N,E.HEEEQNG.EEW?Z% CASOPIS SV, 16, 4, 1966

NOTE oON ERGODICITY

BELOSLAYV RIECAN , Bratislavg

f for any almosg Invariant set § e § (i. e. such set & that m(7'-1 g AE) =)

it is m(E) = 0 or mX —E) = o, (We do not Suppose that 7' is measure
Preserving.)

Further a g-idedl ;¥ ¢ 8 is given and TN — y

A transformation 7' of 8 into 8 will be called incompressible, iff from the
relation 7-1 g C g it follows that E—T-1gepn, A o-isomorphism 7 js
incompressible iff from the relation 7'-1 E—FEeh it follows that £ — -1
& € N or else iff from the relation £ — 7-1 g € N it follows that 7-1 g __ EeN.

If 7 is an incompressible transformation, then B — Y7 g N (see [31).
n=1 : .
Let (X, 8, m) be a measure space, S a o-algebra, T an invertible transforma.-

tion X into X (i. e. T ig one-to-one, onto and the transformations T, 7
are measurable). If in addition T is non singular (i. e, m(E) = 0 iff m(T1E) =
= 0) then all the assumptions of our algebraic formulation are satisfied. We

have TF — {Tz: 2 SN Besides, if 7 ig incompressible and invertible, then
T is also non singular.

Theorem 1. Zet 7 pe an incompressible o-isomorphism of a Boolean o-algebra
S onto itself, N be a o-ideal in S, TN = N. For any B eS8 put By = B A7 B,
n-1
En=En AQJFQIC&INS (n=2,3, .,

i=1
P = {Tig, .1 Si<j,j>1) G=EFEuy {L:LeP}, F=qu
Then the set R — {EduPuy {F} is a partition of the greatest element X of

(1) @ is the complement of the element a.
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the Boolean o-algebra S and the elements G, F are almost invariant wnder T (i.e.
T2G@AGeN, T1FAF e N).

Proof. Evidently E n U T-E = U E,. Since T is incompressible, z..k is

o2 =1 n=1 cL ; ..
E —\UE,eN. Notice ﬁmym Ey are pairwise disjoint. Besides, for ¢ < J we

n=1

have TéH; CE', but T/E; CE. Hence EN D — O for all De P. Let TE; e
€P, T*Ey € P and (i, j) # (k, n). If i =k, then TEy N TkE,, — A@ n
NE,)=T0 =0.If ; # k, hence e. g. i < [, .erwc TiE; N T*E, = TYE; A
N T*=E,). But b — ¢ < n, hence T¥—E, CE’' while E; CE. Hence m:%méo
elements from the set P are disjoint. i . .

It remains to be proved that the oFEmE.\m F and @ are &Eo% invariant.

Clearly @ =C u oD E; O U TEy;, where C e N. Prove that TG CDUE U
i=1 i<j
U U TEy, where D € N. First of all TC e N. _m.zugmw

L i<j .

fe=

TUE = @0 AE(TUE—E)CEU (' U B — &).
im1 i=1 - =L - . _

But TUL—F =U (TBx —B), since TE, —E = T(E A T-1E) - | —
i= k=2 ; C e v or
=TE N ml_@ =.0. From this it follows

TUB—FC{TE CyTa,
. o g=1 k=2 s i<y
Finally 8 o
UT# CEUUTE,.
j=2

i<j

T(UTE) CUTE; L
T<j . i<j L s :
We have proved that T7G¢ CD U G, where De N, _p.mbom QIH%LQm N.

Since 7 is incompressible, we have 7-1¢ — GeN, vmﬁo.o G D. T-1G@ € N and

G is almost invariant. Now it is obvious that F is almost Eﬁyﬂpb,e too. .
Note 1. From Theorem 1 the recurrence-partition . theorem from E&:.%w

[2] easily follows. That theorem can result from Theorem H. by the specia,

choice of 8,.T', N introduced above. In [2] it is assumed besides that X has

i e and 7' is measure preserving. . .

) »WMHNWMMMEH formulation of the next theorem we need to modify arm

notion of ergodic transformation. An mmoEoH.mEmE T of the algebra § ow:wo@N

is ergodic iff from the relation 7-1E A B e N it follows that £ e N or E' e V.

We want to define another notion. An element H € S has a recurrent part iff

thereis D CH,D¢ N and a positive integer k such that 7D — H ¢ N.
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condition that T be ergodic is that B conlains no element H CE,E—gHg énN
with a recurrent part.(2)

Proof. If 7 is not ergodic, then there are Hy, Hy e § such that ¢ = H;y
U Hy, Hy, Hy are almost invariant, H, N H, EN, H, ¢ N, Hy¢ N, If Hn
NEecN, then T'E; = N, U Nz, where NieN, N, CH,. Then also @ —
= N1 U N3, where NieN,N, C H, but it is in contradiction to the assump-
tion. Hence H, NE¢N and also HynEB¢N. ‘

Put H =g, N From the above H¢N, E—H¢N. Since I — Ny

VU (HNE,), where NieN and N s 5 o-ideal, there is such an n that
n=1

HNE,¢N. But then H has a recurrent rart D =H N E,, since TvH n
NE,) CT=E, CE.

Theorem 3. It (X, 8, m) be a measure space with o completely finita measure,
T be an incompressible and tnvertible transformation on X. Let | € 8. Denote by
By the set of all 2 ¢ | Jor which Ty €E, but Tix ¢E fori>j. Let m(X — By
CCASS«;.A.».?\V 1}) = 0.

4 suffitient condition that T be ergodic is that B contains no proper subsets
with recurrent parts (v. e. that there do not exist sets, D, H 8, DCH C B,
m(E) > m(H) > 0, "D CE for some n).

Proof. 8 is a Boolean o-algebra, 7' 4, o-isomorphism. If we put N = (g .
:m(E) = 0}, then all assumptions of Theorem 2 are satisfied.

@
Ty sel a be the least almost invariant set over . I f B contains no proper
subsets with recurrent parts then T is ergodic. ‘
Proof. If x is the least almost invariant set over I, then, since £ u
VU {TE; :; « J:3 > 1} is almost Invariant, we have mX —EFEuy {TE; :
<, i> 1}) = 0, hence we can use Theorem 3.

() F is an arbitrary but fixed element.
(®) Bee e. g. [1], P- 116 of the Russian translation.

322

REFERENCES

{11 Halmos P. R., Lectures on Ergodic Theory, Tokyo 1956.
{(Terxyuu no apzodunecron meopuu, Mockaa 1959.)

[2] Preisendorfer R, W., Roos B. w., Recurrence-partitions of finite measure spaces
with applications to ergodic theory, Trans. Amer, Math. Soc. 99 (1961), 91—101.

[3] Pueuan B., Bamevanue x meopeme Ilyankape o 8036pawgeruu Ha Gyaesckux Koavyazx,
Mas.-fyz,. dasop. 15 (1965), 116—125.

[4] Wright F. B., The converse of the individual ergodsc theorem, Proc. Amer. Math. Soc.
11 (1960), 415—420.

Received June 23, 1965. )
Katedra matematiky o deskriptivnej geometrie
Stavebnes Jakulty
Slovenskes vysokej $koly technicke;j,
Bratislava

323




