1)-th orders and this must hold for

everyn =10,1,2, ... Tt means (according to (6)) that the following equations
fn
Al [e(@) + n b(@)Jwpfn — ar(2) =0 (9)
0%y
and
d fn
xy — { [e(x) + n b(@)Jwpfo — a1() =
0%y oxy
f n
= (n + 1) {[e(@) + 7 b(@)lwufa — aal@) —— (10)
oxy

have to be fulfilled for the functions ax(x), b(x) and c(x) and for every n =
=0, 1,2, ... It is evident from (7) that if (9) and (10) are fulfilled (and since

of;
MF are HHP’s of the (n — 1)-th orders for every ), the space of representa-
at

tion of the SO(4,1) group based on the HHP’s fa(@1, ..., 2a), (=0, 1, o))
is an irreducible infinitely dimensional one, i. e. the requirement above is
fulfilled. This also means that the shifting among eigenstates corresponding
to various eigenvalues Ey of the H-atom (N is the principal quantum number)

" is made possible by the generators Mys.
Now we turn to Egs. (9) and (10). After some calculations they get the forms

SO T ——— o (@) + mb(@) | - —

— Qay(x) 2w+ 1 dalz) fn
L %N x % ®g§

2n + 5 d

4z
+ e (of@) + nbl@)) + mﬁé + nb(@)) [#ufn =0, (1)

da;(x 9
u N —2a4(x) L
dx oz,

d
z | — (c(x) + nb(x)) Tufn — | =0,
dx

where n = 0, 1, 2, ... Thus these equations represent infinitely many condi-
tions for the functions ai(x), b(z) and c(z), and can be rewritten in the following
algebraic equations (see Appendix IT)

ay(r) = Ba?, (12)
¢(x) + nb(x) = 2(n + 1)B,

where B is a constant andn = 0, 1, 2, ... These infinitely many equations are
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evidently linearly dependent. Their solutions exist and are of the forms
a1(x) = Ba?, (13)
c(x) = b(z) = 2B. .
These functions have also to obey Eq. (5) and with respect to (8) this is possible
only if the following equality is fulfilled
4=——. (14)

Hence, with respect to (3), (4), (8), (13) and (14) the generators of the de Sitter
group in terms of Fock’s variables x, (putting 2B = 1)¥) are

My — —i (20— 2 (15)
, == —i{xy— — &)’
“ nmae 7 0%y
14 a2 0 7
EEMI\H —_—j} — Xy Ly + 1
2 m&: m&!

These forms of generators are similar to those in [11].
With respect to Newton [12], the Casimir operators of this group are

1
Q= Etugglmgsgs Aﬂmv
and
W = —wwt,
: ﬂ. 3 - .
where w! = |w|m§§ MM, in which 1234 =1 and &fkim is totally anti-

symmetric. It is easy to calculate these invariants in the space of harmonic
homogeneous polynomials in Fock’s variables on the unit sphere (¥ = 1)
in the same way as in [14]

Q =2, (17)
W =0.

*) Tt is clear that the Casimir operators of the group (see (16)) generally depend on
the constant B. But their values in the space of the HHP’s in Fock’s variables on the
unit sphere (x? = 1) can easily be proved not to depend on the constant B. Therefore B
is arbitrary.

75



The representation of SO(4,1) characterized by the values (17) of two invariants
Q and W belongs to the class I of infinite unitary representations with respect
to Newton’s classification [12]. The space of the representation is the direct
sum of SO(4) representation subspaces, each subspace being contained at
most once. According to Fock’s results [6] this means that such a representa-
tion of the SO(4,1) group contains all the bound-state levels of the H-atom.

CONCLUSION

In the paper the generators of the SO(4,1) group have been constructed
in terms of Fock’s variables 21, ..., %4 for the H-atom in a different way from
the one mentioned in [8—11]. The method was based on the knowledge of
the commutation relations of generators of the 80(4,1) group. According to
this we have assumed a general form for ‘the generators. The result (15) has

been obtained under the conditions that the generators must obey the known

commutation relations (1) and act on the harmonic homogeneous polynomials
in Fock’s variables 1, ..., %4; (x2=1). It has also been shown that the
unitary irreducible representation (infinite) of an algebra of the generators
(15) is characterized by the values (17) of two invariants, i. e., it belongs to
Newton’s class L.

In this connection it could be mentioned that generators of the de Sitter
group for the H-atom were also calculated in terms of the variables p and r
in classical [15] as well as in &:mbe:B-Bﬁow@Eaﬁ (16, 17] cases. The solution
of the energy spectrum problem within the framework of this group was
arrived at in [8].%%)

APPENDIX 1

The equation (5) will be deduced form (2), (3) and (4). Combining those the
following relations are obtained after some simple but lengthy calculations

dafx) dafx)| © () oc(x)
Ty — Xy — + Xy -— Xy Xy +
oy dzy | O%a oy oy
ob(x) b(x) 0 :
,+. Xy - Xy Xa¥o = Y, AHV ”:
0%y 0xy 9%

*%) I am indebted very much to Dr. M. Petra for reading the manuscripb and for

his valuable remarks and criticism. I also express my thanks to J. Cernuch for valuable
suggestions.
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da(x) . da(x)
a{x) — z, a(x) b(x) + xub(x) Ty — = Tu> (I, 2)
0%y 0%y :
oc(x oc(x ab{x ob(x a
Za ¢ v||a=|A\|V+ 3 ¢ vl&= (=) go—— =0, (1,3)
; Oxy oz | Oa 727 0%,
where the Greek subscripts run over the values 1, ..., 4. ‘

Since the functions a(x), b(z) and c(z) depend oE% on the variable z =

) T
== <aw+ e 7y, L8

oa{x) _ % da(x)

H

0%y x do
ob(x) T db(x)
oy, z dx

dc(x) 2w de(x)
oxy x dz

’

the relations (I, 1) and (I, 3) are automatieally fulfilled and from (I, 2) one gets

a(x) da(z) da(z)
. d a{z) b(x) + = b(x) o

= 1.

APPENDIX II

The following equations are obtained from (11), multiplying it by < 7 0
and after summation over g from 1 to 4 (since fal®1, ---» z4) # 0 for n =0,
1, 2, ...

on + 1

dy (@) + 2c(@) -+ nb@)) |+

n|—ay@) —
x

2n + b
422 |c" (@) + b’ (@) + {¢'(x) + nb' (@) |= 0, (1L, 1)
x
#3(¢' (x) + nb'(x)) — n(za,(z) — 20(x)) = O (11, 2)
Combining these equations the relation
2(n +1)

c(x) + nb(z) = a1(x) (1L, 3)

a2



can be derived after some calculations. Then, from (II, 2) and (II, 3) we get

2a (@) = 2a1(2)

which equation has a solution

ai(x) = B 22, (11, 4)

where B is a constant of integration, and, from (II, 3) we get
c(x) + n b(x) = 2(n + 1)B, n=20,12, ...
It can easily be seen that these functions obey Egs. (11).
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