MATEMATICKO-FYZIKALNY CASOPIS
ROCENIK 13 1963 CisLo 4

NPOEKTHBHAA KIIACCHOUKAINA NY4YROB
KYBHUYECKUX TPOMHUYHLIX ®OPM
C ﬁO.ﬁOﬁnSHm.ﬁmeShMNPF?HGJMH.SOHS%OQ

§

HUKOJIAM II. COKOJIORB, Kues

(bopM ¢ HaMBBICIIEH XaPAKTEPUCTHKOH HAM MOJIEM KOMIUIEKCHBIX M BEHICCTBEHHBIX
HHCEJI IaHa aBTOPOM B NPCBLAYIIMX paGorax [1], [2]. HacTosiuas cTaThd MOCBAIICHA
Euoggmmom xnaccUbMKANMM PEryJSPHBIX IYYKOB KOMIUIEKCHBIX ~KyOHUECKHX
rpoitauunbix QopM, obmanaromux JroGoi TIOJIOXKHUTENILHOM XapaKTePHCTHKOMR.
Kax reoMeTpHYeCcKas HHTEPIIPETAINA HOJIyYEHHBIX Pe3yJIbTATOB AAETCA NPOCKTHBHAS
KJTACCA(MUKAINS B KOMIUIEKCHOH 00JIaCTH MyYKOB MIIOCKHX JimAMit 3-ro mopsinka.

§ 1. IIyyrs ¢ MONOKHTEILHON XapAKTEPHCTHKON

Bo3bMeM DErYASpHbHI NY4OK KyGHYECKHMX TPOHHITUHBIX $hopM Hall NOJEM KOM-
OACKCHBIX YHUCCIT
M+ pno, (1.1

Toe A, 4 — HepeMEHHHIE MapameTpsl, He oOpaILAIONIMeCs OJHOBPEMEHHO B HYJIb,
a dopMel

3 3 .

| .
‘ f= M Lﬂ»xm&.k? Q= M B jxix %,
H i, j, k=1 i, j, k=1

;¢ COOTBETCTBYKOIIUMHU N%QSJOOHEN MaTpuuaMu

A= \m:.» fi, B= w:.» I Q.L.v k=12, uv
00pasyroT 6a3mc Imyuka. :

Femm dopMmsl f M @ THHEHHO 3aBHCHMEL, TO Xapaktepucruka Iryuka (I.1), xax
nerko y6emutses, ects [(111)). Toraa ee GopMEI IyIKa ABIAIOTCA HONAPHO JIMHEHHO
3aBHCHMBIMI M IPEICTABJISEMBlE MMM ILUIOCKHE JUHHM 3-r0 HOPsJKA COBNAAAIOT.
Mx Trubl xopomo u3sectasl (). B manereimeM Mbl NpeaoaaracM dopmeL f 1 @

(1) Cm. [ 11, ctp. 184, 194, 195.
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nygka (1.1) nuEeHRO HE3aBHCHMBIMM M XapaKTEPUCTHKY Iyyka OTMYHOR oT [0],
Torma xyOuyeckue JETEPMUHAHTH 3-T0 TOPAKA, OPOXAAEMbIE TTOIMHOMHAILHOMN
matpuieit A4 + uB nyuxa (1.1), umerot HauGOBILHMIY O6LIMH euTe D, 3aBHCAITIL
OT A, 4, ¥ CIICAOBATE/BHO CYLIECTBYET 110 KpaliHel Mepe o/iHa apa 3HAYeHRmi 4, u,

OpH KOTOPHIX paur r(4, u) (IByMEpHEI! WM TpeXMEPHBIH) 3To#f MaTPHIBI MEHbIe,
geMm 3.

Bosbmem aee dopmer myuka (1.1)

fi=f+meo, o =1f+ me,

rae Ay, jtq OPEACTABIACT Ty Napy 3HAYCHHIL A, ¢, OPH KOTOPHIX r(4, u) < 3, & Apyras

p:ﬁ + 0. .
Aypy

ITpuamMas 3tH dopmbr 3a 6asuc, MBI MOXeM mpencrasuts my4ok (1.1) B Buzme

mapa A,, u, 3HaUeHUH 4, 4 BHIOpana Tak, Yro6HI

My + poy. 12

TloneepraeM Matpumy myuka (1.2) TOCTOSHHBIM CHMMETPHYECKEAM 3JIeMEHTAPHBIM
npeo6pa3oBankaM, MPUBONAIIMM MATpully (GOpMEI f; K KaHOHHIECKOMY BHAY,
COOTBETCTBYIOIIIEMY KaHOHHYeCKOMY BUAY F GopMH f;. [Toiyurm Torna npoeKTHBHO
3KBMBAJICHTHBIM mydky (1.2) peryJisapHbii Dy40K BUOA

AF + pd, ) (1.3)
rae F GyneT ofHO# U3 TpeX XKaHOBMYECKHX Gopm
.xw + kwv w&mxv xw.

B cOOTBETCTBUH C 3THM pasnuyacM TPH Ciyyad OIP¥ YCTaHOBJICHHH HNNON.NJOQHNN

BunoB nyuka (1.3), Ragnexamum o6pa3om npeoGpa3oBEIBas MATPHIY 3TOrO My4Ka
¥ MeHsA ero basuc.

§ 2. Cayuaii I, xorma F = xj + x}

Ilycte B = || Mw_.&..up,@ Jk=1,2,3) ectb MaTpuuma eov&i @ myuka (1.3).
PaccMOTpHM 1Ba BapMaHTa B 3aBHCHMOCTH OT TOro, OyfeT JH 3MeMeHT %B;;3
MatpuiEl B OTIMYHBIM OT HYJIS WM B3 = 0.

Bapuant 1. B;,, + 0. .
Torna moily9acM KaHOHHYECKHH My90K

A+ (A + bp) xS + pxs @1y

C XapaKTEPUCTHKOIM H 111} npu b 4 0 [(11) 1] npu b = 0, a Takke KAHOHUIECKHE Iy YKH

Maxd + 3xx2) + (4 + bp) X2 + p(pxix, + x) 22

(rme a + 0, p £ 0),
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3Axix, + (A + by) x> + p(3px3x; + x3) (2.3}

(tme p + 0),

x4+ (A + bp x3 + p(3x5x; + cx3) 24)
(rae ¢ =+ 0),

x4+ (4 + b) x5 + phxix, + 3bxgxd + x3) (2.5)

P-hn
A_,nm w%o??w?v"i v, .

umeromme Xapaktepuctrky {11}, 1 KaHOHMMECKHH My1oK
2 3
Ax3 + (A+bp) x3+p(3hxix, + 3lex2 x5+ 3l X3 4 6mix X, X3 + 3pX3X3 + X3) .6y

(rne h, k, 1, m, p sie MOTYT OHOBPEMEHHO PABHATHCA HyJI0) ¢ XapaKkTepUCTHKOU [11.
T B
OTHOCHTETbHEE MHBAPHARTHL pyuka (2.1) IpH BCEX 3HATCHHAX A, p uMerOT BHIL

SO, =0, T p = =20+ b’

CrienoBaTeNbHO, ecii b % 0, T0 a6cosroTasi muBapuant I(4, ) = 0/0 mpru = Wv
a Take mpa A = 0 m npn A = — by, npudeM BO BOEX Tpex cnydasx r(4, tw W ov
Feepy = 25 TPH OCTANBHBIX 3HAUCHUAX A, u umeem I(A, p) = — L. mowslﬁ% Q.OIH,EH
1o I(A, w) =-0/0 npu g = 0 (torna r(A,p) =2, regm =2) K OpA A =
r(p) = 1);mpu A % 0, u + 0 umeem I(%, u) = —1.

Ina myyka (2.2) HAXOIHM

SO, p) = 4api2p?, TQ, ) = —al(a + 4) 4* + 2abp + a(b? +4p°) 11 2247,

OTKyIa CIEAyeT, YTO NQ,.M u) =0/0muyu=0

S ]

20*+4° +0) 0
nopr A=0 Aaoﬂnm rd,mw =2, Teaw = W 1@+ Abu =0/ TMpu A+ 0,

px0 AMeeM , ’ . « oz
5 ) 64ap* 22y — [(a + 4) A* + 2abip + a(b” + 4p )Y
) =

[(a + 4) A2 + 2abAp + a(b® + 4p") ']’

Torna, ecnu b2 + 4p> + Oma + — 4, T0 I, p) = o© E:M OJTHOM EEwEE IBYX
3HAYEHMIX A/p B 3aBACHMOCTH OT TOIO, 6yner ma 8 = b? + (a + 4)p° paBHBIM
WUTH HE PaBHBIM HYJIO; KPOME TOI'O, I(, p) = O npu yeThIpeX umiamg Au Qoﬁww
Teow = 4)» TIPH OCTAJBHBIX XKe spagenuax, A/u abCOMOTHBHIA HMHBApAAHT %ﬂmo
I ;Q.: 1), te I4(A, p) — 3HAIEHHA wmooEoﬂmOno HHBApUAHTA, OTIMYHEIC OT I“ s
oo, —1. Ecmu b* + 4p® &+ Oma = _Awmb? + 4p® =O0ma+ —4, 1014, p) =
Tonsko npHu b # 0 ¥ OpH OJHOM b 3avenun Au ; kpome Toro, I(4, p) = 0 mpm

= X € 3HAYCHMAX A/g MMeeM
ABYX 3HaUeHMAX Afp (TOTHA Yy w) = 4), npH OCTJIBLHBL Ju
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I, p). Ecnu b* + 4p> =0 m a = —4, 1o I(A, u) =0, npusem rg(;, ) = 4 1pu
BCEX 3HAYEHUSAX A/, KPOME OIHOIO M3 HHX, KOTJA Fg ) = 2. -
Hns mysxa (2.3) nony4aem

SQ, p) = —4pip?,  TQ, p) = -4 + pu).
CnenosaTensno, I(4, u) = 0/0 npu p = 0 (rorma r(A, &) = 2, re, . = 2) ¥ NpH
2 3 ’
A=0 A.—,Oﬂhw r(d, u) = 2, I WM (b*+ 4p° £ 0)

1 @f#.muev. Eouk %9, p 10, 79

1) = ~ ap’p’ + (4 +~§vN .
(A + pu)
Torna I(%, 4) = oo npu oMHOM 3HaueHHH A, I(A, u) = O npu onmom (6% + 4p* = 0)
i ipu aByX (5% + 4p* + 0) 3mavenusx A/u, IpHieM B 0GOUX CHYHAAX Iy, = 4;
TIPM OCTANIPHBIX 3HAYCHHAX Ap mveem I (2, p).
Nna nyuka (2.4) upu Bcex 3HAYCHUAX A, y mMeeM

SChw) =0, TG, = —clelh + bu) + 4] A%y

Otcrona caenyet, 410 I(A, 4) = 0/0 mpu g = O (rormar(A, ) = 2,r¢(s, 4y = 2)  TAKKE IPH

N,‘ 2
.»quaoEm:;nm_ wo:.suﬁ @n+>+8v=‘=w=»HA|@+ vat*

1 (b’c+4=0) BNET:
#+ 0 (torma r(d, u) = 3, re, uy = 5 TpH OHOM (b*c + 4 = 0) wm npu nsyx (bc +
+ 4 + 0) 3savenuax A/u). Ilpa ocTanbHBIX 3HaYeHAAx A, u momydaem I(A, u) = —1.

Hus nyyka Q.& IIPH BCeX 3HadYeHmsx 4, g HaxomuM S(4, u) = 0,
TG, p) = —u® \Thw i »~+~I:L L p—amdye
) ] AT ﬂmﬁ — 4k’ |.

Crepoparensno, I(A, 1) = 0/0 mpu u = 0 (torma r(A, i) = 2, reg,, = 2), & TaKxke
npa A = ph?/l (rorma r(A, &) = 3, reg .y = 4) B Opu A = —(*/h + 2,/hl) p (Torma
r(A, ) = 3, reqa,,y = 5 IPH IBYX 3HAUCHEAX Afu, ecnu b + 0; eci xe b = 0, To TipH
omHOM 3HaveHHE AJBYner r(A, pu).= 3, re(i,y = 5, @ mpu apyrom — r(d, p) = 2,
rea,w) = 2)- TIpH OCTaNbHBIX 3HAYCHHAX A, g HOMydaeM I2,p) = —1.

Haxonexn, st myuxa (2.6) umeeM

SOy ) = —42G7 + POGL ), TG, ) = —12G* + PG, W),
rne P@(A, u) — dopma crenenn a ot Ay, He coxepxkamas A% Ilostomy, ecm
p =0, 0 I(A, ) = 0/0 (rorma r(A, u) = 2, req,,y = 2)- Ecmu xe p + 0, 10
_ 6473+ PG))° + (AF + PG

I, p) =
(A*+ P@w)’

(torma r(A, w) = 3).
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O6o03nauas uepes N, Ny, N, N_y 4HCIA DPa3MYHBIX 3HaYeHUH OTHOLUCHUSA
Alp (u # 0), mpu KOTOPBIX I(, ) oOpanaercs COOTBETCTBEHHO B 0/0, 0, oo, —1,
a 4yepe3 N’ — 4UCIIO Pa3jIMIHBIX 3HAaYCHMIt 3TOFO OTHOLIEHMS, NPH KOTOPBIX ab-
comoTHbI HHBapHaHT paseH [ (A, /t), MBl HaXOIHM, 4TO NZ£2 Nys8—N,
N,<4—-N,N_,£2—- NN =00

Bapunant 2. 8333 = 0.

ITpu 3TOM BO3MOXHBI CJIE/YIOIHE HPE/IOIOKCHNA.
a) O6a snemenTa B33, B33 OTIMIHBL OT HYJA.
Tor/ia NPUXONUM K KaHOHHYECKHUM ITy4KaM

A0+ 3lxx2 + x3) + 3ux,x3 Q7
(e 0 # P # — 1/4),

203 + 3x,x3) + p(bxl + 3x,x3), (2.8)

30:2x, + (A + bp) x5 + 3ux,xd, 2.9)

061a1aoMM XapaKTepucTikoi [11] B X KAHOHIIECKOMY MyIKy
%3 + (A + by x3 + 3p(hxix, + kx?xs + Ixgx2 + nx;x3 + x%3) (2.10)

(rme n'# 0) ¢ XapaxTepuCTHKOH 1.
Ilinst nyuxa (2.7) HAXOHUM
S = —4lp%?, T= 4P
Orciona cienyer, yro I(A, p) = 0/0 mpu p =0 (torma r(A, @) = 2, reg,w = 2)
u opu A = 0 (vorza r(4, W =2, regp = 1); mpa 240, u+ 0 mveem T4, p).
Jins myuxa (2.8) monydaeMm .

. M‘A»u .:v = - \@N Nu N;AN. \hv = I..A.@NN #v
a motomy I(A, g) = 0/0 npu p = 0 (vorma r(4, ) =2, rea,m = Qunpu A=0
“ # (4, )
A.noﬂm r(Lp) =2, regop = Ww MM H NWV .FEcmu A % 0, u %+ 0, TO
. 432 + b2t
NAM» t.v == @Ntn :

B stoMm cuysae, ecnx b % 0, TO I(A, p) = 0 mpu ABYX 3HAYCHHAX My (Torma
e, = 4)» @ IPH OCTAJNBHBIX 3HAMCHUAX Mp umeem I,(4, p); ecnn xe b = 0, To
I(A, ) = oo upH MOGHIX 3HAYCHUAX A, i, OTHHMYHBIX OT HYyJA.

. Hns nyuka (2.9) nMeem : .
. SG, ) = 4222, T, ) = =81

CrnemoBatenbro, I(A, u) = 0/0 npu p = 0 (torma r(A, p) = 2, Feu,p = 2) X OPR
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1=0 A.nogm A p) =2, regpm = W
I(A, p) = 0, mpuuem, eciu b # 0, To

_J2 (% ~by),
€00 (4= —bp)’

2 (b +0)
_@Novv.mo::»%o,tuvo. TO

ecmr ke b = 0, 10 rg; = 2.
Haxonen, nns oyuka (2.10) Haxomamm:

SU, 1) = 422 + PP, ), T, p) = 431 + n*) 2* + PO pl,
R, ) = —16p°[(1 — 1) 2° + PO(4, ).

‘Otcrona BumeM, uto S(A, ) = 0 H HEBO3MOXHO, 4T00k omHOBpeMenno T'(4, ) = 0
u R(A, ) = 0. Kpome Toro, ecn g = 0, 70 I(4, ) = 0/0 (torna r(4, u) = 2, rcias y =
= 2); npu u + 0 (torma r(4, u) = 3) HmeeMm:

1. eccmu T(A, 1) £ 0, RA, ) £ 0, TON S 2, NgS6—-N, N, S3-N,N_, =
=<2-— N, N =o0;
2. ect T(A, p) =0, TONS 2, Ng=0, N, =00, N_; =0, N =0;
3. ecmm R(A, ) =0, T0 N =1, Ny = oo, Noe=0,N_ =0,N =0.
B) Toneko onguu u3 3NeMEHTOB B33, B33 OTIAYCH OT HYJA.
Torpa noaydYaeM KaHOHMYECKHE My4KH
A+ (A + bp) x5 + 3ux,x3 2.11)
¢ xapaxTepucTukoii [11] n
A3+ (A + bp) x3 + 3ulhxix, + kxixy + lxx} + X,%3) (2.12)

(rae h, k, | HE MOTYT OXHOBPEMEHHO PAaBHATBLCS HYJIIO) C XAPaKTCPHCTHKOK [11.
JUis nyaka (2.11) mpu Beex 3mavenmsx A, p maxomam S(A,p) =0, T(A,p) =

= — 4A%3(A + bu), a motomy I(A, u) = 0/0 mpup = O (torma r(A, u) = 2, rea,w =

2(3B+0)

= 2), a Taxke mpu A =0 Aﬂoﬂm‘ r(w) =2, reg, = W_ ® = 0) Hnpn A =

— bu, ecu b % 0 (Torma r(4, u) = 3, reg,w = 5)- -
ITpu ocTanbBBIX 3Ha%eHEsX 4, ummeeM I(4, p) = —1.
Hns nyuxa (2.12) noxygaeM

S w) = —42[0k> + DA+ (k> = B, T, p) = —4°@° +PPQ, p),
R, gy = —16p°(2° + PO (4, ).
Cnegosatensto, ecmt u =0, to I(4, p) = 0/0 (torma r(4,p) =2, reu,m = 2);
npu u + 0 (toraa r(4, u) = 3) uMeeM

I.ecmm SAu)£0, o N1, Ng2£6—~N, N, 23 -N, Zu_H_IZ,
N' = oo; ,

It
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2. ecnu S(A,u) =0, 70 N 23, Ny =0, Ny, = 0, N_;=02,N =0
y) O6a anemenTa B33, B33 PaBHbL HYIO.
Torja mojiy4aeM KaHOHWYECKHC MyYKH

Ix3 + (A + b) x3 + 3u(kxixy + 2mx X;x5 + px3xs) (2.13)
(tze kp 4 m?) ¢ xapakrepucTukoi [2], .
AGS + 3lxyxt + bx3) + 3u(hxix; + x3%5) 2.14)

(rze I, b He MOryT OMHOBPEMCHHO PABHATHCHA HyJ10) ¢ xapaktepucruxoit [2], ecnu
h+0u[2l],ecmh =0, .
Axd + 3u(hxix, + x3%3) 2.15)

¢ xapakrepuctuxoii [(11)], ecmm & + 0, 1 (A 1], ecnu b = 0,
AGx2x, — 3lxgxd + Pxd) + p(x} + 3x3x3) (2.16)

(cze I + 0) ¢ xapakrepucTukoi [2],

I3x2x, + X3) + 3pxixs Q.17

¢ xapakTepucTuKoi [21].
T myuka (2.13) maxomum

SO ) = 40m® — kpyPut,  TU, ) = 8(m* — kp)*c,

Orciona BummM, dto I(A, #) = 0/0 mpu p =0 (rorma rhu =2, regm=2
w I(A, j2) = O wpn p % O (Torna regs, ) =0, ecmm b =0, A =0; rg;, 4 =4 B IPOTHBHOM
ciy4ae).

s myuxos (2.14) u (2.15) umeem I(2, @) = 0/0. Ipu 3TOM, eciu A£0,pu+0,
10 r(A p) = 3, rcp = 5, a ecma A =0, 10 r(Ap) =3, rcgm=4 1opu A0
ur(d,p) = 2, tep,n = | mpu h = 0; ec ke p = 0, To nns myuka (2.14) mmeem

2 (0% + 4P £ 0)
*Q.Euw,ﬁn;,sn w :@N+£wu9.

a s nyuka (2.15) r(d, ) = 1.

Tt myukos (2.16) 1 (2.17) Takxke I(A, 1) = 0/0, mpuyiem jist myka (2. 16) r(A,p) = 3,
Feo=3TUpa p+0 & r(Ap) =2, reap = 2 Opi g =0, a ana nydka 2.17)
rAp) =3 reay=4mpu 2 £0,p+0n r(A p) =2, Te = 2 1pH g = 0 IR
r(pu) =2, rco, =1 npu 1 =0.

§ 3. Cayuaii II, xorma F = 3xix,

HNNN K paHbIIC, paccMaTpUBacM 1Ba BapuanTa.

Bapuant 1. 8,35 + 0.

247



Torma NPHXOANM X KaHOHMYECKUM IYYKAM
Axi + 3x7x,) + 3prpad, G.)
203 + 3x3xy) + pbx3 + x3) (3.2
(rme b + 0) c xapakTepuctakoit [11] M kK KaHOHAYECKOMY Iy4Ky
3Axix, + plaxi + bx3 + x3 + 3kxix, + 3Dx,x3 + 6mxyx,xs + 3pxixy)  (3.3)
(rme b, ], m, p HE MOTYT ONHOBPEMEHHO DABHATHCA HYNIO) C XapaKTepHCTHKOR [1].
Jina mygxa (3.1) gaxoamm
S, p) = 42%2, Tk p) = —82%3.

CrenopatensHo, (A, 4) = 0/0 npr & = 0 wnpr 2 = 0 (B 06oux cyyasx r(4, ) =2,
Yo, = 1. Ecma A4 0, g + 0, to I(A, u) = 0 (torma Toam = 4).
Has nydka (3.2) opu Beex 3HAYEHHSIX A, w MOIyYaeM

SAw =0, T p = -blp*@4A + bp),

a motomy I(4, p) = 0/0 npu p = 0O (Torma r(A, p) = 2, :x aw = 1), a Takxe EE
A=0 (torma r(Lup)=2, reg,y=2) % opu A= ibp (torma r(,p) =
e,y = 3). Ilpn ocTanbHEIX 3HAYERHsX A, u GyneT ~Q, .5 -1

Jna nyuka G 3) mmeem

) T

S (4, 1) = 4p*[—pA* + (bk + Im) Ap + (k*p* — kI* + alp — abm — 2km®p + m*) #’,
T(, p) = p*[b2° + 3(% — 4m’p — 8kp?) A% + PO, p),
R, p) = —p®[(* + 64p*) 2° + PO(, p)],

OTKyZa 3aKJTIOYaeM, 4TO ,,noxﬁooawm S, u)=0 u T(4, u)=0 HE MOIryT ommo-
BpeMeHHO MMeTh Mecto. Kpome Toro, ecimn i = 0, 10 I(4, 1) = 0/0 Qogw r(4, ®)
=2, rega,py = 1); opu g + 0 (Torma r(4, ) = 3) HMeeM: .

1. ecmn S(A,4) £0, T(A, ) £ 0, R(A,u)%£0, 70 N2, Ny<6—N, N,
S3-N.N-,S2-N N'=co;

2. ecnu S(A, u) =0, 0: 1o “To N<3, Ny =0, N, =0, N_, =00, N' = 0;

3. ecma T(A, u) =0, .5...2 S2,Ng=0,N, =00, N_, =0, N =0

4. ecmt R(Z, ) =0, To N=1, Ng =00, Ny =0, N_, =0, N' =

IIA

fl

Il

Bapuanr 2. B,;; =

IIpy 3TOM BO3MOKHBI CICAYIOUIAE NPEALOIONKEHH.
o) Byss + 0
Torna nojfyuaeM XaHOHUYECKHE ITyIKH

3Ax2x, + 3ux,x? . " (3.4
C XapakTepucTHKoi [11] u C e "
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3Axkx, + plaxd + bx3 + 3kxixs + 3lx;x3 + 3nx;x} + 3x,x3) (3.5)
(rme a, k, I, n He MOTYT OJHOBPEMEHHO PaBHATBLCA HYJIO) ¢ XapakTepHcTHKOH {1].
Jns myqka (3.4) HaxonuM
S(A, ) = 42242, T4, p) = —8A3u5.
Cnenpatennbho, I(A, u) = 0/0npup = Ounpa A = 0 (B oboux ciayvasax r(4, u) =
Feauw 3= 1). Ecma A 0, u % 0, To I(A, p) = O, npuueM rg(, ) = 0.
Jng myuxa (3.5) umeem
S, p) = 4202 + PO, ), TG, ) = =8> + PO, ),
R(A, p) = p'[192n(bn — 21) 2° + P4, p)].
Hoatomy, eciu p = 0, T0 I(4, ) = 0/0 (torma r(A, p) = 2, res,,y = 1) Mpm pp & O
(rorma r(4, u) = 3) umeem:
1. ecmt R4, u)£0, To N2, Ngs5—-N, N,£3—-N, N.,£2—-N,
N' = oo;
2. ecmt R(A,p)=0,To N=1, Ny=00, N, =0, N_, =0, N = 0.
B) B33 =0. ,
Ecim nipu 3ToM B33 + 0, TO NPUXOIUM:- K KaHOHMYECKHM ITyYKaM
3Ax2x, + 3uxixs ' (3.6}
¢ xapaxrepuctukoi {21} u
3axix, + ulaxi + bx3 + 3lx,x3 + 3x,x3 + 3pxixs) 3.7

(rme b, I, p He MOTYT OFHOBPEMEHHO PAaBHATHCSA HYN0) ¢ xapakrepucTukoit [1].
Hns nyuxa (3.6) £(4, u) = 0/0, mpuuem

5 3(A+0, u+0
r(,p) = 2 (A =0wmpyu=0)’

4G £0, %0
feamw = V1 (A =0 nng pu =0)°

Hns nyuka (3.7) umeeM

S, ) = —4p3[bA + (ap® — ).,
T(, ) = p*R7p%% + 12y — Hab® — 6alp* + 21%) p?],
‘R(L, p) = —p®[129p*2* + 8(8lip® + 8b%) bA*u + PP(4, Wl

Otcropa BuaMM, 410 ToxaecTsa S(4, u) = 0 1 T(4, 1) = 0 He MOIYT OTHOBPEMEHHO:

mmMeTh MecTo. Kpome Toro, ecnn p = 0, 1o I(2, ) = 0/0 (torna r(d, p) = 2, rca, ) =
="1). Ilpu p + 0 (torma r(4, ) = 3) nmeem:

1. ecmx S(A,p) £0, T(Au) £0, R(A,pu) £0, To NS1, Ng<4—N, N, =
<2—-N,N_;,=1—N,N = oo;
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2. ecnu S(A,u) =0, 105 =0,p + 0 u I(2, u) = 0/0 upu N < 2 3HaueHHsX Au,
@ OpY OCTAJIBHBIX 3HavYeHusx Afu Gymer I(A, u) = — 1;

3.ecnmu T(A,u)=0,T0 p=0,1=0, a =0, @"_nos I(A, ) =0/0 mpu 1 =0
(Torna reg, ) = 5), a npu A + 0 6ymer I(A, p) =

4. ecnmut R(A,u)=0,T0b =0, p =0, <4 0 1 npu Bcex. 3HAYEHHSX Alu mmeem

I(4, p) = O, mpuueM rg( ) = WM MM m.ln ww
Ipn B33 = 0, ecmx By,5 B B,,3 HEPABHLL OJHOBPEMEHHO HYJIO, HOJIyYaeM
EKaHOHMYECKHE TYYKH

@2+ ap) x} + 32xix, + 3u(xixy + x2x;) (3.8)
(rme a + 0 6o a = a’ = 0),

32x3x, + p(x} + 3x3xy), 3.9

3xix, + plax? + bxd + 6x,x,%5), (3.10)

-00Taarommye XxapakTepucTukoii [2].
Jis nydxa (3.8) umeem

S, ) =4,  TO,p) =
-Caenosatensro, I(4, ) = 0/0 upup = 0 (torma r(A, u) = 2, rew = Dul(, p) =
npHa u + 0, npuueM, ecix a += 0, T . ’

a::uuqesonmoze\nPcwaE:@:&in#H&?E@éﬁts
* 4 (UpH OCTAJIBHBIX 3HAYEHHAX Afu)

Heema=a =0, 1o

, IMM:\IWQ
o =10 @ =0

Hns myuxa (3.9) I(4, u) = 0/0, npruem
_[3w+0 _[5w=0
\A&Gtv WNA.:"Ovu ﬂn:,sl,wm A.R"Ov.
Hlv.,! ..

st mydxa (3.10) Haxomum
SG, p) =4, TO, p) = 84,

-a motomy I(2, u) =0/0 upr u =0 (rorma r(A,u) =2, reu = 1) # I(A, ) = 0 mpu
& % 0 (torma rgg;, ,y = 4). .

Ecam mpu B35 = 0 Takke By,3 = 0, B,,3 = 0, T0 IPUXOIMM K KaHOHAIECCKEM
nydgKam

ABxx2 + bx3) + u(x? + 3x2x3), @3.11)
3Ax.x3 + 3u(xix, + x3x,), , (3.12)

SMMEIOIUM XapaKTepucTuky [3]
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Ins myuxos (3.11), (3.12) I(A, p) = 0/0, mpuiem r(d,p) = m ﬁ H ww, Ho
4
Teaw = m N H NW g nyyka (3.1 u e, = W 1 ﬁ H ww st nyuka (3.12).

§ 4. Cayuait II, worpa F = x3

3jech pasnEYaeM ¥eThIpe BAPHAHTA B 3aBHCHMOCTH OT TOTO, Oyner JiM MaTpuna
—()
—>®

v s
)

MWNNN &Nuu
aNNu mwwmu

annw awwu
anuu &uwu

mmOuN

BXOMALIAA B COCTaB MaTpuibl B, HyJIEBOH HIIA TIPUBOMSILIEHCT K OMHOMY U3 Ka-
‘HOHUYECKUX BHIOB :
(i) lS —=(i)

k k
@ 1 c_mw Aﬂis, ® : _ A_MZ ) :o o-o : A_Mv:
Bapuanr 1. B, =0 . )
Ecmn Ei atoM B33 + 0, TO NMoNyYaeM KaHOHWYECKMI MYIOK ..
3A(xix, + xquV + :xW @.1n

.c Xxapakrepuctaroil [(21)]. .
JUns sroro mydaka I(A, u) = 0/0, mpryeM, eciu A=0, o r(A, u) =1, a ecim
A+0,Toru) =3 recan =4
Tipu B,33 = 0 MMeeM KaHOHHYCCKMH IyIOK
XS + 6px x,x; : 4.2

¢ xapaktepucTikoit [(11)].
Jins nyuka (4.2) HaxonuM

S, 1) = 4pt, T, ) = 845,

a motomy mpu u = 0 nmeem I(A, ) = 0/0 (vorma r(4, p) = 1); ecnm xe 4 + 0,

2 (A 0)
.HON@.EHPﬁb&;@Kaﬁt..su Wc M» Hov.

Bapuanr 2.8, upaBoguTcs X KaHOHIMMECKOMY BHAY (). Torga mpuUxomuM K Ka-

'HOHHYECKHM Ty4KaM
Ax3 + pGhxix, + 3x;x3 + x3), 4.3

Axd + p(x3 + 3kxix; + 6x1%,%3), 449
obnanatoumM xmv»ﬁa@:ﬁiow {(11)], 1 X KAaHOHMYECKOMY MY4KY
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Ax3 + 3x3x,) + pxd 4.5

¢ xapaxrtepuctukoi [(21)].
Jns nyyka (4.3) Haxogum

M‘ANu tv = |P\~§hu N..Axs kv = I.&,N.t.m.

Crneposatensto, ecnu u = 0, 10 I(A, u) = 0/0 (Torma r(i,u) = 1). Ecmn xe

i+ 0, To I(A, u) = — (4h°u? + A?)[A%. Torma, ecnu h % 0, 10 I(A, ) = oo mpH
A=0u IAp)=0 npu 1=+ 3~ Wu (torma rgg ., =4); NpH OCTalbHBIX
3pagenusx A, yu umeem I (4, p). Ecomm xe b = 0, To I(4, ) = 0/0 mpu A = O (vorma
r,wy =3, reup=5ull,u) = —1mpul £ 0.

HOns myuxa (4.4) noayuaem

.MAL.. ?v = A.tn.u N‘A»G tv =

Hoatomy I(4, u) = 0/0 npu u = O (Torma r(A, u) = 1) u I(A, u) = O npu u % 0
(Tornma rgg;, ,y = 4 ecmm A + (K*/8) pu g, ) = 2 ecmm A = (K2/8) p).

Oas nyuka (4.5) I(A, p) = 0/0, npu aroM r(A, u) =3, rep,m= 35, ecmn A% 0
ur(dp)=1,ecm l =0.

Bapuanr 3. B, npusoaurcs x xanonndeckoMy suay (8). Toraa monyyaeM xaHOHH-
4eCcKue ILydKU

X3+ 3ulhxix, + kxixs + x, 2% + xixs), . {4.6)
Axy + 3plhxix, + xixs + xixs), 4.7

uMeromue xapakrepuctuky [(11)].
Jns nyuxa (4.6) naxomum
S, ) = =4 — KPp), T, p) = p*[12kA + Q7Th* — 8K%) 4],
R, p) = — 0640 — 48K %p + 64812 kAp® — 2TR*A6K3 — 27h?) 11°].

ClenoBaTesIbHO, €CNH u= 0, To I(A, u) = 0/0 (torma r(i, u) =1). Ilpu u + 0
(rorma r(A, p) = 3) umeem: .

1. ecnu 27h* +4k3+0, To N=0, Ny= % (h+0), Toraa e =4

2 (h=0), Torma \@2 0= W

:ffs
zu u fx
- Wo keo® Na=L N

4 (h=3k%),
2 (A=0)

2. ecnu 27Th? + 4k® = 0, Ho h ¥ k He paBHBI OMHOBPEMEHHO Hymo, T0 N = 1
(Torma reg = 5), No = 1 (Torma rgg,,y = 4), N, =0, N_, =0, N' = oco; ecim
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wxeh=Fk=0ToN=1(tormarez =4, No=0, N,=00, Ny =0, N = 0.
Has mydxa (4.7) mmeem

SG, ) =4, TG, p) = —8u°,

a notomy I(4, u) = 0/0, ecnu p = 0 (Toraa )= uldp) =0,ecup+0

4 (A + +3ih : 4 (1#%0
Au.ogm Tetw = WN 0= +u$nw opu b+ 0 M rg; ) = Mo M» HoW npu h = ov.

Bapuaut 4. B, npHBOIUTCA K KAHOHHIECKOMY BHIY (y). Torma mMeeM KaHOHH~
YeCKHii My4OK
X+ Eww«wu& + 3kx2xy + X3 + X3 + 6mx,x,%3) - “4.8)
(roe h, k, m Be MOTYT OJHOBPEMCHHO PaBHSTHCS HYJIO) C xapakrepucTuxoit {(11)].
Jins 3TOTO Iyuka HaXOHMM
S(, p) = —4p’[mi — (m* + hk) pl,
TO, 1) = —plA% — 20m*dp + 40 + k> + Ohkm?* — 2m®) p*],
RG, gy = —p*(* + PO, p).
CrnenosaTeasso, eciu u = 0, 10 NQ,,. @) = 0/0 (torna r(A,u) =1). Ilpu p + 0
(torna r(4, p) = 3) HMeeM:
l.ecum £ 0uh =k =0, 10 N=0, Ny = 2 npiyeM
4 (A=0 _ _ -
wmt..s = wo O = — 8mp), N,=2,N_,=1L N =
2. eciu m & O | h, k He paBHBI OJAHOBPEMEHHO HYIIO, TO
N<1, Ng<4—-N,N,S2—-N,N_;=1-NN' =
3.ecum=0,kh+0,k+0,T0 N=0, Ny =4, N, £2, N_,=0,N =
4. ecum =0,h =0,k £+ 0wmm =0,h 0,k =0, ToN = 2 (Torma reg, p =
=5),No=0,Ny,=0,N_, =00, N =0.

§ 5. KaTeropusi M THIBL I[y9KOB KyOHYECKHX TPOHHUIHLIX ¢opm mag mnoaeM
KOMIIIEKCHBIX YHCeT

Kak BEAHO M3 IpPEBIyIUMX naparpados, MOJIOKHTCIABHAS XapakTePHCTHKA
nyuka (1.1), 6a3ucoM KOTOPOTO ABJSIOTCA JIMHEHHO HE3ABHCHMEIC $hOopMBI, MOXKET
6BITh OJHOrO W3 CICHYIOIIMX ACBATH BHIOB! (1111, [(11) 1], [21], [2D)], [3], (2}, [11],
[any, .

Qb6benudas B OOHY KaTErOpHUIO PeryJisipHblC IY4YKH KOMIUICKCHBIX N%@EJOONSX
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14°T4

Tabnuua 1
Hamanm Tunsl, DpeACTABIACMbIS COCTaBVCOOTBCTCTBy}OU.mX MY4KOB IUIOCKMX JMHHI 3-r0 nopsiaxa
KAaHOHMMYECKUMU ITy4KaMH A E H D" D; D: A l D | D,'. D:) B | T4 f %,
1. [111] @, b==0 © 3
2.1), b=0 © 1
wany | (&2 . 1
@15, k=0 w 1| 1
2 3
+42+0 0 1] 1
2.14), h=0, b .
¢ ) {BT +42=0 0 2
1L [21] (2.17) _ o 1] 1
3.6) © 2
— {(4.5) » ) 1
: @ne . , : © 1
3.11)¢
v. Bl {( C) L . oo 1
(3.12) lo'e} 1
2.13)%H o <1 1
a =+ + 3 o | 2 1
0,
G.8) e+ { = 13 o | 1 1
a=a =0 i e ¢] 1 i
VL 2] (3.10) o 1
b2 443 £ 0 o | 1|1
2.14), b0,
G4 * {bz +43=0 o |1 1
(2.16) 0 1
3.9 0 1

(®) Tlyuox (4.1) — cH3MTETHYECKHMIA.

(3) Jpoiinas npsmvas Tpoitku T, B nyyxe (3.11) m opoctast npsMast TPOHKH T, B myuke (3.9)
kacaroTcs mammi D), B npoiHOM TOuke MX. IIpn b = 0 myvok (3.11) — cu3mreTHyecKkui.

Y Nipu b= k= p= 0y m= 1 ny4ox (2.13) — CUBHTETHYCCKHH,

MNpononxenne Tabnuns I

, THIH, TPERCTABISEMEIE CocTaB COOTBETCTBYIOUMX MyYKOB IUIOCKHMX NMHWMU 3-ro mopsiaxa
Kareroguy KAHOHWHMCCKMMH IyIKaMu » , ,
. A| E H D" {Dh|Dy| A D |Dy|Dy|Ts| Th| Ty
0
B4 40, at—4, {‘5* ad 2 L2 [N :
§=0 |00 1 4 2
2.2), u b2 +4p3+0,a=—4 b0 |0 1 2 11
b2 +4p3=0,a—4,b=0|c0 2 1|1
b2 +4p3 =0, a=—4 o | 1 2
b2 4 4p3 0 © 1 2 2
@3, i
6% +4p°=0 © 1 1 11
Q@D o 11
b0 o0 2 2
2.8),
@8) {b =0 [e'e] 101
VIL [11 b==0 0 '
(1 Q@.5), { > 2 1
b=0 o0 112
b2 +4+0
2.4 { 2c + 4 = | » 2 2
b2 +4=0 o 1 119
, b0 e o] 1 2
2.11 =
@1 {b =0 0 1|1
(3.2) ‘ ) 1 1119
3.1 . ) 2
b+0 T
2.9) { i —_— ot 2
b=0 ) 1
(3.4) : o0 2

'6Ge

(®) Hpoimasn npsMas TPOHKH T; B NOCTIEAHEM H3 IyYKOB (2.4) xacaercs, a B HyuKe (3.2) me xacaeTcH MHUHUM D; B OBOMHOM TOYKE €€,



Npononxenuné tabmuus I

96¢

R — - CoCTaB COOTBETCTBYIOLLMX nyqxog IVIOCKMX Jiumuit 3-To mopsmka
Kareropins KaHOHMYECKAMM ITy4KaMH l ’ W b | - » B i
Al E H D" |D,|Dg| A| D' |Dy|Dy|Ty| T,| T,
] h+0 |0 1 1 3 1
k=0, —
271 + 4k 0, FO =0 || 1 1 11 1
j k=0, h+0 |oo| 1 3 1
“.6), B s ' h, k ne paBHbI
27h? + 4k3 =0 OIHOBPEMERHO
2 ‘Yuymo [o'e} i 1 1 1
h=k=0 ) 1 1
h=k=0 o I 2 1 1 i
m=0  \h, k e paBHBI OMHO-
: BPEMEHHO HYNIO wi{l—N |[£2-N |£4-N N1 1
- (4.8), s [SU——
VIIL [(11)] h+= 0, k%0 0 L2 | £4 1
m=0 Yh=0k=0wm
h+0, k=20 o0 . 2 1
h=+0 0 1 2 1
4.3),
@:3) h= 00 1 1
h=0 oo | 2 1
4.7),
S h=20 [es] 1 1
4.4) ’ o | 1 1
, 4.2)(%) 0 | 1 1
) L (.15, h=+0 |1 1

(®) TIyyok (4.2) — cu3MTeTHUECKNHL,

Hpononxeunue Tabmmust 1

y CocraB COOTBETCTBYIOUINX TYYKOB TNTOCKMX JIMHUHA 3-ro nmopsaaka
Kateropnu Tunsl, npeacrasiseMpie . ;
KaHOHMYECKHMY ITyYKaMu 4 E H ~ D ' D DS & ’ D ‘ D, DB nlnln
(2.6) w|Z2-N |£ 4N |S8N N2 1 e
}m,m$ 0, RULW %O 0[S 2N |S 3N |S6N N2, | |1 .
(2.10), TOW=0 N 0 | =2 1 e
] RALW=0 o0 R 1 o
(S ) 0 g I—N|S£3N |S6N NS v
@12 \s@ =0 o IR 1
’ iR(l,u)$0 :oA§2-N :§3-N < 5-N NZL2 1 %___
@3-, 1R(X, W=0 : | | I T e (¢ 7)_'___
oo 11 SO % 0, TUa i) % 0, RUEO |00 | 2—N [ 3N |S &N R T
SLw=0 o =83 L
@3 T, W= 0 il 0 R £2 | 1
RAL,w=0 © N 1 K’l L
S % 0, T ) % O, RUWE 0|0 | 1 —N S 2N |S 4N NZ1 T
SA, =0 T ol b <2 R
3., T w=0 0 1 R
a+0 B 0 1
R, =0, {a___ o ol : "

(") Bce yuHuUM C ABOMHBIMM TOYKAMH B IOCNECAHEM U3 NMYYKOB (3.5) mpoXomAT, a B MOCAERHEM 3 MyYKOB (3.3) He MpOXOAAT uepe3 TPOHHYIO

{1‘ Touky Tpohkm T,.



TPORHMYHBIX (OPM, MMEIOUIME OOHY M TY Xe XAPaKTEPHUCTHKY, HAXOAUM JEBATH
xaTeropuii(®) Taxoro poma my4xos.

BmecTe ¢ TeM, B 3aBUCHMOCTH OT 3HAUYEHHH APYrHX MHBADMAHTOB, 3T KATErOPHH
MOTYT OBITh MOJPa3fesicHbl HA THIbI, YHCHO KOTOPHIX paBHO 74.

PesynpTaThl Takoil xjiacCHPHKALKK U UX TEOMETPHYECKas MHTepHpEeTaIus ITpa-
BesieHBL B Tabumue 1, riae Beemensi clienyrome 0003HAMERHs IS TUIOCKKX JIMHHEL
3-ro mopsapaxa:

A — aHTapMOHMYECKHE JIMHHH,

E — sKxBHaHTapMOHHYECKUE JHHVH,

H — rapmonnueckue JjmmuM,

D; — HepacnmaIaromecs JUHUH C IBOH~
HOM TOYKOM, .

D" — nuHEM C OBOMHBIMHM TOYKAMH, Dg — COBOKYNHOCTH KOHHYECKOTO Ce-
Y KOTOPBIX KacaTeJIbHbIC B ABOM- YEeHUsi W Hepecekarolleft  ero
HO# TOYKE pa3IdYHbL MpsAMOH,

A — TPOHKH HPAMBIX, HE NEPECEKALO-
LIUXCS B OJHOM TOYKE,

D, — HepacnaNarouecs JIMHIHY C [BOM~

D’ — nuHUH ¢ NBOWHOM TOYKOM, ¥ KO- HOM TOUKOH,
TOPBIX KacaTeIbHLIC B JBOMHOM Dy — COBOKYNHOCTH KOHHYECKOTO Ce-
TOYKE COoBHANAIOT YEeHUS M KacaTeJbHOH K HeMy
pAMOH.

T3 — TPOHKH pa3sNu4HBIX MPAMEIX, NEPECEKAOLUMXCA B OJHOM TOYKE,
T, — Tpoliku DpiIMBIX, 13 KOTOPEIX ABE COBNAJAIOT,

T, — TPOHKH COBmafaiomuX NPSMBIX.
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CLASSIFICATION PROJECTIVE DES FAISCEAUX DES FORMES
CUBIQUES TERNAIRES A CARACTERISTIQUE POSITIVE

Nikolai P. Sokoloff
Résumé
Ce travail donne la classification projéctive des faisceaux réguliers des formes cubiques ternaires
complexes 4 caractéristique positive arbitraire. Comme interprétation géometrique des résultats

obtenus on donne la classification projéctive des faisceaux des courbes planes de troisiéme ordre dans
le domaine complexe.
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