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Let there be given a natural number k and two sequences P — {p;}izy,
M = {m,}, of natural numbers. A sequence 4 = {a,}>, of non-negative

integers is called a (P, k, M)-representation of the integer ¢, if

(A) 0= ai = pi for 7 =1,2,..;
(B) ¢ =) aimy;
i=1
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i=1
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A sequence M is called a (P, k)-sequence, if (D) M is a (strictly) increasing
sequence; (E) any non-negative integer has at least one (P, k, M)-representa-
tion; (F) every member of M has only one (P, k, M)-representation.

The aim of the present paper is to construct all (P, k)-sequences.

Remark. (P, k, M)-representation of a given number can be interpreted
as the weighing of a solid by a set of weights having my, me, ms, ... units
so that each m; can be used at most p; times and the total number of used
weights cannot exceed k. The (P, k)-sequence can be interpreted as such an
,,economical® system of weights by means of which it is possible to determine
the gravity of an arbitrary solid (whose gravity can be represented by an
integral number of units) with the following property: the solids with the
gravity equal to the gravity of one of the weights of the set can be (under
the conditions given above) weighed only by the same weight from the set.
In all weighing of this type the weights of the set are put only on onc side
of the scales.

Theorem 1 of [5] implies the following

Lemma 1. Let {g;}2, be a sequence of mon-negative integers and let {f;}ie,

J
be the sequence of naturals such that fi =1, fin=1+2>aqfi(j =12, ...
<1
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Then for all natural number we have: if an integer a fulfils the inequality 0 <

n
<a=< M qifi, then it can be written in the Jorma = M aifi, where a; are integers
i=1 i=1

Julfilling the inequalities 0 < a; < q; (s =1, 2, ..., n).

“

Theorem. To every P and k there exist one and only one (P, k)-sequence,

namely M = {m, ), where

i-1
[T+ 1), if i v 415
j=1 -

r

[T+ D)+ 6—r—1)d, if i =7 4 1,

j=1

max {x|> p; <k}, if p1 < k;
=1

(1) My =

N\EQ, r =

0, if p1 > k;
d=—1++1—3p) [[(ms+ D)
j= j=

Proof. 1. Define the sequence M — {m;};2, by the equation (1). We shall
prove that M has properties (D), (E) and (F) and it is uniquely determined.
Obviously M is an increasing sequence, i.e. (D) is valid. It can be easily
shown that for k =1 the sequence M = {m;};_, defined by (1) has the
form {i}72, and it is the only (P, 1)-sequence. Therefore we can suppose

in the following that k = 2. By induction we can easily establish that for
i=12...,r4+1

-1
(2) mi =1 4 > pymy,
=1
so that

r T
mea =] [(ps+ 1) =14 3 pmy,
j=1 j=1

from which it follows by elementary consideration that

3) d =2 pmy 4 (k— 3 ppymesa.
=1 j=
I1. Put o~
P, if 1 < ry
i = { k—>p;, ifi =r 4 1;
=1

Life=r+ 2.

(1) The sum (product) with a lesser upper index than the lower one is defined as 0
(1, respectively).
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Define the sequence {f;}1>; recurrently by the relations f) =1, f; =1 +
i—1

+ > qifs (1 =2,3,...). According to (2) and by the definition of ¢; for ¢ =
=1

=1,2,...,r + 1 we have f; = m;. Further, put n =r + 1. By applying (3)

from Lemma 1 it follows that every non-negative integer a = d can be repre-

sented in the form

a =aymy + agma + ... + Qry1Mrsa,

T
where a; < p1, a2 < pa, ..., 0r = pr, ar1 < k— D pi. Obviously
r+1 =t
M a; M Nﬁq
i=1
and the equality can occur only if a1 =p1, a2 =pa2, ..., a&r =pr, G =

=k — > pi; but in such case by (3) we get a (P, k, M)-representation of d.
i=1

Therefore numbers smaller than d have a (P, ¥k — 1, M)-representation.
III. From Lemma 1 (for n =7 + 1) it follows that every non-negative
integer ¢ not greater than

2 pimi + (k41— > pimen =mres
i=1 i=1

can be written in the form
r+1
¢ = aimi,
i=1

where a1 < p1, a2 = p2, ..., & = Py,
r
arn < k4 ~|Mm§..
i=1

Obviously a; + az + ... + ar + ars1 < k + 1. The equality can oecur only
in the case of (P, k + 1, M)-representation of m,y2; thus any ¢ < my2 has
a (P, k, M)-representation. We shall prove that any integer ¢ = myp: has
a (P, k, M)-representation as well. Let m; = ¢ < myy, where £ =r 4 2.
Evidently ¢ —m; <d < m;, so that the number ¢ —m, has according
to II a (P, k-—1, M)representation B == {b;};~,, whence it follows that
c—my = bymy,
i1

where b, = 0 since ¢ -— m; < m;. Therefore the sequence C = {¢;}2,, where

WS for 1 £t,
Ci =

1 for ¢+ =t¢,
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._.m a (P, k, M)-representation of ¢. Thus we hav
integer hasa (P, kb, M )-representation, i.e. the

IV. Let m; be any member of the sequence
of its (P, k, M)-representation follows from Th
that § = ¢ + 2 and let m; have a (P, k, M)

oo

mi =Y e;my,
i=1

e = pi (i =1,23,..),

e proved that every non-negative
sequence fulfils the condition (E).
M. Ifj<r+1,the uniqueness
eorem 2 of [5]. Therefore suppose

. . .
epresentation {e, ) |, i.e.

=
IA

k.

o

IIA

€

i=1

li

Denote

s=k+1—3m,
so that =1

d=—1+sT](pi + 1).

t=1

Suppose that j = L 1 ; i
mortdle  hld “g =7+ 1. Then the following equalities and congruences

i=1

smy H%SGS.JT 1) + Clﬂitw&mmﬁﬂl—gﬂl*‘ I)=d+1=1
i=1 .
Thus we have proved that for j=r41

(4) smy; =1 (mod d).

V. From (4) it follows (the congruences being considered modulo d):

v oo ﬂ Oo
M%:S.+ Sm,ﬁx. ..|8
=1 s.uMi &W,H o +~.MM+ %5@9 B JWSR@. —omi =1 (mod d).
VI. By a simple way we obtain:

Stae; i = ei{sm; — S S S
MW~ e xTTW% sugm e ==1} +S.W~$ t2 e = 2 pilsmy — 1) + 2. e

i=r+1 i=1

¥

i=1

lswwﬂ.@s@. — 1)+ H&W??sﬁfc +.M~§. + (k— > po) “M pime + ke —
i= =1 .

i=1

=1

TP = (I D —1) ds— 1 =T (p+ 1)1 — g,
i=1
VII. From the definition of s it follows that s > 0. From V and VI we have:

.M%S“Q -+ M e =1.
iz

i=r4+1
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Therefore

T o r [ss]
Mam HNSIT M ms.llA!Mhss.m&rT M mu‘”hv
i=1 i=1 i=r+1 i=1 i=r+1

so that

which is possible only if

o 1 for ¢ =3,
P T) 0 for ¢ # g,

whence it follows that there exist only one (P, k, M)-representation of m;.
Thus the validity of (F) for M has been proved.

VIII. Using induction we shall prove that if N = {n;};>, is a (P, k)-sequence,
then m; = n; (1 =1, 2, 3, ...). Evidently m1 = n; = 1. Suppose that m; =n;
for ¢ =1, 2, ...,j. We shall show that m;;; = nj;. Let the sequence {1,

be a (P, k, N)-representation of my. If nj > myn, then we should have

o0 j i
Mir1 = M SS;. = M @35. = M @1\:& ¢
i=1 i=1 i=1
In that case iy would have two different (P, k, M)-representations, which
is in contradiction to (F). Therefore nj.1 =< mj;1. Analogously it can be proved
that m =< ny41, whence mj1 =nga.

Remarks. 1. If M is a (P, k)-sequence, then not only every member of M,
but also every non-negative integer ¢ << my42 has the only (P, k, M)-represen-
tation. In the special case p; = ps ==... = p this representation corresponds
to the representation of ¢ in the (p -- 1)-adic number system.

2. (P, k)-sequences are a special case of semi-complete sequences of [1], [3],
[4]. If we solve our problem without restriction relative to k (condition (C)) —
which can be interpreted as weighing without limitation of the total number
of weigths — we obtain another semi-complete sequence M = {1, p; + 1,
(pr + 1) (p2 + 1), (p1+ 1)(p2+ 1) (ps + 1), ...}. Sequences with similar
properties were treated in [1]—[8]; representations of arbitrary iategers
(both positive and negative) are investigated in [5], representations of positive
real numbers in [6] and [9].

3. Another modification of our problem can be obtained by omitting the
limitation concerning P (condition (A)); this means when interpreted that
only the total number of the used weights is limited but there are no restric-
tions concerning single weights m; of the set. The solution of this problem
is the sequence M = {1, &k + 1, 2k + 1, 3k + 1, ...}. If zero is added to the
set of all members of this sequence, we get the reccurent basis of the k-th
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order belonging to the empty set {11, pp. 54—>54]. An extensive survey of
properties of the bases for natural numbers is in {10] and [11).

In conclusion, the autors wish to express their thanks to T. Salat for his
constructive suggestions.
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