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'NOTE ON THE BANACH’S
MATCH-BOX PROBLEM

JOSEF KAUCKY, Bro

Inevitably a moment occurs when, for the first time, he finds a box empty. At that
moment the other box may contain r = 0, |, 2, \, N matches. We wish now to
find the corresponding probabilities.

Let u, be the probability of the event“when the first box is found empty, the
second box contains r matches”, This means that out of the first N +N-r
matches drawn, N are from the first one, . A

Therefore u, is the probability of N successes in 2N — r trials, each of which
has the probability 1/2, so that

suﬁwziv R I )

N NNZI-.

Feller calculates the mean value

ru, = . €))
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While he is not able** to calculate this expectation in a direct way, he procceds in

an indirect way, naffely using the fact that all the probabilities u, add to unity

o N
! M“o u, = 1. 3)

He says, this relation is not easily verified.

The present paper contains two proofs of the last equation. The first proof (section
2.) uses the method of mathematical induction. The second proof (section 3.) is
based on an elementary analytical method. Using the last method we derive in the
section 4. the value of o

* See [1] p. 108.
** loc. cit. p. 176.
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With the substitution
we see that the equation 3)
al 2N -\ 1
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may be put into the form

N v
IGOTn

It is evident that this relation holds for N =1 and we will show that if (4) holds
for N, then this equation holds also for N + 1. v
But if we replace N by N + 1 in (4), we have
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Now making use of the intentity
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and so it is only necessary to find the values of both the sums on the right side of this
equation.
But after some small modifications we have: first
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the second sum gives
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so that by substituing both the values in (6) we get the required relation (5).

The assertion (4) is thus established.
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We introduce for abbreviation the notation
D =nn—1)... r—k+1

so that the binomial coefficient A:

k
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and for the k-th derivative of x* we have

v may be written in the form

Akav:c = Aavw .x..la.

Now we go out from the expansion
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which holds for [ x| < L. If we differentiate both sides of this equation N times,

we obtain the relation
1 x" (N) ® n+k\ .
il - i ,
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The derivative on the left side may be easily computed by use of the Leibniz‘s
theorem. In effect, with respect to
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we have succesivly
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The value of this derivative for x = 1/2 is
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Two cases are important for the following:
namely n = Nand n = 2N + 1. Using the identity
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we have for n = N
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For n = 2N 4 1 follows
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and there remains to calculate the sum on the right side of this equation.
Replacing N by 2N + 1 in the identity (8) we have
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so that
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Substituing this value in (10) we obtain ;
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Now turning back to the equation (7) we have the following relations
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and with these results we obtain finally the required relation (4). Namely

It is necessary to remark that we can
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we have for | x| < 1 the expansion
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and from this for x = 1/2 we find (9).
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obtain the equation (9) more easily as follows.

By the same method as we have used in the vnmoanm section to proof the relation
(4), we can calculate the mean value (2).
There is
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or with respect to (3) .
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so that it remains to evaluate So moooca term of this expression.
m,o_. this purpose we am:ﬁ:m once more the o@:mcod (7). Muttiplying the resulting

equation by x we obtain
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The derivative on the left side may

theorem. We obtain ,
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be calculated again by use of the Leibniz's
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In the following we shall zmna Eo values of E_m derivative for x = 1/2 and n =
=Nn=2N+1, . P
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Forn= N and x = 1/2 we get
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Forn=2N +1and x = 1/2 there is
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Now if we return to the equation (12) we have first as result the relation
i N + k k ~.<,+n
— = (N + 1)27+1, (13)
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Further it follows
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On base of these results We can now calculate y. There js
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Let us only remarque that the equation (13) can be obtained in a shorter way
from the last €quation of the section 3, Derivative and multiplication by x gives
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therefrom we obtain for x = 1/2 the equation (13),
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Slovenskej akadémie vied ,
v Bratisiave

O JISTE BANACHOVE ULOZE Z POCTU .EC&EmmouowZOm,:
Josef Kaucky

Vytah

V podstatg jde o tuto ulohu ([1], str, 108, 176). Méme dv& krabice, z nichz kaZd4 obsahuje N pied-
métl. Pfedméty v oboy krabicich jsou stejné. Potfebujeme-Ij pfedmét, zvolime nejprve wiplng libo-
volng jednu z obou krabic a z ni teprve piedmét vyjmeme.

Oznaéme #, pravd€podobnost tohoto jevu ,,jedna krabice je prazdni a druhi obsahuje r pred-
méth*, ptitems  — 0,1,2, ..., N. Tento piipad po ur&itém poltu ,tahi* jistz nastane. Snadno se
zZjisti, e je. -

SuANZZI xv Na_f. r=0,L2..,N ()

Feller potit4 stiedni hodnotu
N
b= M_E, 93]

a protoZe, jak sdm tikd, neni s to potitat u pfimo, Postupuje neptimo uZivaje té okalnosti, Ze soudet
viech pravdépodobnosti u, davé jedni¢ku

O této rovnici Feller fik4, Ze ji nelze snadno dokdzat.

Pfedchazejict prace obsahuje dva dikazy vztahu (3). A sice ve 2. odstavei je podan dikaz Gplnou

k
V poslednim odstavci je této metody uZito k vypodtu stfedni hodnoty 4.
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