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A semigroup G is called a generalized group (or an inverse semigroup) if for any
g € G there exists a unique element g~' € G (the generalized inverse of g) such that

gg'g =g glggl=¢"
holds.

Generalized groups have been introduced by V. V. Wagner (B. B. Barnep) [1]
in 1952. The definition given above is due to A. E. Lieber (A. E. JIu6ep) [2]. In the
following we suppose the basic properties of generalized groups to be known (see;
e.g. [31, 14D.

A.H. Clifford considered in 1941 [6] a special class of generalized groups in

which for any ge G

1

gg l=g""¢

holds. We shall call this class of generalized groups “Cliffordian generalized groups”.
In every generalized group we can introduce a binary relation w by:
€.e)ew e g8’ = 8187

(See also [1], [5] for other definitions of w.) @ is known to be an order relation.
‘We use the notation g, < g, as synonymous with (g;, £,) € @.
w is stable and involutorily invariant, i.e.
81 <82, 83 <8 8183 <8284
g <8 —~8 <8

We shall call w the canonical order relation of G.
Denote by I the set of all idempotents of G. It is known (and easy to prove) that /
is a commutative subsemigroup of G and for every couple i;, i, € I we have

iy < iy e iyiy = iy m

The purpose of this papet is to prove the following



Theorem. Let G be a generalized group. If the set I of all idempotents € G is well-
ordered (in the canonical order relation), then G is a Cliffordian generalized group.

Toohhﬁ~coio:.oaonnacuSr%mcwa_ﬂugﬁmwaa_\.ﬁﬁomo:omm:ﬁamzc-
group generated by g. Clearly [g] = G. ’

Note first: If gg~! + g~ 'g then (since I is linearly ordered and gg~*, g~ g e [)
we have either gg7' < g 'gorglg<gg™ .
In the following we shall suppose gg~! < g™ 'g. (The second case can be treated

similarly.) The relation (1) implies g~ 'ggg™" = gg~! and multiplying by g to the

right we have g7 'g(gz™'g) = gg~'g, ie.
g'g =g )]

It is easy to see (cf. [7], n. 1, 3, 1) that [g] coincides with the subsemigroup of G
generated by g and g~ ! and every x e [g] can be written in the form

x = (g Ygg " with 12kz0, IZm20, >0 3)

([7], Theorem 1,3). It should be noted that the representation of x in this form
is not uniquely determined.

Yemma 1. Under the suppositions mentioned above every x €[g] can be written
in one of the following forms: .

a) either x = g' . (g7 )" withl>0, - m20,
byorx = (g )" withm > 0,
corx=(g" Y .g with k > 0.

To prove this we proceed as follows. Let { be the least positive integer such that

x = (g~ 1)g'(g™ )™ If k = 0, we have the form a) and there is nothing more to prove.
Suppose therefore k > 0

a)If I > 1 and m 2 0, we have
x =@ Ve =N glg g =
=@ g g =TT
contrary to the choice of I. Hence for & > 0 the number [ cannot be >1.

b)Leti=1and m= L
Then

X = AWI»»wIwWIMWW!_AWIJSI» - Amvlnv»ln .WI» . AWI~VSJ~ - Aﬂl_v».:al—v
hence x is of the form b).

¢)Let ! =1 and m = 0. Then x = (g~ ")*g is of the form c).
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Lemma 2. Any idempotent x e{g) is of the form
A. either x = g~ 'g,
Borx=g", Izl

- —1ym . - 15k
Before proving this recall that if x = (g~ H*'(g™ )", then x t=gm (g D"
Note further: If m = 2 then

g hH.g" = (@) t.g7t gt = gHy t.gl=...=2 .8

Lok

Let now be x an idempotent € [g]. Then x = xxh " ~

In the case a) we have x = dg g (g™ ). i m = Nou»x = w__ . @lw. m=1,
x=g.g'ge™ ) =g g HE ) = deie )Y t=¢.Y. U mz
>0, x=g.g .8 =g . »

In the case b) we have x = xx"t = AM ) N.“Hﬂ»w xm. . N

In the case¢) we have x = (g7 . g7 '¢“ = (€7) (g8 'g) g =" N'gg T =
=g .8 =8¢

This proves our lemma.

Now it can be easily verified that

AT @Y < ETY) <<egT <ETs

i.e. the idempotents € [g] form a decreasing chain. The io.=-oaoa=m of I WB@WWm
that this chain breaks up, i.e. [g] possesses 2 finite number of EmE@oSEm.leos wl | g
being the greatest idempotent € {g] is an indentity of [g]. It follows gg~ " =g &
({2}, Theorem 8.) Thus G is Cliffordian.

Corollary 1. If the set of all idempotents of a generalized group is finite and linearly
ordered, then the generalized group is Cliffordian.

Corollary 2. (2], Theorem 9.)-Every generalized group having only two idempotents
is Cliffordian.
We conclude with the following conjecture (the converse of our Theorem)

which we are not able to prove or disprove: . - )

Let I be an idempotent generalized group having the ?o.vonﬁ If I'is ﬂmoBoGE.o
to the mmuon.m:Noa group of all idempotents of a generalized group G, then G is
Cliffordian. Then the canonical order of I is the well-order.
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Kagedopa zeomempuu
MEXAHUKO-MameMamusecko20 axysvmema

Capamosckozo 20cydapc ynusep s
Capamos (CCCP)

OBOBIEHHBLIE —;WM\—.:A! C BIIOJIHE VIIOPAJOYEHHBIMU
MHOXECTBAMHM MAEMIIOTEHTOB

Bopuc Mouceepny Mlaiiu
Pezome
Jloxa3ara reopema: ECIM MHOXECTBO BCeX MAEMNOTEHTOB 0006IEHHOR rpyTiibl BIOJIHE yIOPARO-

YeHO KAHOHHYECKWM OTHOMIEHMEM IOpAAKA 3TOM OGOGIIEHHON IPYNILI, TO JanHas ob6o0meHHAs
rpyma sensercs kmuddopaosoit (T. e, yHoBIeTBOpAET yciuosuio ggt = g~lg s moboro 3ne-

MEHT2 £).
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