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ON TOPOLOGICAL REPRESENTATION OF SEMIGROUPS
AND SMALL CATEGORIES

LEV BUKOVSKY, ZDENEK HEDRLIN, ALES PULTR, Praha

A category R is called small if its morphisms form a set. The cardinal
of this set is called the cardinal of &, and is denoted by |f]|. Every semigroup S!
with a unity element may be considered in a ‘natural way as a small category
(morphisms e.g. all left translations) with the cardinal |S1|. Hence, representing
small categories we represent at the same time semigroups with unity elements.

By a topological representation of a category & we mean an isomorphism
of & onto a category €, where the objects of £ are topological spaces and
a certain ao@oﬂommo@:% defined class of continuous mappings forms the mor-
phisms of L.

In [1] J. de Groot has proved, among other results, nro following theorem
concerning & eowowomﬂo@_ representation of groups:

Let G be an arbitrary group. Then there exists a Hausdorff space 7' such
that the group of all auto(homeo)morphisms of 7' (under composition) is
isomorphic with @. The space 7' can be chosen to fulfil some other conditions,
e. g. to be metric or compact.

The above quoted paper gave us the idea for this pi:o_o We prove here,
using some of our earlier results (see [2, 3, 4, 5]), a similar theorem for mmBT
groups and small categories, namely:

Theorem 1. Let & be a small category, |K| being less than the first §98$.2$®
cardinal. Then & is isomorphic with a category L, the objects of & are Hausdorff
topological spaces and the morphisms all their quasi-coverings.(t) All the spaces
in Q may be chosen either metric or locally compact.

We remark that, avoiding almost all topological considerations, the mo:os:sm
theorem was proved in [5]:

(1) Let X, ¥ be Hausdorff spaces. X, C X is said to be regularly closed in X, if X)
is the closure of its interior in X. f: X — Y is called quasi-covering (of f(X)), if it is con-
tinuous, and if for each x € X there exists a regularly closed set X1, x € X1, such that
f(X1) is regularly closéd in ¥ and f/ X1 is & homeomorphism of X onto f(X1).
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Theorem 2. Let R be a small category, |R| being less than the first inaccessible
cardinal. Then there exists a category L, the objects of Q are Ty-topological spaces
and its morphisms all their local homeomorphisms, such that K s tsomorphic
with Q.

Further, we state here a simple condition (F (f)) (depending on a cardinal §),
the proof of which for some higher cardinals would enable to increase the
cardinal of § in theorems 1 and 2.

Proving his theorem, J. de Groot proceeded in three main stages

(i) replacing an abstract group G by the same group (up to isomorphism)
ot all automorphisms of a graph,

(ii) finding a suitable rigid space,

(iii) replacing every edge of the graph by a copy of the rigid space.

Our proof of the above theorem has the same pattern and uses sometimes
the same spaces and constructions as J. de Groot did. Therefore we shall
assume that the reader is familiar with the paper [1].

(i) To simplify our considerations we shall speak about relations instead

- of directed graphs. Evidently, the matter is the same.

Let X, Y besets, RCX X X,SCY x Y (to show it explicitely we write
E=(RX), §=(8,7)). A mapping f: X Y is called RS8-compatible
if xRz’ implies f(z)Sf(z') for all z, ' € X (we write often xRz’ instead of
(x, ') e R). If (R, X) is a relation, we denote by O(R, X) the set of all RR-
-compaitible transformations of X, Evidently, O(R, X) is a semigroup under
composition with the identity transformation as the unity element. (R, X) is
said to be rigid, if O(R, X)=1 Iffisa cardinal, we denote by & (f) the
following assertion: There exists a rigid relation (R, X) such that X| >1.

-In [4] it was proved that & (F) holds for every cardinal ¥ less than the first
inaccessible cardinal.

We denote by R the following category: the objects of R are couples (R, X),
and, if (R, X) and (8, Y) are objects, all morphisms from (R, X) into (S, Y)
are exactly all ES-compatible mappings from X into Y.

The following theorem was proved in [5]: Let & be a small category, and
let % (|K]) holds. Then R-is isomorphic with a full subcategory of K.

We remark that the last theorem is an analogon with replacing a color
directed graph by a graph with the same automorphism group.

(i) Generalizing the theorem by J. de Groot for semigroups there arises
the question: what semigroup of continuous transformations ought to replace
the group of auto(homeo)morphisms. We did not succeed with local homeo-
morphisms or open continuous mappings. The quasi-coverings seem to be
most’ convenient even if they have a rather surprising property, i. e. they
do not form, in general, a semigroup,

Let f: X~ Y be a quasi-covering. x € X is called .nmmc_ma if there exists
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an open set U, z € U, U C X, such that f | U is a homeomorphism of U o.sg
an open set f(U) in Y. If f: X —» Y is a quasi-cover, then the regular points
in X form an open dense set. This implies that the space P, 2;. § w.“ p- 88)
is rigid ({1], § 3, p. 86) for quasi-coverings, where the trivial mapping is only
i ity transformation.

ermmmwcww n > 3, and let 2° be a point on the boundary of the disk D, ht
a point on any of the propellers except the center .om. the propeller. Then
P, — {h° h1} is connected and rigid for quasi-coverings. We denote by H
the space P, and by A the space P, — {h°, hl}.

(iii) Let (R, X) be a relation. Similarly as in [1], we can replace GVRLY =
= (2% 2') e R, 2% 2! € X, by a copy Hy of H replacing z w%. R (= ou.:.
All H, are homeomorphic to each other and disjoint with the possible exception
of their ,,vertices”. Into the union of all H,,

E = Vv Amg_ﬂ mmvu

we introduce topologies in two different ways. ) .

(a) We define a metric ¢ in the same way as in A.:H §7, p. m.wd ?:&m.u the
assumption that there exists a finite chain connecting two arbitrary points).
We denote the metric space obtained in this way by (R, X, o). .

(b) We define a topology on M defining the system of all open m.mem. in M.
Let U C M. U is said to be open, if and only if for every 2’ € U it is true:
if 2’ is not a ,,vertex®, i.e. ' € H for exactly one «, there exists 4 > 0 such
that all x € M, for which g(x, 2') << d, x € Hy (the metric is aosmiwam as
in H,) belong to U; if 2’ is a ,,vertex’’, then for almost all copies Hy, 2’ € Hy,
all points z € Hy such that o(z, ') <o(k°, h')/3 belong to U. and m.on the
remaining Hy, 2’ € Hy, there exists 6, > 0 such that all x € Hy, o(x, 2') < 4z,
belong to U. This topological space will be denoted by (R, X, 7). \ .

Now we are able to present the proof of theorem 1. Let Mx. be a ».:z\
subcategory of R such that & is isomorphic with R’ Hdm&.\ o_Sm.g of R
is a couple (B, X), B being a relation on a set X. We may M.&mmoemnm with every
(R, X) the space (R, X, p) ((B, X, T'), respectively). Oosm_mm_.. a o._mmm L of all
spaces (R, X, o) ((R, X, T), resp.) as objects and all quasi-coverings wm these
spaces as morphisms. Then £ is a category. It is easy to establish an isomor-
phism of € onto R’, using the facts that each ,,vertex‘ must be E.m%wmm Ea.mm.
quasi-covering into a ,,vertex* and that H is connected. We omit a.ro details
of the proof as it runs in the same way as the proof of theorem 7 in T@.

Using the metric spaces in our construction (we remark that all oozwiwgm
(R, X) have the ,finite chain property* as follows from the Eo&.w in [5]),
the objects of £ are bounded metric spaces, using (R, X, 7'), the objects of &
are locally compact Hausdorff spaces.

Now we state explicitly some corollaries:
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Corollary 1. Let & be a small category such that F (|K|) holds. Then there
exists a-category R, the objects of 8 are Hausdorff topological spaces, morphisms
all their quasi-coverings, such that 818 isomorphic with. Q, All the spaces could
be chosen either metric or locally compact. " Wi L

Corollary 2. Let 81 be o semagroup, and let F (184]) ‘holds: Then there exists
a Hausdorff topological spacé T such that the set of all its quasi-coverings is
a semigroup under composition isomorphic with SL., o .
" Corollary 3. Let G be a group, and let F (IGY) holds. Then there exists a Haus-
dorff topological space T such that the semigroup of all its local homeomorphisms
Jorms a group under composition isomorphic with @. . o
" Proof. We can find T such that all quasi-coverings form a group isomorphic
with @. In this .owmm.m[ﬂma.%vmﬁmmm-omﬁaabm is an- autohomeomorphism, As every
local homeomorphism is quasi-covering, corollary 3 follows, B

We remark that our proofs could be modified for groups of homeomorphisms
without of the restriction of cardinals, as every well ordering relation is rigid
for compatible 1-1-transformations with the compatible inverse, .

" Finally, we formulate in relation with our above remark two. problems
which seem to be open: . . ,

Problem 1. Does the assertion & (f) hold for all cardinals £2(2)
~ Problem 2. Is it possible to use in theorem 1 compact spaces? The Gech-
-Stone compactification does not work immediately in the same way as for
homeomorphisms.

O TOIIOJOTUYECKOM ITPENCTABJIEHUN ITOJVIPYIIIL ¥ MAJIBIX KATETOPUN
Jles Bywonrcku, 3genex Menpnun, Asem Hyastp

Pesome

Tlop madgoif kareropuweli (MomEocTH M) MEL TIOAPASYMEBAEM BCAKYIO KATEropmio, KIacc
MOpPU3MOB ‘KOTOPOH — MHOMECTBO (MOIHOCTH ). ° R

Ilox xBasK-mOKPHTHEM M 6yNeM HOHUMATH BCAKOE, HeOpepEBHOE oToGpaskenue f: X -> ¥
(X, ¥ — OTmeTMMEIe TOMONOTrIIECKIe TOPOCTPAHCTRA), 06IMANAIOIINE CACAYIOIMUM CBORCTBOM:

oI BCAKOTO £ € X CyHIeCTByeT PeryJapHO 3aMKHYToe MuGHectBo U (T. €. MHOKecTEO,
ABJAIONEECH 3aMEIKARUeM: CBOel BHYTperHed JacTh) Taxoe, uro « € U, f | U — romeomopd-
Hoe oroGpaskenue B ¥V, u f(U) perynapuo samMrEyTOEe B V.

B paGoTe HoKazaHA CAEEYOMAS )
: Teopema 1. ITycms K — Manas KAME2OPUR MOWHOCTIU MEHLULE nepeozo Hedocmucumozo
kapdunaashozo wucaa, Tozda | usomoppua kamezopuu 2, o6vexmaru KEOMOpol asasiomes
omdeaumuie Soage.m:.&sxxa npocmpancmea, a ..:@%&E:. — 6Ce UT K6aaU-ROKpHMUA.
pu smom & mosecro eubpams mak, wmo ece ee o6 vexmu, — Mempuneckue npocmparcinsa,
UAL MaK, YMO 6Ce OHIL AOKANBHO KOMNAKMHbL. ‘ -
PaGora TecHo CBA3aHA ¢ paboroit [1]; ucnonszoBanH pesyasrarst pabor [1], [4], [5].
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) Added in proof: The problem 1 has been solved positively’ in [6].
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