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NOTE ON A DOUBLE COSET DECOMPOSITION
oF SEMIGROUPS DUE TO STEFAN SCHWARZ

‘A H. CLIFFORD,(*) New Orleans (US.A)

In a recent paper in this journal, Stefan Schwarz {1] proved the interesting theorem
that any homomorphism ¢ of a completely simple semigroup S onto a group G can .
be described by 2 double coset decomposition

S = Hu HaHv HPH Y - @b, ...€S) )

of S with respect t0 the kernel H of ¢. The double cosets appearing in (1) are mutually
disjoint, and HaH consists precisely of those elements of S mapped by ¢ into @{(a)-

1t is natural to inquire when this happens 11 general, and the purpose of this note
is to take a small step in this direction.

Theorem. Let She a regular semigroup, andlet o bea homomorphism of S onto a group
G. Let e be the identity element of G, and Jet H= @ '(e) be the kernel of ¢. Then

o ~'olad) = HaH (for all a in S) 2
if and only if His simple.

Proof. ‘Assuming (2), let a€ H. Then
HaH = ¢-'o@ = 9@ =H

so H is simple. (We ‘did not need the regularity of S for this.)
Conversely, assume that H is simple, and let a€ S. Since

o(HaH) = o(H) (@ o(H) = eg(a) e = ¢(a),

we clearly have Hal < ¢ ~1g(a). To m:dﬁ.w the opposite .EoEm._oF let be o' @(a),
0 that o) = ¢(a). Since S is regular, there exists ¢ in S such that bch = b. Then
o(b) o(c) o) = 0®) in G, so that

o) = ) = @
plac)y =€ = @(bo).

Thus ac and be belong to H. Since H is simple, there exist x and y in H such that
be = xacy. Hence

b = bch = xaAQS..

(1) This paper was prepared with the partial support of the National Science Foundation (U.S.A).
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Now , I k
@lcyb) = o(c) o) @(b) = 9(a)~" ep(a) = e,

whence cyb € H, and we conclude that b € HaH. This proves our theorem.

The following example shows that there exist regular semigroups with the Schwarz

property that are not completely simple. Let r, s, ¢ be mappings of the set of non-zero
integers into itself defined as follows. ' .
o o x if x>0,
‘Akv “I‘R_e .wA.Xv ‘Wlk 4 1 if x < O.
x ifx>0,
foe e Hxy=4q 1 if x=~1,
3 —x —-lifx< -1
Setting p = rs, g = rt, €g = pq, €1 = gp, we find:
h PP mer=r, §* =35t=25=5 P =ts=te =1,
i

.2 . - :
ey = €9, - €1 = €ge; = €18y = €1 *+ eg.

The semigroup S generated by r, 5, and ¢ can be shown to be regular and simple
(in fact bisimple); but it is not completely simple since the idempotent e, is not
primitive. (p and ¢ generate a so-called “bicyclic® subsemigroup B of S, and one can
show that S A -

R S = BU BrusBu tBusBrutBr)

Since S is generated by idempotents, the only homomorphic group image of S is the
group of order one, and § has the Schwarz property by virtue of being itself simple.
For an apparently less trivial éxample, let T =.G x S, where G is any group. Then the
kernel of any homomorphism of T onto a group has the form Nx S, where N is
a niormal subgroup of G, and every such N x S is simple.
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3AMETKA O PA3JIOXKEHWH nonyrevimn no JBOVIHOMY MOOY IO
A. X. Knuddopn

Pestome
_4, B craTbe AOKa3hBacTCA oann,ﬁoEwm.anocon“ )

Iycre S d&:nvmuwwnoﬁém ueQ roMoMOphu3M S Ha FPYHIY G. IMycrsb e epuHud rpymasl G
uH= ¢ 1(¢)— anpo - HotoM @~ 1p(a) = HaH (nris BCAROTO @ € §) uMmeeT MeCTO TOrAa 1 TONBKO
rorna, ecnu H — npocTast HONYIpyIma. - : g ma

TP

‘Ha mprMepe NOKa3aHo, YTo CyINecTBYeT peryiapHat nony! >

ncoﬁ,oww rax, uro ¢~ 'gla) = HaH nmns BCSKOTO @ € S u mpsl BCAKOLO romoMopdusMa @ IO

rpymmst S Ha TPy

S, xoTopas He ABIACTCA BIOJHE
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