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ABSTRACT FORMULATION OF SOME THEOREMS
OF MEASURE THEORY

BELOSLAV RIECAN, Bratislava

It is well known, that some theorems of measure theory and its applications
can be formulated and proved by means of some properties of the system
of all sets of measure zero only(2). In this paper three theorems will be proved
by means of sets of measure ,,less than . Instead M(E) < 1/n we shall write
E € A n, where A, signifies some system of sets. In the abstract form (i. e.
without measure) we shall prove Egoroff’s theorem, Luzin’s theorem and the
statement that every Baire measure is regular.

Throughout the article we shall suppose that some o-ring & of subsets
of an abstract space X is given. Sets belonging to & will be called measurable
(as usually in measure theory). Also some other notions, as measurable function
or monotone system will be understood in the usual sense, laid down in book [1].

In this part Egoroff’s theorem will be proved. Let E be an abstract set,
& a o-algebra of subsets of B, {4",} a sequence of subsystems of the system &.
We shall use some of the following properties of the sequence {A4,}:

(i) O e ¥, for all n.

(i) For any positive integer » there is a sequence {k:} of positive integers
such, that UBse A, if Bre N, (1 =1, 2, L)

i=1
(iii) If {£;} is a sequence of sets in &, By, = K; i=12.) NE =09,
i=1

then for any » there is an m with E,, € 4 -

The property (ii) substitutes the o-subadditivity, the property (iii) the
continuity of a measure. If (X, &, u) is a measure space, K € &, u(E) < oo,
A n={Fe¥:F <E, uF) < 1/n}, then the sequence of the systems {4",}
satisfies the suppositions (i)—(iii).

(*) See {2], [3].
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Theorem 1. Let {A"n} be a sequence of subsystems of the system & Sulfilling
the conditions (1) and (W5). If {fe} is a sequence of finite measurable functions
which converges on E to a Jinite function f, then Jor any n there is a set F ¢ 4 n
such that {fi} converges uniformly on E — F.

Proof. Put

1
Emyp={z: |fe(@) — fl@)] < — for any k= p).
m

Clearly

oo

UEny,=E, @5% = Bmpp1 p=1,2 .

=1

hence

n DuA@l@i,ev = @, @l.@s.ﬁ = @1@5.3‘; (p=1, 2,..).
p=

Let Q.p._om any positive integer, {k;} the sequence of positive integers from the
condition (ii). As it follows by (iii) and (1), to any 7 there is a positive integer
P(m) such that F — B pim)€ N m.

Hence

AMV @I.l@w?ﬁ\&i m.\“\‘w..

If we put F = @I.DHQFEET then {fi} converges uniformly on E —F

to fand by (2) and (ii) it is
,.NJ = m_ ls‘.Du—@\n:ﬁ:n.\ == C A@ l@w:ﬂsfxv m.\‘\.a.
i= i=1

Corollary (Egoroff’s theorem). 1 f {fi} is a sequence of Jinite measurable
Junctions converging on a measurable set K of finite measure to finite function f,
then to any & > 0 there is @ measurable set F' such, that u(F) < eand {fx} converges
to f uniformly on E — F. .

Note. Theorem 1 can be formulated more generally for the convergence
almost everywhere. The system of zero sets can be changed by the system

A = QH.\*\.:. But we should have to demand some other postulate regarding 4",
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For the sake of ‘simplicity the theorem on regularity will be proved with:
some special assumptions. We shall suppose that X = <0,1> and & is the
system of all Borel subsets of X. The following condition will be supposed.
on A4,

vy fEety, F =H, Fe¥, then Fe N ,.

Theorem 2. Let {4} be a sequence of subsystems of the system & Julfilling
the conditions (i)y—(iv). Then to any B € & and any n there are a closed set C and
an open set U for which C = E U, U—Eew, and B —CeN,.

Proof. Let & be the system of all regular sets i. e. sets B with the following
property: For any n there are a closed set ¢ and an open set U such, that

C=EcUand E—Ce,, U-—-CeAy,.

First we prove that #is a ring. The properties (i) and (ii) imply the following
property: For any » there are positive integers m, k_such that M e 4",
Nm&\»UECNm,\\s. :

Hence, let B, F € & be any sets, n a positive integer. Let m, k be numbers
taken from the property above. By the assumption there are open sets U, V
and closed sets ', D such that

UsEs o, Qr!@.m&\?@anm.\‘\?
Vo Fo D, ﬁ\lﬁm.\‘\.suﬁllﬁm.\“\.ﬁ.

By these relations it follows

UUV=SEUF>CUD, UUV_—-EUF = (U—~E)U(V—F) e,
EUF—CUD = (E—C)U(F—D)ed,.

By (ivy EUF e 2. Similarly the relation £ — F e & follows from (iv) and
by the following relations

U—DosE—F=>(C0—7, (U—D)—(E—F) = (U—E)U(F—D)eNn,
. ElEWBISﬂEJSc:\lﬁm,\?.

The proof of the theorem will be complete, if we show that 2 is a monotone
system.” For, since every closed set is G, the system & includes by (iii) all
closed sets. Since every monotone ring is a ¢-ring, the inclusion Z = s true
and, hence the statement of the theorem also.

Hence let {&:} and {F;} be sequences of sets from?, E; = Ey,, (t=1,2.),
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FimsFui(i=1,2..) Put E~ UE,F— F,. Lot n be any positive
i=1 i=1
integer.
Let us construct a sequence {k;} according to (). To any ¢ there are
an open set U; and a closed set D; such that

Ui= E;, F; > D, Ui—Eien,, Fi— D, €N,

If we put U = Ui, D= Sb? then
i=1 i=1
(3) U= E, U open, Ql@ﬂcﬁqﬂl@“vm&\f
i=1
(4) F= D, b&om@mvm‘fbﬂmtﬁlbﬁvm&\g.
. i=1

Let us take %, m such that MeNn,KeN, implies M U K € A"y,. Then
by (iii) there are 4, resp. jo such that

E—E,eNn, F;; —F e,
Let us construct an open set ¥ and a closed set C such that

Bu=C, V=F, B, —CeWy, V—F, c 4,

o3
From the preceeding relations it follows

(5) E > Qu@fQﬂA@l@&QVCE:.IQVmL\?

(6) Vo F, ﬂ\f@ﬂaﬁf%}vcﬁﬁefﬁvm,\“\s.

From the preceeding relations it follows E,F € 2, hence 2 is a monotone
system.

Corollary. Every finite measure  defined on the system & of all Borel subsets
of <0, 1) is regular.

3

Luzin's theorem will also be proved with special assumptions, so that we
may use the results of the preceding two parts. Hence X — 0,13, & is the
system of all Borel subsets of X. We shall need the following property of the
sequence {4 ,}:

B (v) System N 47, is hereditary, ie. if @4 ENANu, F < E, then F e N Ag.

n=1 n=1 n=1
This condition is satisfied v%ms%ooEw_oamEmsch.
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Theorem 3. Let {4 n} be a sequence of subsystems of the system &, satisfying
the conditions (i)—(iv). I f f is a finite measurable Junction on M € &, then for
any n there is F € A", such that [ s continuous on M — F. ,

m
Proof. Let f be a simple function, i.e. f= 2 ¢i x5, Ei pairwise disjoint,
i=1

UE; = M. Let {k:} be a sequence according to the condition (ii). By theorem 2
i=1 m
there are closed sets F; — B such that Ei—FieA,. Put F = J F;. Hence
m i=1
M —F < (E; —Fi) e ¥ . Besides [ is continuous on F.
i=1
Let f be now any finite measurable function. Take a sequence of simple
functions {f;} such that {fi} converges to fon M. Construct a sequence {k:}
by (ii). We have proved the existence of closed sets F;, where Ji is continuous
on F; = M and /

(7) M—Fiel, (=12 ..)
From Theorem 1 the existence of a set K follows such that
- (8) . M—Ke Ny,

and {fi} converges uniformly on K. Hence the function f, as a limit of a uni-
formly convergent sequence of continuous functions on F =K n nFr,,
is continuous on this set. On the other side from (7) and (8) it follows

M—F=M—KnQF=M—EK)u UM —Fyen,
i=1 i=1

Theorem 4. Let {4y} be a sequence of systems of subsets of X satisfying the
conditions (iv) and (V). Let f be almost continuous on a measurable set M = X,
i.e. for any n there is F e 4 n such that f is continuous on M — F. Then f is
measurable on M. :

Proof. By the mmm:meod there is for any n an F, such that FneNpand f
is continuous on M — F,,. From this it follows that f is measurable on M — F,
and hence also on UM —F,=M-—nF,. By (iv) it is 0 F, =

n=1 =1

n=1 n=

(n =1,2,...), hence by (v) f is measurable on M.
Corollary (Luzin’s theorem). A finite real Junction f is measurable on o set
M € & if and only if for any e > 0 there is q set F e & suchthat w(F) < ¢ and [ is

continuous on M — F.,
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