MATEMATICKO-FYZIKALNY CASOPIS SAV, 15, 2, 1965

0 HEIPEPHIBHOM IIPOJO/LKEHNUN MOHOTOHHBIX
OYHKIINOHA/JIOB HEKOTOPOT'0 THIIA

BEJIOCJIAB PUEYAH (BELOSLAV RIECAN), Bparucuasa

B Teopuu Mepsl M B TEOPUH MHTErPUPOBAHMA JaCTO BCTPEYAIOTCHA AHAIOTHY-
HEIE TEOpEMBI, NOCTPOEHUA U METONHl JOKABATENLCTB. B Hacrommeil crarhe
mui Gymem wsydarh ¢ oGmiell TOYKM 3peHnaA mpoblemy, BamkHY B ofemx
TeopuAX: mpo6ieMy O HPOMOJKEHHM COOTBETCTBEHHO MepH M HHTErpaja.
Mu yxameMm Ha aHAJOTHIO Me:KAY IOCTPOEHWEM MepH U IOCTPOeHHEM WHTer-
Paja 1 Ha PoJb, KOTOPYIO IPIL-BTOM MIpAeT YaCTHIHOE YIOPAAOYeHNE.

ImaBueM pesyapTatoM paboTEL ABIAeTcA TeopeMa 3,4 O UPONOIIKEHEM
&%mm:mommam. ONpEReJeHHOTO0 HA NONCTPYKTYPe HEKOTOPO# CTpyKRTypel S.
U3 a70if TEOpEME HEMOCPEHCTBEHHO BHTEHAIOT TEOpEMa O IPOROJIKEHMN MEpH
¥ TeopeMa O NMPONOKEHNM MHTEerpaJa.

Samerum emie, 49TO AHAJOTMYHEIE pe3YJbTATH COMepRaTcA W B paforax
ApYrux apTOpoB. BBammooTHOmEHHIO STHX paboT M HAmMUX pPesSyJLTATOB
mocBAnied §5.

§1. IIPEANIOJOMEHNA

B npoussoasnoil crpykrype S uepes x U y (COOTBETCTBEHHO, Uepes £ N y)
mbl Gymem 0603HavaTh HaMMeHbLIEe BepXHee (COOTBETCTBEHHO, Haubobliee
HpsKHee) OrpaHMYeHue 3JeMeHToB Z, ¥. llyers {z,} — npoussosbHas mocmeno-
BaTeNBHOCTh 3iieMenToB u3 S. Ecam cymecrByer HanMeHbInee BepxHee (COOT-
BeTCTBeHHO, HaubojbIee HUMHEE) OTPAHMYEHME IIOCHE0BATeNLHOCTH {Zz}
To obosmaumm ero depes U z, (cooTBercrBeHHO, 4Yepes () Zn). Emmomon,
Mul GymeM nmMcarh Z, & (COOTBETCTBEHHO, Ty Z), €CIN Ty = Zpn Aoooe,.

BETCTBEHHO, Tn == Tn+1) U BEUOAHserca z = Uz, (COOTBETCTBEHHO, Z =
, T =

= DH§V.
Buutots 10 §4 mbl Gyzem IpepmoliaraTh BEIIOJIHEHUE CJEAYIOIUX YCJIOBHIA:
1.8 — oTHOCHTENBHO O-MOHOTOHHASA CTPYKTYpa, T. €. IPOMBBOJbLHAA
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OTpSHMYEHHAA MOHOTOHHAA IOCJEOBATENLHOCTL BJIEMEHTOB M3 S wumeer
cOOTBETCTBEHHO HAuGObINee HUMKHEe WM HauMeHbllee BepXHee OrpaHndeHue.

9. Bl Zn # Ty Yun A Yy Ty Yy T, Y € 8,10 Lo O Yn 7 TN Y. Ecau s z,
Yn ] Y, Loy Yy L, Y €8, T0 Ty U Yn X T VY.

Ha crpyrrype S ompejiesientl GUHApHEIE Olepamuu 4+, —, AJA KOTOPHX
BHITIOJIHAETCA:

3.z +y=1y+ znaascexz,y €8.

4. moasﬁw\.ummga%l?aoa+&Mm+a,&lumw\|\uqu|&w
=Z2z—Y.

5. Ecittt Tn, Yny £, Y €8, Tn A Z, Yu 7 Y (COOTBETCTREHHO, Tn s I, Yn ™ ),
T0 Zp + Yn & * + y (COOTBETCTBEHHO, Zn + yanz + Y.

6. Beant 2p, 2,y €8, Ta # T, TO Tn—Y /T —Y.

7. Beadt Zn, 2,y €8, Za # T, TO Y —Ta>y— T

8. ECil Zn, T, Y €8, &n N T, TO Tn—Y T —Y.

9. Bcitt &n, £,y €S, Tn N 2T, T0 Y —Tn/ Y — T

10. Cymecryet aaement 0 € S Tawo#, 9T0 £ — I = 0 nuin Beex x € S.

11. Bemaz,yeS,z<y, 10 y=2+ {H—2).

IIycrb Temeps A — HORCTPYKTYPa CTPYKTYPHL S, 3aMEEyYTAfA OTHOCWUTEJNBHO
onepammit -+, —. [TycTs AJIA OPOUBBOJILHOTO BIIEMEHTA & € 8 cymecrsynoT
pjeMeHTH b, ¢ € A Tamue, 4To0 b < a=<c Iycrs Jo — KOHeYHAA [eHTCBH-
rembHasA GyHKOUSA Ha A, YHOBIETBOPAIOMAS CIEAYIOMMM yCIOBIAM: :

(1) z <y = Jox) = Joy)-
(I1) Jo(x) + Joy) = Jolz v y) + Jolx N y) mas Beex x, y € 4.
(Il z < y = Joly) = Jo(x) + Joly — 2)-
(IV) Jolz + y) = Jo(x) + Jo(y) ATA MPOMBBOILHHX Z, Y eA.
(V) Ecau 2, 0, 10 lim Jo(zs) = 0.

Hameit eJpio ABIAETCS TOKABATEIbCTRO CIENYIOMWICH Te0pEMEl (reopema 3,4)

CymiecTByeT 0-MOHOTOHHAA TIOACTPYKTYPA N crpyxrypst S Tawas, 4TO
N S A u cymecrsyer npojioienue yHxim Jo 5a N (o6osmaanm ero gepes J)
rakoe, ro J yroBiersopser Ha N ycmoBuaM (1), (II) m caemyoUEMY YCIOBHIO:

(V1) Econt 2 7 & {Zn ™ z) u zn €N, 10 T E N u uMeeT MeCTO PaBeHCTBO
J(z) = lim J(x4)-

§2. IOCTPOEHUE

Onpepenenue 2.1. Yepes B (coomseemcmeento, 1epes C ) mwr GyOes obosnanamb
mHoMcecmeo ecexr saemenmog b € 8, 04 KOMOPYIT CYwecmeyem nocaedosamesnsb-
noemv {an}, an€ A (n=1,2, ...) makas, wmo an 5 b (coomeemcmserHo,
an ™ b).

Jemma 2.1, Tycmv by 7~ b, baeB (n= 1,2,...). Toeda cywecmsyem
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nocaedocameashocms {¢n}, Cn A by, €y S bu, cne A (n=1,2

evmeraem., wmo b € B. o
0Kas :

il arexbcTBo. CorylacHo OmpefeleHUI0 MHOMeCTBA B, niasa Ipons

.- .v. Qsaamﬁq

iy

BOJBHOTO H
arypajlbHOTO UMCJIA N CYHIECTBYeT IOCIeROBATENLHOCTS - {al}
mi

n
v, al g by Ailv ). Homomum ¢; = Ca
OueBUaHO, ¢, € A, ¢y < ]
& - _ m=1
i Cn e = Canl, Cn S (n=1,2, . .0),87 S cp(m=1,2,...).

Orciofa mMoMydYaeM HepPaBEHCTBA -

TaKad, dro a,, € A (m = 1, 2,

bl

suagur, b = U ¢,.

Jdemma 2.2, [Tycmo ¢y € C, e ¢. To20a ¢ € c.
HorasaTenxscTBO ABOHCTBEHHO JOKABATENLCTRY JeMMHE 2.1

LHGggﬂ M mw w Q .@Qk«.@ssw\h.@ ~NQ®§3SNNN\~2:@@§§ Q%wmvw?g‘w@ﬁ@« »w wgg
IQS@N-SS
‘~ ‘ m ? Hv

Oupenenenme 2.2. ,N?a be m. xgﬁag.
5@ = lim Jo(a,),

an npous3sonbHaR NNQG.\«&QG%&NS@.&@IQGS MEHMO0E U3 bA. Nesﬁwﬂg Umo
N@& b 3J¢.
Qg 7 @

ﬂm mvm.nmo Hnommwm.—‘—u 970 L _Amvv He 3aBUCHT OT wmmowm IoCcaAeJOBATEJILHOCTH Am«ﬁv
wmo BBITERAET U3 Oﬁ@h%su—bﬁ& JIEMMBEI.

Jdemma 2.4, ITyemo ¢o 7 ¢, dp # d, ¢ <

lim Jo(cn) = lim Jo(ds).
oKasar
Em.w_. oxasa: Mawoewo ITycre m Qurcuposano. Ooamomo YCIORMIO 2 uMeer
ecto Ewoao S Cm 0O &&! Cm (n— o). Us csoiters 7 u 10 BuTexraer, gro
Cn'— € N A Cpy — €y = 0. O
m-= 0. Orcona i1

pasecr Mo ma, a Tak;e us cpoitcraa (V)

d, ¢, &§m A (n=1,2,...) Tozda

. :wp Jolem — ¢m N dy) = 0,
asia xaporo m. Wenonsaysa nocneniee pasencrso, (I) u (I1I), moaysaem
Jo(em) = lim Jo(cm) |
+ lim Jo(em O du)

= lim Jo(em — em O da) +

U3 n
OCJIEIHEr0 HEPABEHCTBA JIETKO MOJYYACTOA YTBEPHICHNE JIeMMEL
JorameM HEKOTOpPEIE IIPOCTHE CBOCTBA QyHRIME Jy. ,
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meavran gynryus na B, asazowaacs

Jlemma 2.5. J1 — KoHeuHad deiicmeu
Ji(a) 8as a € A. Ecau

npodoaseruem pyrryuu Jo, m. e. A c B u Jola) =
b1, bz € B, b1 < ba, mo Julh)) = A Ji(bz).
JloxazaTeNbCTHO BHTEKALT U3 JEMMM 2.4 u ompeneneHus Ji.

..ﬁ,o.zzm 2.6. Ilycms by € B (n = 2, ...), ba \.@. ﬂ%m@

Ji(b) = lim J1(ba)-

Cormacuo JemMme 2.1 cyumiecTByeT IOCIENOBATENE

JokasaTeabCcTBO. .
ced, cnSbp(n=1,2,...). CorJlacHo onpe-

HOCTb {Cn} TaKasd, 9T0 Cx / b, ¢a
peeHmio 2,2 1 JIeMMe 2,5 umeem

J1(b) = lim Jolea) = lim J1(bi) = Ji(D).
Temma 2.7. [Jaa npous3sospHblt a, b € B cnpasedauso.
Jy(a) + Jo(b) = Jy(e v b) + Ji(a 0 b)
Jia + b) = Ja(a) + J1(b)-

Hﬂonmmmeabvoamo Mycrs an /4, by b, Gu, bped (n= , 2, .00
CorslacHo ycaopmaM 2 M 5 1 Ha OCHOBAHMU WMBBECTHHIX CBOHCTB o.%%meu%r_

UMeeT MeCTO - dg Y ba A aub, apnNbar anb, an + bn 7.a + b, Co-
TJIacHO JemMe 2,3 1 OHpefeneHuio 22auvb,anb a+ b € B u BHIIOJHAETCA
Ji(a) + Ja(b) = lim [Jo(an) + Jolbn)] =
—————=im [Jo(@» VY ba) + .NcAhé N b)) = anAS v b) 4+ .NH?« N b).

AHanormyHo
Ji{a + b)
TIpomosmsn
Onpepenenne 2.3. [as d € S onpedeasies.
,23 E». A.NHAS d < beB}.
Oﬁ.gaﬁmmsm m 4. mN\mmk N%Sa:::. wmo Mmuomcecmso K c 8 MoHOMOHKO,
ecaun OHO codeprcum npedess 8ceT 0ZPAHUNEHHBIT, MOHOMOHHBLT NocAedosamens-

nocmeii aaemenmog uz K.
O6osnauvenne. Uepes N mul Oy
MHO3tecTBO HaJ A . ITO 0BHATALT, ITO
H3BOJBHOE MOHOTOHHOE zmovxmoewo ‘Tamoe, 4UTO
smect0 N ABIAETCA IepecedeHMeM CICTeMEl BCeX MOHOTOHHEIX HaJ

mHOmecTBa A.
Bamernm, 910 MEOeCTBO N 1 &%Eﬁsm .w paccMaTpuB

_ lim Jo(@n - bn) < lim [Jo(aa) + Jo(bn)] = J2(a) + Ji(b).

M Temeps Jo Ha BCe DIEMEHTH! I3 S.

eM 0603HAYaTh HAWMEHbINee MOHOTONHOE
N monoronno, N o A, ueciu M — npo-
Mo A, eoEUZ Mmo-

MHOKECTB

aeMasa Ha N, mpen-
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craBaaAwT coboli Tpebyembie mpogosmenua (yuxuum Jo. Jloxasarenpe
coiicts N u J Gyper nocsien Beck caenyiomuit naparpad. Ho caemyo o
JIeMMH BCE € CBOMM XapaKTepoM MPHHAMJEMKAT CKOpee HACTOMAINEM ﬁsw‘.
parpady. IlepByio us Hnx npusegem 6es OKABATENLCTBA. v
Jlemma 2.8. Qynryus J roneuwna na S. Jasn b € B sunoansemes J(b) = J .@
Eciu a £b,a,be8, moJa) < Jb). Y -

Jlemma 2.9. [as npoussosswsir a, b € S sunoansemcs mepasencmeo
J(a + b) = J(a) + J().

HoxasarexscrBo. Ilyere £>0 — npomssombuoe umeno. Bubepen.
a1, b1 € B tak, 9robu a < a1, b < by u J(a) + ¢/2 > Ji(a1), J(b) + &2 >
> .NH@C
CnomxenreM 060UX HEPABEHCTB MOJIydaeM

J(a) + ..N@v + &> Jilm) + .Nn@uv = Ji(an + b)) = J(a + b).

Jdemma 2.10. Ecau a < b, a,b €8, mo J(a) + J(b — a) = J(b).
~HMoxasareascrso. CormacHo csoitersy 11 umeeM b = a + (b — a). Or-
CIOIa U M3 JIeMMH 2.9 BEITEKAeT yTBEep:KIeHIe JIeMME. . .

Jlemma 2.11. [as npoussoavrozo snemenma a € C cywecmeyem nocaedosamen
noems {by} saemenmos us B maras, umo by a u lim Ji(b,) = J(a) "

HoxasarenbcrBo. Bosbmem mnocienoBarelmsHOCTD {an}, @y A.s anc A
(n =1, 2, ...). U3 cBoitcTB HuskHell Tpany 1 u3 JeMMH 2.3 wz._,ommma,o%mﬁoev
BOBAHME HEBO3pacTamedl IOCIENOBATENLHOCTH {c,} Taroll, 9YTO ¢, = a,

€y € B Aww =12 ...v u lim .NH.AGQ& = nNAQv Homomumb, — a. A
3 Dy ) — o 0
ba€B (n=1,2,...) 1 by a. Kpome roro, e HABHRED,

J(@) < lim Ji(ba) < Jim Ji(en) = J(a).

§3. JOKABATEJILCTBO

0 Tirasrbtl pesyibrar Hacrosmiero naparpada cdopmyiuposan B Teopeme 3.4
€PBHIl M3 BAKHHX pesyisTaToB — Teopema Bernmno Jlesu. Ona cnpamemimsa
Ha Beem S. _

Teopema 3.1. lIycmo {dn} — npouseoavnas nocacdosamevrocms, dn » d
npuses dy, d € 8. Tozda J(d) = lim J(dn). ’

HorazarenscrBo Teopems Bemmo Jlesu 6ymeT ocHOBEIBaThCS Ha BCHOMO-
TATeILHOM YTBEDH{AEHMN, KOTOPOe MH COOPMYIMpPYEM OTHelIbHO.

Jemma 3.1. Iyems dy < de < ... < dpy < dy — NPOUIGOALHBE IAEMEHMBE

ug 8! lyemv by 2 dg, b€ B (1 = 1,2, ..., n) u nycms
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Jde) + &2 > Jibe), (E=1,2,...,7)

20e € — Heromopoe NOAOHCUMEABHOE UUCAO.

Toeda

J(dq) + .me\w@i > J1 (U bi).
. = i=1

JloxasaTeabcTBO NMpOBejfeM 0 MHAYKIUL. TlepBHil WHAYKIUOHHBLL 1IAT
ogesueH. [IycTs [ HEKOTOPOTO HATYPAILHOTO HCIA k Brmoausercs

k k E
J(de) + O e/2 > (U by).
i=1 =1

Ecmu. uwemonpayem Jjemmy 2,7 7 HepaseHCTBa by =>d; =1,2,..., 1),

TO TOIYIUM
B+l ® k
Ji(U b)) = Ji(U b © b)) = J2(U bi) + Ji(bi+1) —
i=1 i1 i=1
k k ,
— J1[(U b)) 0 bl < J(de) + 2 ef28 + J(den) +
i=1 =1
B+l

N 5
4 ef2kt2 — J[(U di) O dena] = J(desa) + 2, 2
i=1 . =1
JlokasareabcrBo Teopemst 3.1. Ilyers &> (0 — mpomM3BONBHOE YHCIO.
BuGepem b; € B rax, urobt by = dy (i=1,2,...)n
J(ds) + gf2041 > Ja(by) -
Tonowmmm k, = U be. Ouesnpno, ky = da, kw€B, by < ks (n =1, D, )

i=1
Houomum k = U ks .(1) Ouesupno, ky » k. CornacHo jemme 3.1 umeer mecto

J(dn) + w ¢/201 > J1(kn) -
i=1 :

Ew IocJeIHero mmvmwmmoawm 1 JEeMMEL 2.6 BHITEKaeT mmwmwomoawo
J(d) < Ji(k) = tim J1(¥,) < lim J(da) + €.

Tak KAk TOCHeIHEe HEPABEHCTBO CHPABEIMBO JUIA BCAKOTO &> 0, To cumpa-
BejuIuBO Taice HepasemcTBo J(d) = lim J(d,). OGpatHOe HEPABEHCTBO BHI-
rexaer us monoronHocTy PyHmiuu J (semma 2.8).

Teopema 3.2. Iycms a < b, a € C, b ef. Toeda
1) ‘ ., J(b — a) + J(a) = J(b).

(*) BosbMem a € 4 Tak, uTo6H a = d. O4YeBMHO, IOCJIEOBATEILHOCTD A?w MOH{HO BHI-
6pars TaK, 9To6H by < a. OTciona M U3 yCIOBUA 1 BHITenaer, yro U k, CymecTByer.
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Jdorasareabcro. B memme 2.10 mMu joxasanm cnpaBejlIMBOCTE Hepa-
BEHCTBA

(2) J(b—a) + J(a) = J(b).
Pasenctso (1) Mbl foKameM B HECKOJBKO IIaroB.

1.beB,ac A.

Tloctpoum mocienoBaTenbHoOCTh {by}, b€ A (n=1,2,...) Tax, 4robu:

@ < b, » b. Cornacuo ycaosuto 6 umeem b, —a ~ b — a. s Teopemsr 3.1
BEITEKAET .

J(b — a) = lim Jo (bn — a) = Lim Jo(by) — Jo(a) = J1(b) — Jo(a).
2.beB,aeB.

Mycre & > 0 — mpoussossHOE umciao. BosemeMm a; € A rar, uro0m a1 <
<a=bn ,N%SV -+ & > Ji(a). CoryacHo yciaoBUiO 4 MeeT MecTO

Jb — a) < J(b— a1) = J1(B) — J(ar) < Ji(b) — Ja(a) + &

.pad searoro & > 0. Orciopa u u3 (2) crexyer (1).

3.beB,acC.

Corstacuo Jemme 2.11 cymiecTByeT HOCIENOBATENBHOCTH {dn}, @n € B(n =
=1,2,..), apxa, lim Jy(a,) = J(a). Bubepem a, rar, uTobn b = a,
(= a). B rtaxom ciayuae mMeeT MecTo b -— a, 2 b — a. 3uaumr, COTraacHo
-reopema 3.1 umeem

J(b — a) = lim J(b — a,) = J1(b) — lim J1(as) = .Es — J{a).
4.be8,aeC.

Myers & > (0 — npoussosnbHOe 4ncno. Brfepem by € B tar, arobe b =
=b=a, J(b) + &> J(b1). Torga copasegiuso

JO—a) = Jb—a) = Jyb) — J(a) < J(b) — J(a) + ¢
s Bearoro & > 0. Orciona u u3 (2) caexyer (1).

Teopema 3.3. ITycms {cn} — mHeso3pacmawowas nociedosamesbHOCMb  3ue-
.menmoe u3 C, cg™x ¢. Tozda

J(¢) = lim J(c,)-

Howrasarenscrso. Corsaczo memme 2.2, ¢ € C. OuweBupiHo, €1 — ¢ 7
A € — €. 3HaguT, coryacHo reopeme 3.1 m Teopeme 3.2 cnpaBeIMBO

J{e1) — J(e) = J(e1 — ¢) = lim [J(c1) — J(ca)] = J(c1) — lim J{(cy).
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Teopema 3.4. [Tycmv N — HausmenbUlee MOKOMOKHOE mHonceemeo Had A,
J — npodoagcenue Jiyrryul Jo, onpedesennoe 6 onpedeseHui 2.3. Toeda
N #6A8EMCA O-MOHOMOHHOU nodempyrmypoii cmpyrmyps S; J o6aadaem
ceoiicmeanmu (1), (I11) u caedyiougm ce0Cmeom:

(VI) Ecau Zn # T, UMl Tn>x T U Tn € N, mo x € N u cnpasedauso J(z) =
= lim J(xa)- .

TlorasaTeabeTBo. JIJA MOKA3ATENLCTHER HCIONb3YeM OfUH pesysbTaT
nz pabors [1]. B wmeit ucswomiom HeoOXOoMuMOe U [OCTATOYHOE YCJoBUE
juisl TOro, 9To6H GyHRINMIO Jo MOKHO GHIJIO NPOJOKAUTE JIO T. Ha3. IOJHOTO
pHTErpaja. dro clepynollee ycioBme: :

(P) Ecau Yn, 20 € A, Yu 7 Y € S, za ™ z € 8, npuvemn z =y, mo inf Jo(za) =
< sup Jo(Ya)-

Vrasauuoe yeiosue (P) B HameM ciydae BHIIOSHEeRo. B caMoM fesie, CO-
raacuo Teopeme 3.1 u Teopeme 3.3 umeer Mecto

inf Jo(za) = limJo(za) = J(2) = J(y) = lim Jo(ya) = sup Jo(yn)-

Uz yreepmpenuss (P) u TeopeMsi 5 paGorsl [1] BEITeKaer CcyUIeCcTBOBAHUE
muomecrea LD A u Pynrnun I, ynoBierBopsiomiel Ha L croiteream (I),
(I1), (VI). s ot 3te TeOpembi BHTEKACT (B Hamux o6osragenusx), gro I(x) =
= J(z) mas seex x € L. MuOecTBO L tpu 5TOM MOHOTOHHO, Tak Kak J — KO-
segnas Qynxmua; suagnt, L D N. .

lpumeuanne 1. [ycre F — mMpousBOIbHAA $yuruus Ha N, yHOBEe-
rBOpAOman Ha N cBOMCTBY (V1) n cosmaparomas ¢ J Ha 4. Toraa J(z) = F(x)
aus Beex x € IV. B camoum pedie, MyCcTh P — MHOMecTBO TeX T € S, A KOTOPHIX
J(z) = F(z). Tar rax J, F ynoBieTBOPAIOT CBOMCTBY (VI), 1o muosmectso P
MoHOTOHHO. 3uaunt, BBuxy P D A cnpasepmuso P D N. A

Hpumewanue 2. QyHROUA J ymosmersopsier Ha N, coGcrBeHHO roBOPH,
peem yeaosuam (I)—(V). Ouesunno, croiterso (V) serrexaer us (VI), csofi-
crBo (IV) — w3 aemmsr 2.9. OnHO TONBKO csoitcrro (111) Tpebyer Gosee nmoxpoo-
HOTO JOKasaTenbcBa. Mul He GyieM ero IpOBOJMTE, TAK HAK HE Gynem B laJb-
HeilimeM WMCMOJH30BATh BTO CBOMCTBO.

§4. MEPA U MHTEI'PAJI

B nacrosimem maparpade Me OyfeM paccMaTpuBaTh B JACTHRIX pubopa 8.
Tlpn nepBoM BHIGOpe MBI U3 TEOPeMEl 3.4 mosryauM TeopeMy O HPOROJIREHNH
MepHl, TIPY BTOPOM — TEOpeMy O IPOMOJIHEHIH unTerpaa.(2)

1. Tlycts 8 — cmeTema BCEX IOAMHOMKECTB HEHOTOPOTO muoiecTBa X.

(2) Cm. Tarsxe [1], JloGanienue.
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asa A
Has A, B € S mu 6ynem nucars 4 < B TOTAA U TOJLKO Torya, korga A C B.
1

mm.wﬂkcmﬂﬁa“am\_ uws reB}, A—B={r:zxecAd T ¢ B},
PUMEHEHNeM TeOpeMEl 3.4 MEI NOJYYHM TeopeMy o Euo‘noaﬁmmm_s zmwz..

IIyems A — aazebpa nodmmoncecms X y Jo — Koneunan mepa na A. Tozdq

HA H i o- 7
) aumervuel o-aszebpe N nad aacebpoii A cywecmesyem odna u mosvko
o0na mepa J, asasiowascs npodosncenuen Jy.

wwgm y = u
TUM, 4YTO % HKOHA .\v p ﬂOOgmﬂ‘@ NBaeMasaA HA HaAWMeEHbUIEM mmoamh
CTBEHHOM 0-KOJIbIle m Haqg mﬁﬂm@ﬁom A , COBOAJAET ¢ BHEIIHei g@@Om\w J 0

VHYIPOBAHHOK Mepoit Jo . :

2. Mlyers 8 — cueremMa BCeX OTPAHMYGHHHX XelTCBUTENHHEX dyuRnui
Muvmnmammmzx Ha HeKOTOpoM mHO#ecTBe X. OrHomenne < u omepanuu ._xn,H _
ewﬁ%a nMeTh OCKIYHEIH CMEICH, T. €. qaA f, g € S 6ynmer f < g rorma u ao.:wzo

na, morga f(x) < g(r) mua Bcex z e X: J+ g9@) = f(x)+
— 4@ = fi2) — ). , S L
wmwwwm_“ﬂ “.MMME BHIGOpe CTPYKRTYpHl S MH u3 Teopemst 3,4 HOJLYIUM HEeKOTO DIt

PEMHL 0 TPOJOJIKEHUH UHTerpasa Jlanusida. 3aMeTum, 9T0 mOCTpo-
eHUe UHTerpajia, KaK MBI ero CHeNaNu B §2, JOBOJBHO IPUHATO ,Aoz Ha :
mep, [5]). W3 opumesanusa 1 BriTeraer ramxe citeyolee %emmvﬁhmmw\“m. o

Myers —_ v
y m KOHedHas Mepa, onpefenenHas Ha aiarebpe T momMEOMecTB

IpOCT
pocrpancrea X. ObGosHaumM wepes A cucremy Bcex OPOCTHIX MHTErPUPYEMbIX
. n
HKOui Ha X, T. it =
¢y , T. e. dyHEIMI Buaa f = .Mpsxm: rne E; e T, E; — B3aumuo
Fpun

HemepeceKan —
P IHECA U yg, XapaxTepucruyeckas (QyHKOUA MHOMectBa Fy.

Ecauw pn 5
mia f e A nonomnrs Jo(f) = M egm(Es), TO A Beex OTpPaHMYEHHELX -

i=1
GapoBcrnx Gymrmumii Ha X crpasegamso

J(f) = [fdm.

_§5. IPUMEYAHNUA

Ananormanne 0000IeHNS TEOPEMBl O NPOAOIFKEHUM MEDPH M TEOPEMEl
0 IPOROJIEHNH UHTErPadla MOKHO HAallTH M y IPYTUX aBTOPOE. ’

B mumre [3] poxasama reopema (ra1. IX, reopema 4.21 o mpomommenuu
mmaoﬁseohvmom Ollepanyl Ha 3aMbIKAHHE ee oahmaasv. 3 KOTOPOH OpPOCTEIM
0DPa30M BHIBEJEHH TeopeMa O NPOROJKEHWE MHTerpaja W TeopeMa o npo-
mosuxeHmu mepel. Ilpaema, us ykasaHHOM TeOpeMH He BHTEKAET Teopema
0 TPONOJBHEHUI MepH HeIOCPEACTBEHHO, KaK 3T0 IPOMCXOXHT y Hac. B [3]
AT 33AHHOTO HPOCTPAHCTBA MePH CHAYANA CTPOUTCA HEKOTOpOe JMHeRHOe
DPOCTPAHCTBO M IIpopoJiaercA (YHKIMOHAN, 3afaHHLI HA €r0 MOLIPOCTPAH-
cTBe. (AHAJIOIMYHEL! cHOCO6 MPUMEHAETCA B pabote [4].) PRI

124

[1puHATOMY B HACTOALIEH CTAThe NOHUMAHMIO sHagnTenbHO Gumixe pabora [1].

Boaee Toro, B[1]He npexnosaraercs cymecTB0BAHIE omeparuit +, —. He ipen-
[HOJIATAeTCA TaKske, 4TO A Mamopusupyer 8 (r. e. 4r0 ANA NPOUBBOJBHOIO
a € 8 cymecrByor b, c € A Tarume, UTO b<a=<c). B paGore [1] Bmecro
YCITOBHI (I)—(V) npepmosmaraercs (1), (IT) u ycaosue (P): Yn, 20 € A, Yn 7 ¥,
inf Jo(zn) = sup Jo(yn). 3T0 CBONCTBO B KOHKPETHOM

w2, Y, 28,25y =1
ciy9ae MepH WM WHTETpaja HYMHO OTAENbHO JOKASHIBATE. B macrosimeit

pa6ore ycmopue (P) moxasaHo B obmeM Bujie, B CIUIy 9ero TEOpeMu O Ipo-
J(OJGREHWI MepHl I MHTETPAJa BEITEKAIOT HEIIOCPE/ICTBOHHO U3 TEOPEMBL 3.4.
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ON THE CONTINUOUS EXTENSION OF MONOTONE FUNCTIONALS OF
A CERTAIN TYPE

Beloslav Riecan
Summary

Let S be a lattice that satisfies the conditions 1 and 2 from § 1. Let + and — be binary
operations defined on § and satisfying the conditions 3— 11. Let A be any sublattice of §
closed under the operations +, —. It will be supposed that for each a & S there exist
b,c€ A such that b <a <c. Let J, be any finite real-valued function on A which
mgmmmom. the conditions (I)—(V). i ‘

The following theorem is proved (theorem 3,4):

Lot N be the smallest o-complet sublattice over 4. Then there exists an extension

on N of the function J, (denoted by J) which satisfies the conditions (I}, (II) and (VI).
The theorem on the extension of the measure and the theorem on the extension of the

integral are immediate corollaries of this  theorem.

125



